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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2005

(Junior Section)

Tuesday, 31 May 2005 0930-1200

Important:

Answer ALL 35 questions.

Enter your answers on the answer sheet provided.

For the multiple choice questions, enter only the letters (a, b, c, d, or e) corresponding to the cor-
rect answers in the answer sheet.

For the other short questions, write your answers in answer sheet and shade the appropriate bub-
bles below your answers.

No steps are needed to justify your answers.

Each question carries 1 mark.

No calculators are allowed.

1. What is the units digit of 7°?
@l; 03 ©5 W7 (@)9.

2. What is the value of (0.5)* + 3 x (0.5)*> X (=1.5) + 3 x (0.5) x (=1.5)? + (= 1.5)*?
@l; (b -1; (©0; (d2; (e)-2.

3. What is the last two digitsof | + 2 + 3 + 4 + --- + 2003 + 2004 + 2005?
(@) 00; (b)I5; (c)25; (d)50; (e)75.

4. How many zeroes does the number 50 X 49 x 48 x --- x 3 x 2 x | end with?
@38 ()9 (©10; (D115 (e)12.

S. In a square ABCD, let P be a point on the side BC such that BP = 3PC and Q be the
mid-point of CD. If the area of the triangle PCQ is 5, what is the area of triangle QDA?




10.

11.

12.

13.

(@)5; (b)10; (c)15; (d)20; (e)?25.

. The values of p which satisfy the equations

30

p’ +94” +3p - pq
p—59—38

Il
o

may be found by solving
(@ x> —x—-6=0; (b)13x>=121x-426=0; (c)29x*>—101x— 174 =0;
(d) 29x% + 115x = 1326 = 0; (e) 39x% — 104x — 174 = 0.

Using the digits 1,2, 3,4 only once to form a 4-digit number, how many of them are divisible
by 11?

(@4, (b)5; (@©6; (A7, (e)8.

If a polygon has its sum of interior angles smaller than 2005°, what is the maximum number
of sides of the polygon?

(@) 11; () 12; () 13; (d) 14; (e) 15.

. The last 2 digits of

2005 + 2005% + 2005° + - - - + 2005290
is:

(a) 00; (b)05; (c)25; (d)S50; (e)75s.

Suppose 3 distinct numbers are chosen from 1, 2,. .., 3n with their sum equal to 3n. What is
the largest possible product of those 3 numbers?

@n’—n; )’ ©nrP+n, (d)rP-Tn+6; (e)n®-Tn-6.

b _ ¢ _ : b+c
Suppose a # 0,b # 0 and 7 = { = 2005. Find the value of 7.

Find the exact value of /=2 when x = 2006° — 2004°.

Suppose x —y = 1. Find the value of

Xt - xy?’ - x3}= - 3x2y + 3xy2 - y4.



14.

15.

16.

17.

18.
19.

20.

21.

22.

S. .
implify | ] 1 1
(1_‘2_2)(1__?)(1—4—2 ...(1—20052)

A-bHa-Ha-Ho . a-52

The figure ABCDEF is aregular hexagon. Evaluate the quotient

Area of hexagon ABCDEF
Area of triangle ACD

Suppose x and y are two real numbers such that x+y = 10 and x? + y*> = 167. Find the value
of x* +y*.

Find the value (in the simplest form) of \/9 +4+5 - \/9 —44/5.

If x > 0 and (x + 1)? = 25, find the value of x* + .

The diagram shows a segment of a circle such that CD is perpendicular bisector of the chord
AB. Given that AB = 16 and CD = 4, find the diameter of the circle.

A palindrome number is the same either read from left to right or right to left, for example,
121 is a palindrome number. How many 5-digit palindrome numbers are there together?

Let p be a prime number such that the next larger number is a perfect square. Find the sum
of all such prime numbers. (For example, if you think that 11 and 13 are two such prime
numbers, then the sum is 24.)

In the figure below, if
A+ (B+/C+/D+ (E+ (F+ (G = x degrees,

then what is x?



23.

24.

25.

26.

27.

28.

Given that x = 2a° = 3b* where a and b are positive integers, find the least possible value of
X.

If x2 + x — 1 =0, find the value of x* — 3x? + 3.

In the diagram, AB // EF // DC. Giventhat AC+BD = 250, BC = 100 and EC+ED = 150,
find CF.

Find the sum of all possible values of a such that the following equation has real root in x:

(x—a)y+ (> =3x+2)%=0.

If two positive integers m and n, both bigger than 1, satisfy the equation
2005% + m* = 2004% + n?,

find the value of m + n.

Suppose a # 0,b # 0,c # O and % = 2 = <. Find the value of “*-<

¢ a—h+e”



29.

30.

n dots are drawn on the circumference of a circle. By joining all the dots to one

another by straight lines , the maximum number of regions that can be formed in
the circle is counted. For example, when n = 4, the maximum number of regions is
8.

What is the maximum number of regions that can be formed when n = 77

You walk a spiraling maze on the Cartesian plane as follows: starting at (0,0) and
the first five stops are at A (1,0), B (1,1), C (0,1), D (—1,1) and £ (—1,0). Your
ninth stop is at the point (2, —1) and so on (see the diagram below). What is the
z-coordinate of the point which you would arrive at on your 2005-th stop?




31. In the following figure, AD = AB, /DAB = /DCB = /AEC = 90° and AE = 5. Find the
area of the quadrangle ABCD.

32. Suppose that a, b, ¢ are distinct numbers such that
(b-a)’ -4 -c)c—a) =0,

find the value of %

33. Find the number of even digits in the product of the two 10-digit numbers

2222222222 % 9999999999 .

34. Find an integer x that satisfies the equation

© =101 =999 + 100900 = 0.

35. Determine the second smallest prime factor of

P+l 2241 3341 2005° + 1
+ + e ——
1+1 2+ 1 3+1 2005 + 1
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Ans: (d)
7° = (7%) x 7 =7 (mod 10) since 7* = 1 (mod 10).

Ans: (b).
Let f(a,b) = (a+b)* = a® + 3a®b + 3b% + b>. Then f(0.5,—1.5) = (0.5~ 1)3 = —1.

Ans: (b).
1
1+2+...4+2005 = 2 x 2005 x 2006. Hence the last two digits is 15.

Ans: (e).
By counting the number of factor 5 in the product, we easily see that the number
50! ends with o 1 o0 12 zeros

' 5 25 '
Ans: (d).

PC

The two triangles are similar and —Q—D = 2. Hence Area QD A= 4x Area PC(Q = 20.
Ans: (a).

1
Substituting ¢ = S(p — 8) into the first equation, we get (a).

Ans: (e).

If the first digit is 1, then the number is divisible by 11 implies that the 3rd digit is
4 and there are two ways to put 2 and 3. The cases when the first digit are 2, 3, 4
respectrively can be dealt with similarly. Hence the total number is 4 x 2 = 8.

Ans: (c).
The sum of interior angles is (n — 2) x 180° < 2005°. Hence the maximum n is 13.

Ans: (b).
The last 2 digits of 2005™ is 25 except n = 1 which gives 5. Hence the last 2 digits
is 5+ 2004 x 25 (mod 100) = 05.



10

11

12

13

14

15

16

17

Ans: (a).

From the identity 4ab = (a + b)? — (a — b)2, one sees that when a + b is fixed, the
product is the largest when |a — b| is the smallest.

Now let @ < b < ¢ be 3 distinct positive integers such that a + b 4+ ¢ = 3n and the
product abe is the biggest possible. If a and b differ more than 2, then by increasing
a by 1 and decreasing b by 1, the product abc will become bigger. Hence a and b
differ by at most 2. Similarly b and c differ by at most 2.

On the other hand, if ¢ = b+ 2 = a + 4, then one can increase the value of abc by
decreasing ¢ by 1 and increasing a by 1. So this case is ruled out.

Since a + b + ¢ is divisible by 3, it is not possible that ¢ = b+ 1 = a + 3 or
c=b+2=a+3.

So we must have ¢ = b+1 = a+ 2. Hence the three numbers are n— 1, n and n+ 1.
Thus, their product is (n — 1)n(n+1) = n® —n.

Ans: 2005.

b
b = 2005a and ¢ = 20056 — b+ ¢ = 2005(a + b). Hence e

= 2005.
b

a—+

Ans: 2005.
Let n = 2005. Then 2 = (n+ 1) — (n— 1)® = 6n? + 2. Hence V

’
.

i

= 2005.

Ans: 1.
The expression = (z — y)[(z —y) (2% + 2y + y?) — 32y]. Substituting 2 —y = 1, one
sees that the expression = (z — y)? = 1.

Ans: 1003.
2005 L2005,
Th ion = 1+ )= = 1003.
e expression E( + z) g .
Ans: 3.

. 1
Let O be the center of the regular hexagon. Then Area OCD = Area OAC = 6 X
Area ABCDEF. The result follows.

Ans: 2005.
2 67 3,3 2 2
167 = (2 +y) —Qxy:xy:—?. Hence z° +y° = (x +y) (2 —zy +y*) = 2005.

Ans: 4.

Completing the squares, one sees that the expression = \;/(2 +5)2—1/(2 = V5)2 =
4.



18

19

20

21

22

23

24

25

26

27

Ans: 110.
1 5 1 1 1y,
As x>0, we have x + — = 5. Thus, 2° + = = (z+ =)((z + =)* — 3) = 110.
x x x x
Ans: 20.
Let 7 be the radius. Then 72 = (r — 4)2 4+ 82 = r = 10. Thus the diameter is 20.

Ans: 900.
Such a palindrome number is completely determined by its first three digits. There
are 9,10, 10 choices of the 1st, 2nd and 3rd digits respectively, hence total = 900.

Ans: 3.
Ifp+1=n?p=(n+1)(n—1). Since p is prime, n = 2. Hence p = 3 is unique.

Ans: 540.

By dividing up into triangles with respect to a center O, one sees that there are
seven triangles formed (e.g. OAC, OBD, etc.). The middle angle at O is added up
twice. Hence x =7 x 180 — 720 = 540.

Ans: 15552.
Observe that 3 | a and 2 | b. Set b = 2b;. Then we see that 2 | a. Thus the smallest
possible value of a is 6. Hence z = 2(6°) = 15552.

Ans: 2.
Using long division, we get 2% — 322+ 3= (22 +2 —1)(2? —2 — 1) + 2.

Ans: 60.
.. CE AF AC DE BE BD
From the equalities = = —— an =

CF  BF BC CF ~ BF BC’

we get

DE+CE BE+AE  AC+ BD

CF BF BC
250
Thus 105—}2 = 100" and we have C'F = 60.
Ans: 3.

22 -3z+2=z—-a=0=—a=1ora=2.

Ans: 211.
Since (m + n){m —n) = 4009 = 211 x 19 which is a product of primes. Hence
m+n = 211.



28

29

30

31

32

33

34

35

Ans: 1.
Letting % =k, we get a = bk,b = ck and ¢ = ak. Thus a = ak®. Thus & = 1 and

a = b = c¢. The result follows.

Ans: 57.
One can count directly that the maximum number of regions is 57.

Ans: 3.

Observe that the stop numbers 1,9,25,49, ... are at the lower right corners. The
point (0, —n) is at the stop number (2n + 1)? — (n + 1) = 4n? + 3n. When n = 22,
we have 4(222) + 3(22) = 2002. So the point (0, —22) is the 2002-th stop. Thus the
point (3, —22) is the 2005-th stop.

Ans: 25.
Upon rotating AE D anticlockwise 90° through A, we get a square. Thus the area
is 52 = 25.

Ans: 1.
Observe that ((b—c)+ (c—a))? —4(b—c)(c—a) = 0. Hence ((b—c)— (c—a))? = 0.
Thus b —c=c—a.

Ans: 10.

2222222222 x (1010 — 1) = 22222222220000000000 — 2222222222
= 222222222177777TT7T7T8.

Ans: 10.
Upon rewriting the equation as (22 — 101)(z® — 999) + 1 = 0, one sees that z = 10
is the only integral solution.

Ans: 11.
2005 1 1

The sum = » (r’ —r+1) = % 2005 2006 X 4011 — = 2005 x 2006+2005. Upon
r=1

simplifying, we see that the sum = 5 x 401 x 134009 = 5 x 11 x 401 x 121819 x.
Since 2, 3,7 does not divide 401 and 121819, the second smallest prime factor is 11.

10
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Singapore Mathematical Olympiad (SMO) 2005

(Senior Section)
Tuesday, 31 May 2005 0930-1200

Important:

Answer ALL 35 questions.

Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answers in the answer sheet by shading the
bubbles containing the letters (A, B, C, D or E) corresponding to the correct answers.
For the other short questions, write your answers in answer sheet and shade the appro-
priate bubbles below your answers.

No steps are needed to justify your answers.

FEach question carries I mark.

No calculators are allowed.

1. What is the smallest positive prime factor of the integer 2005207 4 200720057
(A)ys (B) 7 (C) 2 (D) 11 (E) 3
2. What is the value of

2005% + 2 x 2005 x 1995 + 1995%
800 '

(A) 20000 (B) 2000 (C) 200000 (D) 2000000 (E) None of the above

3. Let p be a real number such that the equation 2y? — 8y = p has only one solution.
Then

(A)p<8 (B) p=8 (C) p>-8 (D) p=-8 (E) p<-8

4. What is the sum of the last two digits of the integer 1! + 2! + 3! + ... + 2005!7
(A)3 (B) 4 (C) 5 (D) & (E) 7

50022005 logs002 2005 {5 equal to

(A) 1 (B) 20052005 (C) 500220()5 (]’)) 20055()()2 <[‘4> 500250()2

t

11



10.

In the diagram, P, @ and R are three points on the circle whose centre is O.
The lines PO and QR are produced to meet at S. Suppose that RS = OP, and
/PSQ = 12° and /POQ = z°. Find the value of z.

(A)36 (B) 42 (C) 48 (D) 54 (E) 60

. Let = and y be positive real numbers. What is the smallest possible value of

16 108
— + 7 + xy?

(A)16 (B) 18 (C) 24 (D) 30 (E) 36

2 —1

In the Cartesian plane, the graph of the function y = - =S is reflected about the
.r J—

line y = —x. What is the equation for the graph of the image of the reflection?

z—1 z—1 2¢ — 1 z+1
A) y=——— (B)y= C) y=: D) y =
(>92€+1()y o ©uyv=—g7 Dy=_75
-1 -z
E = —_—
() 2+zx
H:c“*—l 2
Simplify [2 | 1+ 4/1+ —2—2—-—> , where z is any positive real number.
1

z? z# a2+ 1 2
(A) \/;rxl (B) ;1_ (©) \/2;1 D) 2241 () 3:;/5—:51

Let = and y be real numbers such that
2+ y? =22 —2y+ 2.

What is the largest possible value of 2 + y2?

(A) 10+8V2 (B) 846V2 (C) 6+4vV2 (D) 4+2v2
(E) None of the above

12



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Find the greatest integer less than (2 + v/3)%.

AABC is a triangle such that ZC = 90°. Suppose AC' = 156 cm, AB = 169 cm
and the perpendicular distance from C to AB is x cm. Find the value of z.

Find the sum of all the real numbers = that satisfy the equation

(3% = 27)° + (5° — 625)% = (3% 4- 5° — 652)°.

Three positive integers are such that they differ from each other by at most 6. It is
also known that the product of these three integers is 2808. What is the smallest
integer among them?

2005°(2004% — 2003)  2003%(2004? + 2005)
(20042 — 1)(20043 + 1) 20043 — 1 '

1
Consider the function f(z) = —— . Find the value of

R
VB[f(=8)+ f(=4)+f(=3)+f(=2)+f(=1)+f(0)+f(1)+F(2)+f(3)+f(4)+f(5)+£(6)].

Let A and B be two positive four-digit integers such that A x B = 16° + 21°. Find
the value of A + B.

A triangle AABC is inscribed in a circle of radius 4 cm. Suppose that ZA = 60°,
AC — AB = 4 cm, and the area of AABC is z cm?. Find the value of z2.

Let a, b and ¢ be real numbers such that
a=8—b and ¢ =ab— 16.
Find the value of a + c.
Let ay, as, as, a4, as, ag, a7, ag be positive integers such that
a? + (2a2)? + (3a3)* + (4a4)? + (5as5)? + (6ag)? + (7a7)? + (8ag)? = 204.
Find the value of a1 + as + a3 + a4 + as + ag + a7 + asg.

Find the value of the positive integer n if

—_
—_
—_

‘ -

= 10.

I

ok

Vit Vs Bave o+ T mt vt



22.

23.

24.

25.

26.

27.

Let A and B be two positive prime integers such that

1 1 192
A B 20052 — 20042°

Find the value of B.

In AABC, AB : AC =4 : 3 and M is the midpoint of BC. E is a point on AB
and F'is a point on AC such that AF : AF =2 :1. It is also given that FF' and
AM intersect at G with GF = 72 cm and GE = z cm. Find the value of z.

C

F M

1
It is given that x = ———. Find the value of
2-V3

28 — 2v/32% — 2t + 2° — 422 + 22 — /3.
Let a, b and ¢ be the lengths of the three sides of a triangle. Suppose a and b are
the roots of the equation
2* +4(c+2) = (c+ 4)z,
and the largest angle of the triangle is 2°. Find the value of x.

Find the largest real number = such that

2tz -1+ 22— (z-1)
2

= 35z — 250.

How many ways can the word NATHEMATICS be partitioned so that each part
contains at least one vowel? For example, NA-THE-MATICS, MATHE-MATICS,
MATHEM-A-TICS and MATHEMATICS are such partitions.

14



28.

29.

30.

31.

32.

33.

34.

35.

Consider a sequence of real numbers {a, } defined by

a
a1 =1 and a4y = = for n>1.

1+ na,

Find the value of — 2000000.

a2005
For a positive integer k, we write
(1+z)(1+22)(1+3z)--- (1 +kz) = ap + a1z + agx® + - - + apx”,
where ag, a1, - - -, ax are the coefficients of the polynomial. Find the smallest possible
value of k if ag + a1 + a2 + - - - + ax—1 is divisible by 2005.
Find the largest positive number x such that

(22° — 2% —z + )P wT = 1

How many ordered pairs of integers (z,y) satisfy the equation

2?2+ y? =2x +19y) + 2y?

Find the number of ordered 7-tuples of positive integers (a1, asz,as,aq,as, ag, az)
that have both of the following properties:

(1) an + ant+1 = any2 for 1 <n <5, and

(ii) ag = 2005.

Let n be a positive integer such that one of the roots of the quadratic equation
42 — (4V/3+4)z+V3n—24=0

is an integer. Find the value of n.

Consider the simultaneous equations

Ty + T2 =255
Tz —yz = 224.

Find the number of ordered triples of positive integers (x, y, z) that satisfy the above
system of equations.

Find the total number of positive four-digit integers N satisfying both of the fol-

lowing properties:

(i) N is divisible by 7, and

(ii) when the first and last digits of N are interchanged, the resulting positive
integer is also divisible by 7. (Note that the resulting integer need not be a
four-digit number.)

15
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(Senior Section, Special Round)
Saturday, 9 July 2005 0930- 1230

Attempt as many questions as you can.
No calculators are allowed.

Show the steps in your calculations.
FEach question carries 9 marks.

1. The digits of a 3-digit number are interchanged so that none of the digits retain
their original positions. The difference of the two numbers is a 2-digit number and
is a perfect square.

2. Consider the nonconvex quadrilateral ABCD with ZC > 180°. Let the side DC
extended meet AB at F' and the side BC extended meet AD at E. A line intersects
the interiors of the sides AB, AD, BC, CD at points K, L, J, I, respectively. Prove
that if DI = CF and BJ = CFE, then KJ = IL.

3. Let S be asubset of {1,2,3,...,24} with |S| = 10. Show that .S has two 2-element
subsets {z,y} and {u,v} such that x +y = u + v.

4. Determine whether there exists a positive integer n such that n! begins with 2005.
Justify your answer.

16
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1. Ans: C
Since 2005 and 2007 are odd numbers, so are 20052%°7 and 20072%°5. Thus, 2005207+
2007299 js even, and it is divisible by the smallest prime number 2.

2. Ans: A

20052 + 2 x 2005 + 1995 + 1995° (2005 +1995)% 4007

= 20000.
800 800 800 0000

3. Ans: D
Since the equation 2y? — 8y — p = 0 has only one solution, its discriminant

(—8)2 —4x2x (—p) =0.
Thus p = —8.

4. Ans: B
One easily checks that for n > 10, n! will end with two zeros. Also,

+21 4314+ 4+ 51+ 614+ 714+ 81+ 9!
=1+4+24+64+244 120+ 720 + 5040 + 40320 + 362880
=409113.

Thus the sum of the last two digits is 1+3=4.

5. Ans: B

-
52000

50022005 logsgge 2005 — 500210g5002 200 _ 20052005'

6. Ans: A
Since RS = OP, we have RS = OR. Hence, /ROS = /RSO = 12°. Then

/OQR = LORQ = 2 x 12° = 24°.

Thus,
/PO =180° — /QOR — /L ROS
= 180° — (180° — 24° — 24°) — 12°
= 36°.

17



7. Ans: E

10.

Using Arithmetic Mean > Geometric Mean, we have

108
1(16+E \/—x—xxy—IQ
3 x
16 10
— + — +xzy > 36.
T Yy
16 108 36
Equality is achieved when — = — = zy = 3= 12, which is satisfied when
T Yy

T = % and y = 9. Thus the smallest possible value is 36.

. Ans: E
We simply replace x by —y and y by —x to get
—x:M:xy—i—m:—Qy—l
—y—1
_—l-z
VT oy

. Ans: B

Jz(n@) = \/2(1+\/4$4+wi;2x4+1)

I

= |

N
|+
=

N

Ans: C

4y -2+ 2y=2+= (z® -2+ 1)+ (2 +2y+1) =4
= (z 12+ (y +1)2 =22

Therefore, the points (z,y) in the Cartesian plane satisfying the equation consist
of points on the circle centred at (1, —1) and of radius 2. For a point (z,y) on the

circle, it is easy to see that its distance \/22 + y2 from the origin (0, 0) is greatest

18



11.

12.

13.

14.

15.

when it is the point in the fourth quadrant lying on the line passing through (0,0)
and (1, —1). In other words,

(z,y) = 1+ V2, -1-v2), and 2% +5° = (1 +V2)2 + (-1 - V2)2 =6+ 4V2.

Ans: 193 _ _ _
(2+V3)* =[(2+V3)?)?2 = (4 + 4V3 + 3)?

= (74 4V3)? = 49 + 56v/3 + 48 ~ 193 9.

Thus, the greatest integer less than (2 + v/3)* is 193.

Ans: 60
By Pythagoras’ Theorem, BC' = v/169% — 1562 = 65. Let the perpendicular from
C to AB meet AB at D. Then AABC ~ ANACD. Thus,

AC  AB 156 169 e

Ans: 7
Let a = 3% — 27 and b = 5% — 625, so that the equation becomes

A +b>=(a+b)?=2ab=0=a=0 or b=0.

When a =0, we have 3* — 27 =0—=— z = 3.
When b = 0, we have 5* — 625 =0 —= z = 4.
Hence, the sum is 3+4 =7.

Ans: 12
Let z be the smallest integer. Then we have

z% < 2808 < z(x + 6).

The first inequality implies that = < 14, while the second inequality implies that
x> 11. If 2 = 13, then the product of the other integers is 23 x 3% = 216. This is
impossible, since the smallest factor of 216 greater than 13 is 18 but 182 = 324 >
216. Therefore, we must have x = 12. The other two integers are easily seen to be
13 and 18.

Ans: 1
Let ¢ = 2004. Then the expression is equal to

-+ -t +1)  (E-1D*F+t+1)
@ -0 +1) 51
(t+1)%(*—t+1) (2 +t+1)

) (t= )
B N [ e R )

19



16.

17.

18.

19.

Ans: 6

1 13 3@ 3F+V3 1
f@+ =) = e s T A 5343 3553 3133
Therefore,
V3[f(=5) + f(6)] + V3[f(—4) + £(5)] + V3[f(—3) + f(4)]
+V3[f(=2) + £(3)] + VB[f(=1) + £(2)] + V3[£(0) + f(1)]
:\/§<i+i+i+i+i+i>=6
V3 V3 V3 V3 V3 V3
Ans: 2049

16° 4+ 2% = (24)° 420 = (219 4 1)2%% = 1025 x 1024 = 41 x 5% x 217,
Without loss of generality, we may assume that A < B. It follows that 1000 <
A < 1024, and a direct check shows that 1024 is the only number between 1000
and 1024 that divides 41 x 52 x 219, Thus, A = 1024 and B = 1025. Therefore,

A+ B =1024 + 1025 = 2049.
Ans: 192
Let AB=ccm, BC =a cm and CA = b cm. By the cosine rule,

a? = b* + ¢® — 2bccos60° = b* + ¢ — be = (b — ¢)* + be = 4° + be = 16 + be.

Let O be the centre of the circle. Then /BOC = 2/A = 120°. Moreover, OB =
OC = 4 cm. Therefore, by the cosine rule,

a2 = 4% + 4% — 2 x4 x 4c0s8120° = 48 —> a = 4V/3.

Then bc = a? — 4 =48 — 16 = 32. Thus,
1 1 3 _
area (ANABC) = §bcsin60° =g 32 x \/7 = 8/3.

Therefore, = 8v/3 and z? = (8v/3)% = 192.
Ans: 4

c=ab—16= (8 —b)b 16 = —b* +8b — 16
= 4?8+ 16=0-—=c2+(b-4)2=0=1c=0 and b=4.
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20.

21.

22.

23.

Since b = 4, it follows that a = 8 ~4 = 4. Thus, a +¢ =4+ 0 = 4. In this solution,
we have used the fact that the sum of two non-negative numbers is zero only when
both numbers are zero.

Ans: 8
Observe that

a3+ (202)* + -+ + (8ag)? > 12 + 22 + .- + 8% = 204.
So the only possiblility is that a; = 1 foreach< =1,2,...,8. Hence ai+---+ag = 8.

Ans: 143
Observe that for any positive number z,

b VEtlevE s o
ErVETT  WarEo(vaE T VeTITvE

Thus we have

— 1 _+ _,__*___n_l___
VA+VE V5+46 vn+vn+1
=(V5-VH+(V6-VE) -+ (Vn+1-+n)
=vn+1-Vi

Hence, Vn+1-vV4=10= vn+1=12=n+1= 144 = n = 143.

Ans: 211

11 192 <:>B~A_192
A B 20052 — 20042 Ax B 4009

<= 4009 x (B—A)=192x Ax B.

The prime factorization of 4009 is given by 4009 = 19 x 211. Since 192 = 2% x 3
and B > A, it follows that A =19 and B = 211.

Ans: 108
Let the area of AAGF be S; and the area of AAGFE be S,. Let the area of AAMC
be S, so that the area of AABM is also S, since M is the midpoint of BC'. Now,

S AG - AF Sy AG - AE
S AM - AC S AM - AB
Therefore,
So _AG'fé_l_E-AJW‘AC_ 3 ><2_3
S AM-AB-AG-AF 4~ ° 2
Sy GE T 3 x
N hat — = —— = —. Theref - = — = 108.
ote that S, CF ™ erefore, 5 ™ — 08
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24. Ans: 2

Lo 1 2+V3 2443
2-v3 2-V3 243 4-3

Then x—2:¢§ﬁx—¢§:2t>x2—4x+1:0andx2—2\/§:c—1:O.
Thus,

=243

25 —2V325 — 2t +2° — 4z + 22 — V3
:x4(:v2—2\/§;r—1)+3:(a:2—4:c+1)+:E—\/§
=0+0+2+V3-V3=2.

25. Ans: 90

Since a, b are the roots of the equation 22 — (¢ +4)x + 4(c + 2) = 0, it follows that
a+b=c+4 and ab=4(c+2).

Then a?+b% = (a +b)? — 2ab = (c +4)? = 8(c +2) = a? +b? = . Hence the
triangle is right-angled, and = = 90.

26. Ans: 25

Observe that 3(a+ b+ |a —b|) = max(a,b). Also, 2? >z — 1 since 2° —z + 1 =
(x — )+ 2 > 0. Thus, we have

1 ‘ ;
5[3:2 +z—1+|2°~ (z - 1)[] = max(2?,z ~ 1) = z%.

Thus the equation becomes x? = 35z — 250 = (z—25)(z — 10) = 0 = z = 25, 10.
Therefore, the largest value of x is 25.

27. Ans: 36

To determine the number of partitions, we just have to decide the number of ways
of inserting a partition between two consecutive vowels if we insert a partition at
all. Thus the total number of partitions is 4 x 3 x 3 = 36.

28. Ans: 9011 3 £ o i
Forn 2 lytnig = i = T WS 2 + n. Therefore,
1+ na, Qn41 Qp n
1 1 1
= —— 4+ 2004 = — 4+ 2003 4+ 2004
a2005 a2004 a2003
1 2004 x 2005
= a—+(1+2 b3+ ---4+2004) =1+ e = 2009011.
1

Hence, —— — 2000000 = 9011.

a2005
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29.

30.

31.

32.

Ans: 401
By comparing the coefficients of ¥, it is easy to see that ay = k!. Letting = = 1,
we get

ag+ar+-+ar=0+1)1+2)(1+3)---(1+k)=(k+1)!

Therefore, ag + a1 + -+ ax—1 = (k+1)! — k! = k- k!. Note that 2005 = 5 x 401,
where 401 is a prime number. It is easy to see that a prime number p divides k!
only if k& > p. Therefore, the smallest possible value of k& is 401.

Ans: 1
Since the exponent on the left side of the given equation is non-zero if x > 0, it
follows that the equation is possible only when

‘ 1
20° -z —z+1=1= 22°-2?-2=0= z(z—1)(2z+1) =0 = $:O,1,—§.

Since = > 0, it follows that = = 1.

Ans: 6
We can rearrange the equation to get

2 —z(2+y) +y* —2y=0.

As a quadratic equation in the variable x, the discriminant of the above equation
is given by

Discriminant = (2 4+ y)? — 4(1)(y? — 2y) = 4 + 12y — 3y*> = 16 — 3(y — 2)*.

Since x is an integer, the discriminant must be a perfect square and thus it is
non-negative. Hence,

16 4
16-3y—22>0=(y -2°*< —=|y -2/ < — < 3.

3 V3

Since y is an integer, it follows that its only possible values are given by y =
0,1,2,3,4. When y = 1,3, the discrimant is 12, which is not a perfect square.
Thus, y = 0,2, 4.

When y = 0, we have 22 — 22 =0 = 2 =0, 2.

When y = 2, we have 22 —4z =0 = z =0, 4.

When y = 4, we have 22 — 62 +8 =0 — z = 2,4.

Thus, there are 6 solutions, namely (0, 0), (2,0), (0, 2), (4, 2),(2,4), (4,4).

Ans: 133

From (i), it is easy to see that the whole ordered 7-tuple is determined by a; and
as. It is easy to check that ag = 3a; + 5az. Thus by (ii), we have 3a; + 5a2 = 2005.
It follows that a; is divisible by 5. Write a; = 5k. Then we have 15k + 5ay =
2005 — 3k + az = 401. The possible values of ay are {2,5,8,---,398}, if both &
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33.

34.

and ay are positive. Note that each of the above values of a; determines a unique
positive integral value of a; satisfying the equation 3a; + 5ay, = 2005. Therefore,
there are 133 such sequences.

Ans: 12
Let a be an integer satisfying the given equation, so that

40 — (43 +4)a+V3n—24=0
— 4a? — 4a — 24 = V3(4a — n).

Since v/3 is irrational, it follows that

402 — 40— 24 =0 and 4a —n = 0.

Substituting @ = 7 into the first equation, we have
n n
4(=)2—4(=)—-24=0
G-}

—=n?—4n-96=0
= (n—-12)(n+8) =0
= n =12, -8.

Since n is a positive integer, we have n = 12.

Ans: 2
Subtracting the second equation from the first one, we have
Ty + yz = 255 — 224 = 31
= y(z + z) = 31.
Since 31 is a prime number, we have y = 1 and x + 2z = 31. Together with the first
given equation, we have
z-1+x(31 -xz)=255

= (z - 15)(x —17)=0

— x =15 or 17.
When = =15, y = 1, we have z = 16.

When ¢ =17, y = 1, we have z = 14.
Therefore, there are two such solutions, namely (15,1,16) and (17, 1,14).
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35. Ans: 210
Let abcd = 1000a+100b+10c+d be a four-digit number divisible by 7. In particular,
1 <a<9. We are given that dbca = 1000d + 100b + 10c + a is also divisible by 7.
Observe that
abed — dbca = 999a — 999d = 999(a — d).

Since 7 does not divide 999, it follows that 7 must divide a — d. Thus a = d mod
7. Since 7 divides 1001, we have

1000a + 1006 + 10c +d =0 mod 7
= —a+1006+10c+d=0 mod 7
— 10064+ 10c =0 mod 7
— 10(10b+¢) =0 mod 7
= 10b+c=0 mod 7.

Therefore we must have a = d mod 7 and 106 +c¢ =0 mod 7.

Conversely, by reversing the above arguments, one easily sees that if a = d mod 7
and 10b + ¢ = 0 mod 7, then both abcd and dbca are divisible by 7.

Now there are 14 pairs of (a, b) satisfying a = d mod 7, which are
(1,1),(2,2),(3,3),--.,(9,9),(1,8),(2,9),(7,0), (8 1), (9, 2).

Since 0 < 10b + ¢ < 99, there are 15 pairs of (b,¢) satisfying 10b + ¢ = 0 mod 7

(including (0,0)). In fact, this is equal to the number of non-negative integers less

that 100 that are divisible by 7. Therefore, there are 14 x 15 = 210 numbers with
the required properties.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2005

(Senior Section, Special Round Solutions)

1. Since the sums of the digits of the two numbers are the same, they leave the same
remainder when they are divided by 9. Thus their difference is divisible by 9. So
the possible answers are 36 or 81. It is easy to see that both cases are possible: For
example: (645,564) and (218,182).

2. Let M and N be points on AB and AD so that M || BC and NJ || DC. Let
a=DI=CF,and b= BJ = CFE. Then

AKJB ~ AKIM, ALJN ~ ALID
ANJE ~ ADCE, ABCF ~ AMIF

Thus
KJ KJ+JI JI+IL IL
b MI NJ  a
NJ a+IC b+ CJ MI
b+CJ b a  a+lIC

Multiplying the four equations we get
(KJ)(JI)+ (KJ)(IL) (IL)(J[)W+ (KJ)(IL)

ab ab

which yields KJ = I'L.

3. Suppose that this result is not true. Observe that .S has total of (120) = 45 2-element
subsets. Let S; = {x1,zi2}, ¢ = 1,2,...,45, be the 45 2-element subsets of S and
s$i = x;1 + x;5. Then by the assumption, the 45 values s; are mutually distinct.
Since 3 < s; < 47, and there are exactly 45 numbers from 3 through 47, we have
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{s; mi=1,...,45} = {3,4,...,47}. Since there is pair summing to 3 and a pair
summing to 47, the numbers 1,2,23,24 € S. But then 1 +24 = 2 + 23 gives rise to
a contradiction.

. Let m = 1000100000000. Let M, = (m + n)!, where n is an integer such that
0 < n < 10000. Observe that if M, = abcde. .., where a,b,c,d, ... are the digits
of M, then the first 4 digits of M, 1 are (i) abed, in which case the fifth digit is
a+e > e, (ii) the first four digits of abed + 1 or (iii) the first four digits of abcd + 2.
The last case can happen only when a = 9. Therefore we see that if a < 9, among
the numbers My, My, ..., Mo, there is at least one for which the first four digits
It follows that the first four digits of the numbers numbers My, My, ..., Mioooo
includes all of 1000, 1001, ...,8999. Hence the answer is yes.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2005
(Open Section, Round 1)

Wednesday, 1 June 2005 0930-1200

Answer ALL 25 questions.

Write your answers in the answer sheet provided and shade the appropriate bubbles
below your answers.

No steps are needed to justify your answers.

FEach question carries 1 mark.

No calculators are allowed.

1. Find the last three digits of 910 — 1.

2. Circles C; and Cy have radii 3 and 7 respectively. The circles intersect at distinct
points A and B. A point P outside C; lies on the line determined by A and B at a
distance of 5 from the center of C;. Point @) is chosen on Cy so that P(Q is tangent
to Co at (). Find the length of the segment PQ.

3. Find the largest positive integer n such that n! ends with exactly 100 zeros.

4. Find the largest value of 3k for which the following equation has a real root:
Va2 — k_—f— 2\/1“2—_1 = &
3‘2005

5. Find the last two digits (in order) of 7

6. From the first 2005 natural numbers, k of them are arbitrarily chosen. What is the
least value of k to ensure that there is at least one pair of numbers such that one
of them is divisible by the other?

7. Let f(x) = ap + a1z + ax? + ... + a,x", where a; are nonnegative integers for
i=0,1,2,...,n. If f(1) =21 and f(25) = 78357, find the value of f(10).

8. If z is a real number that satisfies

et il 2w e 2 2765
100 700 00| "
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10.

11.

12.

13.

14.

15.

16.

17.

find the value of | 100z]. Here |a] denotes the largest integer < a.

. The function f(n) is defined for all positive integer n and take on non-negative

integer values such that f(2) =0, f(3) > 0 and £(9999) = 3333. Also, for all m,n,
fm+n)—f(m)—-f(n)=0 or 1.
Determine f(2005).

It is known that the 3 sides of a triangle are consecutive positive integers and the
largest angle is twice the smallest angle. Find the perimeter of this triangle.

A triangle AABC' is inscribed in a circle of radius 1, with ZBAC = 60°. Altitudes
AD and BE of ANABC intersect at H. Find the smallest possible value of the
length of the segment AH.

Let N be the set of all positive integers. A function f : N — N satisfies f(m +
n) = f(f(m)+ n) for all m,n € N, and f(6) = 2. Also, no two of the values
f(6), £(9), f(12) and f(15) coincide. How many three-digit positive integers n
satisfy f(n) = f(2005)7

Let f be a real-valued function so that
flz,y) = fz,2) = 2f(y,2) — 22
for all real numbers z,y and z. Find f(2005, 1000).
Let a; = 2006, and for n > 2,
ay+ag+--+a, = nza,n.
What is the value of 2005 agg057

Find the smallest three-digit number n such that if the three digits are a, b and ¢,
then
n=a+b+c+ab+ bc+ ac+ abe.

Let a; = 21 and as = 90, and for n > 3, let a,, be the last two digits of a,,_1 +a,, 3.
What is the remainder of af + a3 + - -- + a3ge; When it is divided by 8.

Find the smallest two-digit number N such that the sum of digits of 10Y — N is
divisible by 170.
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18.

19.

20.

21.

22.

23.

24.

25.

Find the least n such that whenever the elements of the set {1,2,...,n} are coloured
red or blue, there always exist z,y, z, w (not necessarily distinct) of the same colour
such that z +y + 2z = w.

100y 200

Let x and y be positive integers such that — < = < —. What is the minimum
151 = = 251

value of 27
Find the maximum positive integer n such that

n? < 160 x 170 x 180 x 190.

Find the number of positive integers n such that
n+2n% + 303 4 ... 4 200502005
is divisible by n — 1.

Given ten 0’s and ten 1’s, how many 0-1 binary sequences can be formed such that
no three or more than three 0’s are together? For example, 01001001010011101011
is such a sequence, but the sequence 01001000101001110111 does not satisfy this
condition.

In triangle ABC, AB = 28, BC' = 21 and C'A = 14. Points D and £ are on AB
with AD =7 and ZACD = ZBCE. Find the length of BL.

Four points in the order A, B, C, D lie on a circle with the extension of AB meeting
the extension of DC' at £ and the extension of AD meeting the extension of BC
at F. Let EP and F'(Q be tangents to this circle with points of tangency P and @
respectively. Suppose EP = 60 and F'QQ = 63. Determine the length of EF'

A pentagon ABC'DE is inscribed in a circle of radius 10 such that BC' is parallel
to AD and AD intersects C'E at M. The tangents to this circle at B and £
meet the extension of DA at a common point P. Suppose PB = PE = 24 and
/BPD = 30°. Find BM.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2005
(Open Section, Special Round)

Saturday, 2 July 2005 0900- 1330

Attempt as many questions as you can.
No calculators are allowed.

Show the steps in your calculations.
FEach question carries 10 marks.

1. An integer is square-free if it is not divisible by a? for any integer a > 1. Let S be
the set of positive square-free integers. Determine, with justification, the value of

A

keS

where |x] denote the greatest integer less than or equal to z. For example |[2.5] =
2.

2. Let G be the centroid of AABC. Through G draw a line parallel to BC' and
intersecting the sides AB and AC at P and (), respectively. Let B() intersect
GC at IF and CP intersect GB at F'. Prove that triangles ABC and DFF are

similar.

3. Let a, b, c be real numbers satisfying a <b < c¢,a+b+c=6and ab +bc+ ac=9.
Prove that 0 <a <1 <b< 3 <c< 4.

4. Place 2005 points on the circumference of a circle. Two points P, Q) are said to
form a pair of neigbours if the chord P(Q subtends an angle of at most 10° at the
centre. Find the smallest number of pairs of neighbours.
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1.

Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2005
(Open Section, Round 1 Solutions)

Ans: 000

. 100 100 100
100 _ 1 — (1-10)100_1 = 1— 10 10%2—. .. 1090 _ 1 — 1000k
9 1 =(1-10) ( 1 )10 +( 2) 0 +(1UO) 0 00k

for some integer k. Thus, the last three digits are 000.

Ans: 4

P lies on the radical axis of C; and Cy and hence has equal power with respect to
both circles. Now

PQ? = Power of P with respect to Cy
= Power of P with respect to C;
=52 — 3% = 16.

Ans: 409

If n! ends with exactly 100 zeros, then in the prime factorization of n!, the prime
factor 5 occurs exactly 100 times (we need not worry about the prime factor 2 since
it will occur more than 100 times). The number of times that 5 occurs in n! is given

by
HEEs
5 Ls2] T Lse '

Also the factor 5 occurs 24 times in 100!. Thus the answer is about 400. Now

400 400 400
{?J + {5—2“ + {?J 4+ =80+ 16 +3 =99.

It follows that 400! ends with exactly 99 zeros. Thus the answer is 409.

Ans: 4

For the equation to have a solution, £ must be nonnegative, for if £ < 0, then

\/Erv_Q-_—.-k+2- 22 1>\/22 k>

Rewrite the given equation as 2v/x2 — 1 = x — V22 — k. By squaring we obtain

222 + k — 4 = —22\/22 — k. Squaring again and solving for x, we obtain
s _ (k= 4)?
Tt = .
8(2 — k)

32



Thus 0 < k£ < 2 and the only possible solution is x = \/:( ’i . Substitute this

value of x into the given equation and multiplying throughout by V8(2— k), we
obtain

V(k—4)2 —8k(2 — k) + 2\/(k — 4)2 —k)=4—k.
Hence, |3k — 4]+ 2k = 4 — k and so ]3/<: — 4| =—(3k— 4) which holds if and only if
3k —4 <0;i.e. 3k <4. Therefore, the maximum value of 3k is 4.
Ans: 43
Note that 74 =1 (mod 100). Now

3299 = (=1)*® = -1 =3 (mod 4).
Hence 32°%° = 4k + 3 for some positive integer k. Thus

737 = 74k 3 — 73 ~ 43 (mod 100).

Ans: 1004

Take any set 1004 numbers. Write each number in the form 2%b;, where a; > 0
and b; is odd. Thus obtaining 1004 odd numbers b1, ...,b1904. Since there are 1003
odd numbers in the first 2005 natural numbers, at least two of the odd numbers
are the same, say b; = b;. Then 2%b; | 2%b; if 2%b; < 2%b;. The numbers
1003, 1004, ..., 2005 are 1003 numbers where there is no pair such that one of them
is divisible by the other. So the answer is 1004.

Ans: 5097

We use the fact that every positive integer can be expressed uniquely in any base
> 2. As f(1) = 21, we see that the coefficients of f(x) are nonnegative integers less
than 25. Therefore f(25) = 78357, when written in base 25, allows us to determine
the coefficients. Since

78357 = 749 x 25+ 5 x 25°,

we obtain f(x) = 7 + 92 + 52%. Hence f(10) = 5097.

Ans: 853

First observe that [z + % | = [x] or |z] + 1 for 11 < k < 99. Since there are 89
terms on the left-hand side of the equation and 89 x 8 < 765 < 89 x 9, we deduce
that || = 8. Now suppose |z + 5| =8 for 11 < k <m and [z + 'LT{?J =9 for
m+ 1<k <99. Then

JOO

8(m — 10) +9(99 —m) = 765,

which gives m = 46. Therefore |z + 15| = 8 and |2 + {5 | = 9, which imply

8 < x+ 14[?0 < 9and 9 < x + 14070 < 10 respectively. The inequalities lead to
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10.

7.54 < x < 8.54 and 8.53 < z < 9.53. Consequently, we see that 8.53 < x < 8.54.
Hence we conclude that [100z] = 853.
Ans: 668

The given relation implies that

fim+n) > f(m) + f(n).

Putting m = n = 1 we obtain f(2) > 2f(1). Since f(2) = 0 and f(1) is non-
negative, f(1) = 0. Next, since

fR) =12+ =f@Q+fM)+{0 or 1}={0 or 1},

where f(3) > 0, it follows that f(3) = 1. Now, it can be proved inductively that
f(3n) > n for all n. Also, if f(3n) > n for some n, then f(3m) > m for all m > n.
So since f(3 x 3333) = f(9999) = 3333, it follows that f(3n) = n for n < 3333. In
particular f(3 x 2005) = 2005. Consequently,

2005 = f(3 x 2005)
> f(2x2005) 4+ f(2005)
> 3£(2005)

and so f(2005) < 2005/3 < 669. On the other hand,
£(2005) > £(2004) + f(1) = (5 x 668) = 668.

Therefore f(2005) = 668.
Ans: 15

Let /C = 2/A and CD the bisector of ZC. Let BC = z — 1,CA = z and
AB = z+ 1. Then AABC is similar to ACBD. Thus BD/BC = BC/AB so
that BD = (z — 1)2/(z + 1). Also CD/AC = CB/AB so that AD = CD =
z(x—1)/(x+1).

A I B
As AB = AD + BD, we have z(z — 1)/(z + 1) + (z — 1)?/(z + 1) = 2 + 1. Solving

this, the only positive solution is 2 = 5. Thus the perimeter of the triangle is
4+5+4+6=15.
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11.

12.

13.

14.

15.

Ans: 1
AE = ABcos60°. ZAHE = ZACB. Hence

AH = AF/sinZ/AHE = ABco0s60°/sin ZACB = 2R cos60°,
where R = 1 is the radius of the circle. Therefore, AH = 1.

Ans: 225

Since f(6 +n) = f(f(6) + n) = f(2+ n) for all n, the function f is periodic
with period 4 starting from 3 onwards. Now f(6), f(5) = f(9), f(4) = f(12) and
f(3) = f(15) are four distinct values. Thus in every group of 4 consecutive positive
integers > 3, there is exactly one that is mapped by f to f(2005). Since the
collection of three-digit positive integers can be divided into exactly 225 groups
of 4 consecutive integers each, there are 225 three-digit positive integers n that
satisfies f(n) = f(2005).
Ans: 5

Setting x = y = 2, we see that

flz,z) = f(z,z) = 2f(x,z) — 2z

for all . Hence f(z,z) = —xz for all z. Setting y = x gives

f(.I',.T) :f(;c,z) —2f($’z)—2z

for all z and z. Hence f(z,2) = —f(z,2) — 2z = 2 — 2z for all x and 2. Therefore,
£(2005, 1000) = 5.

Ans: 2

n

n—1
2 2
ay = g a; — E a; =n°an, —(n—1)%an_1.
i=1 i=1

This gives a, = :—_;_%(IR_L Thus,
2004 (2004)(2003) - - - (1) 2

2006 "2 T T 3)" T 2005

42005 = (2006)(2005) - - -

Ans: 199

From 100a +10b+ ¢ = a+b+ c+ab+bc+ac+abe, we get (99 —b—c—bc)a = b(c—9).
Note that LHS > 0 (since b+ c+bc = (1+b)(1+¢) —1 <99) and RHS < 0. Thus

we must have b = ¢ = 9. Since a > 1, n = 199 is the answer.
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16.

17.

18.

Ans: 1

Note that the value of z° (mod 8) is completely determined by the value of x
(mod 4). Furthermore, a,, = ay-1 + ap—2 (mod 100) = a,—1 + a,-—> (mod 4).
Thus the sequence (a,, (mod 4)),cz+ equals (1,2,3,1,0,1.1,2,3.1,0,1,1,2...),
which has a cycle of length 6. Also, the sum of the squares in one cycle is 0
(mod 8). Now 2005 = 6 x 334 + 1. Thus the required answer is 1.

Ans: 20
Let N = 10a +b. When b # 0, 10V — N is a N-digit number whose first N — 2
digits are 9 and the last two digits are (9 —a) and (10 —b). Thus the sum of digits
of 10V — N equals 9(N —2) + 19 — (a + b) = 89a + 8b + 1. Thus, we need
a=1 (mod 2)
—a+3b=-1 (mod 5);
4da+8b= -1 (mod 17).

a = 1 has no solution, but a = 3,b = 9 is a solution.
When b = 0, the sum of digits is 9(N —2) 4+ (10 — a) = 89a — 8. Thus a is even.
a = 2 is a solution. Thus the answer is 20 since it is < 39.

Ans: 11

It can easily be checked that if 1,2,9,10 are red and 3,4,5,6,7,8 are blue, then
there do not exist z,y, z, w of the same colour such that x+y+ 2z = w. Son > 11.

Suppose there exists a colouring (for n = 11) such that there do not exist x,y, z, w

of the same colour such that z + vy + 2z = w. Then 1,9 must be of a different colour
from 3. Thus say 1 and 9 are red, and 3 is blue. Since 7+ 1 +1 = 9, 7 must then be
blue. Now, 2 +3 4 3 = 7, so that 2 is red, and hence 4 (= 1+ 1 + 2) is blue. But
11=34+4+4=9+ 1+ 1, a contradiction.

19.

20.

Ans: 3

The inequality can be transformed to

302y 251y
200 ~ 77 200

We first need to the minimum positive integer y such that the interval (3_2]20” 2;;;’)

contains an integer. This minimum value of y is 2. When y = 2, this interval
contains only one integer, that is 3. Thus the answer is 3.

Ans: 30499
Let f = 160 x 170 x 180 x 190. Observe that f = (1752 — 152)(175% — 52). Let
r = 1752-125. Then f = (z—100)(z+100) = 22 ~10000 < z2. Since z = 1752125
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23.

and f— (z — 1) = 22 — 1000 — (z — 1)? = 22 — 10001, we have f > (x — 1)?. Thus
the minimum positive integer n such that n? < fis z — 1 = 1752 — 126 = 30499.

Ans: 16

Let n+---+2005n2°%° = f(n)(n — 1) +a where f(n) is a polynomial of n. If n = 1,
we have @ = 1 + 2+ --- + 2005 = 2005 x 1003. Observe that n + - - - + 2005n2%°° is
divisible by n — 1 if and only if a = 2005 x 1003 is divisible by n — 1. The prime
factorization of a is @ = 5 x 401 x 17 x 59. So a has only 2% = 16 factors. Thus
there are 16 possible positive integers n such that n + --- + 200512°%° is divisible
by n— 1.

Ans: 24068

Consider the sequence of ten 1’s. There are eleven spaces between two 1’s, or before
the leftmost 1 or after the rightmost 1. For each of these spaces, we can put either
two 0’s (double 0’s) or only one 0 (single 0). If there are exactly & doubles 0’s,
then there are only 10 — 2k single 0’s. The number of ways for this to happen is
(“) ( H-k ) Thus the answer is

k 10—-2k
/11N /11— k o068
Z kE)J\10—-2k/) '
k=0

Ans: 12

Let BE = x. By cosine rule,

5 212 4282 142 7 q y 142 +282 -212 11
COS L = ————————— = — and COSA = ———————~ — ——.
2(21)(28) 8 2(14)(28) 16

Thus CD? = 147 + 7% = 2(14)(7)({}) = %! so that CD = 3.

Also .
12 21y2 _
cos LZACD = o = —.

Thus £B = ZACD = ZBCE so that triangle BEC is isosceles. Therefore,

pco 218

I —=— — =192,
2cos 3 27
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24. Ans: 87

Let the circumcircle of ACDF meet the line £F at G. Then G,C, D, F are con-
cyclic. Now /ZEBC = /ADC = ZCGF so that F, B, C,G are also concyclic. Thus,
EP? = EB-FA=FEC-ED=EG-EF and FQ* = FD-FA=FC-FB = FG-FE.
Therefore, EP? + FQ* = EG-EF + FG-FE = (EG + FG) - EF = EF?. Conse-
quently, EF = /602 + 632 = 87.

25. Ans: 13

Let O be the centre of the circle. First we show that P, B, O, M, E lie on a common
circle. Clearly P, B,O, FE are concyclic. As /ZBPM = /HBC = ZBEM = 30°,
points P, B, M, E are also concyclic. Thus P, B,O, M, F all lie on the circumcircle
of APBE.

Since ZPBO = 90°, PO is a diameter of this circle and PO = /242 + 102 = 26.
This circle is also the circumcircle of APBAM . Therefore, BM = 26 sin 30° = 13.
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We shall show that in general for any n € N,

IV

keS

For any k£ € S, note that L\/mj = j if and only if j is the largest integer such
that j%k < n. If Sy = {1%k,2%k...., 7%k}, where j is the largest integer such that
7%k < m, then |[\/n/k| = |Sk|. Also if k and m are distinct square free integers,
then Sx N S,, = 0. Hence

>, l\/%J 2 ghﬂf = ‘ L Sk

keSS keS

Since every integer can be uniquely written as j2k where k is square free, Upcg =
{1,2,...,n}. This completes the proof.

First we note the centroid divides each median in the ratio 1:2. Let X be the
midpoint of AC and Y be the midpoint of AB. Then XQ/QC = XG/GB =
1/2. So, by Ceva’s theorem, X, F, D are collinear. Likewise, D, F,Y are collinear.
Therefore DFE || BA and F is the midpoint of CY. Similarly, DF || CA and F
is the midpoint of DY. Thus FF || XY || CB. Since the corresponding sides are
parallel, the two triangles are similar.
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3. Firstly, a,b,c # 0 since if, for example, ¢ = 0, then a + b = 6 and ab = 9 imply
that @ = b = 3, a contradiction. Also, a, b, ¢ satisfies 23 — 622 4+ 9z — abc = 0, ie.
(x —3)%2 = abc/z. Since (x —3)%? > 0 for all x, we see that a, b, ¢ are all of the same
sign, and thus a,b,c >0 asa+ b+ c=6.

Now the graph y = 23 — 62? + 92 — abc has stationary points at z = 1 and z = 3,
and cuts the x-axis at z = a,b, ¢, so that a € (—o0,1), b € (1,3) and ¢ € (3,00).
Finally, if ¢ > 4, then ab = (c— 3)? > 1, so that ab+ bc+ac > 1+ 4(b+ 1/b). But
x + 1/x is increasing for z € (1,00). Thus 1 +4(b+ 1/b) > 9, a contradiction.

Second solution: As in the first solution, a,b and c satisfy the equation z* — 622 +
9z — abc = 0, or z(z — 3)? = abc. Substitute x = ¢ to get c¢(c — 3)? = abc or
(c — 3)? = ab. Now, assume ¢ > 4. This implies that ab > 1, which in turn implies
a+b > 2 (via AM-GM). Thus ¢ < 4, a contradiction. Hence ¢ < 4. We get
abc = c(c—3)? < 4. (¢ > 2,since a+b+c = 6)

For the equation f(z) = abe, where abc < 4, f(8) = 0, f(1) = 4 implies one root
between 0 and 1 f(1) = 4, f(3) = 0 implies one root between 1 and 3. f(3) = 0,
f(4) = 4 implies one root between 3 and 4.

4. Let P, @ be a pair of neighbours Suppose P has & neighbours who are not neighbours
of @ and () has ¢ neighbours who are not neightbours of P, with £ > ¢. Then by
moving P to a point very close to () the number of neighbouring pairs does not
increase and the set of neighbours of P and @ coincide. Thus by repeating this
procedure, we see that the minimum is attained when the points are divided into
s clusters, s < 35, such that two points are neighbours iff they are in the same
cluster. Thus, if n; is the number of points in cluster i, then

. 57 58
minimum > Z (”}) > 95 (‘*‘2> + 1(](”2 ) — 56430.

The last inequality follows from the following: If the largest of the n;’s, say a, is
> 58, then the smallest, say b, is < 57 and (%) + (%) > (*3") + (*3*) which can
be proved by direct computation. This minimum is attained when there are 35
clusters, 25 with 57 points and 10 with 58 points.

40



2005 Senior round 2, Q3 solution: Observe that S has a total of (120) = 45 2-element
subsets, giving rise to a total of 45 sums. The values of these sums ranges from 3 to 47,
both inclusive. If the values 3 and 47 are both present, then 1, 2, 23, 24 are in S. Then
the sets {1,24} and {2,23} both have the sum 25. If not, then there are only 44 possible
values for the sums. Thus, by the pigeonhole principle, two of sums are equal.
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Important:
Answer ALL 35 questions.
Enter your answers on the answer sheet provided.

For the multiple choice questions, enter only the letters (A, B, C, D, or E) corresponding to the
correct answers in the answer sheet.

For the other short questions, write your answers in answer sheet and shade the appropriate bub-
bles below your answers.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

1. What are the last two digits of 1 X 2 X 3 x4 X - -+ x 2004 x 2005 x 2006?
(A)00; (B)20; (C)30; (D)s0; (E)60.

2. Let x be a real number. What is the minimum value of x* — 4x + 3?
A)-3 B)-1; (OO0 D)1 E)S3.

3. James calculates the sum of the first n positive integers and finds that the sum is 5053. If he
has counted one integer twice, which one is it?

AL B2 (O3 D4 (E)S.

4. Which of the following is a possible number of diagonals of a convex polygon?

(A)21; (B)32; (C)45; (D)54; (E)63.

5. What is the largest positive integer n satisfying n*® < 53909

(A9, (B)10; (C)11; (D)12; (E)13.



6. The diagram shows an equilateral triangle ADE inside a square ABCD. What is the value of

10.

area of AADE 5
area of ADEC
D C
E
A B
3 1 3
(A) —Z—\/_; (B) T © T\/_ (D) V3; (E)2.

. What is the value of

1 1

G D+ 2000 ) Y e e s Tt (e 2005)(x 7 2006)

1?

(A) x +2004; (B)2005; (C)x+2006; (D)?2006; (E)?2007.

Suppose that only one of the following pairs (x, y) yields the positive integer /x> + y2. Then

(A) x = 25530,y = 29464; (B) x = 37615,y = 26535, (C) x = 15123, y = 32477;
(D) x = 28326, y = 28614; (E) x = 22536, v = 27462.

. The value of

1+2+4+8++22006
3+1 3241 3#+1 3841 322 4 q

is:

1 1 22005 1 22006 1 22007
(A) ok (B) 2 3 ©) 2T 3w (D) 2 T3 (E) None of the
above.

Suppose that p and g are prime numbers and they are roots of the equation x*> = 99x +m = 0

for some m. What is the value of P + i?
q D
9413 9413 413
(A)9413; (B) m; (©) —9—9—; (D) %—; (E) None of the above.



11.

12.

13.

14.

15.

16.

17.

18.

19.

What is the remainder when 2006 x 2005 x 2004 x 2003 is divided by 7?

1
7 = ﬁ’ where a, b and ¢ are positive integers, find the value of a + b + c.
+ =

. . . 1
Let x be a positive real number. Find the minimum value of x + —.
x

Find the value (in the simplest form) of \/ 45 +20V5 + \/45 —~205.

Let n be the number

(999999 999 ... 999 )'_(666 666 666 ... 666)"
2006 9’s 2006 6°s

Find the reminder when # is divided by 11.

1 : 1
Given that w > 0 and that w — — = 3, find the value of (w + — ).
w w

N pieces of candy are made and packed into boxes, with each box containing 45 pieces. If

N is a non-zero perfect cube and 45 is one of its factors, what is the least possible number of
boxes that can be packed?

Consider the following “star” figure.

A
/ )
‘\

/ et .“-.

Given that Zp + Zg + /r + Zs + /t = 500° and LA+ /B + £C + /D + (E = x°, find the value
of x.

Given that n is a positive integer and S =1+ 2 + 3 + -+ - + n. The units digit of S cannot be
some numbers. Find the sum of these numbers. '



20.

21.

22.

23

24,

25.

26.

27.

28.

Let m = 762°% — 76. Find the remainder when m is divided by 100.

Let ABCDEF be a hexagon such that the diagonals AD, BE and CF intersect at the point O,

and the area of the triangle formed by any three adjacent points is 2 (for example, area of
ABCD is 2). Find the area of the hexagon.

Let C be a circle with radius 2006. Suppose # points are placed inside the circle and the
distance between any two points exceed 2006. What is the largest possible n?

o 1 . 1
Let x and y be positive real numbers such that x> + y* + 7 = xy. Find the value of —.
. . x

In this question, S,xyz denotes the area of AXYZ. In the following figure, if DE//BC,
SAADE =1and SAADC =4, find SADBC.

A

D E

B . C

What is the product of the real roots of the equation

X2+ 90x + 2027 —VE

3 + 90x + 20557

There are four piles of stones: One with 6 stones, two with 8, and one with 9. Five players
numbered 1,2, 3, 4 and 5 take turns, in the order of their numbers, choosing one of the piles
and dividing it into two smaller piles. The loser is the player who cannot do this. State the -
number of the player who loses.

Let m # n be two real numbers such that m?> = n + 2 and n? = m + 2. Find the value of

dmn — m® — n>.

2

. a . . .
There are a few integer values of a such that 5 is an integer. Find the sum of all
a
these integer values of a.



29. How may pairs of integers (x,y) satisfy the equation

Vx + 5 = V200600?

30. The ‘4’ button on my calculator is spoilt, so I cannot enter numbers which contain the digit
4. Moreover, my calculator does not display the digit 4 if 4 is part of an answer either. Thus I
cannot enter the calculation 2% 14 and do not attempt to do so. Also, the result of multiplying
3 by 18 is displayed as 5 instead of 54 and the result of multiplying 7 by 7 is displayed as
9 instead of 49. If I multiply a positive one-digit number by a positive two-digit number on
my calculator and it displays 26, how many possibilities could I have multiplied?

31. The following rectangle is formed by nine pieces of squares of different sizes. Suppose that
each side of the square E is of length 7cm. Let the area of the rectangle be x cm?. Find the
value of x.

32. Suppose that n is a positive integer, and a, b are positive real numbers with a + b = 2. Find

the smallest possible value of
1 1

+ .
l+ar 1+b"

33. What is the largest positive integer n for which #n* + 2006 is divisible by n + 26?



34.

35.

Suppose that the two roots of the equation

1 1 2

_ -0
2 _10x—20 2 _10x—45 - 10x—69

are « and S. Find the value of a + S3.

Suppose that a, b, x and y are real numbers such that
ax+by=3, ax+by*=7, axX’ +by’ =16 and ax*+by* =42.

Find the value of ax® + by°.
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. Ans: (A)

Because 100 is one of the factors.

. Ans: (B)
Usex? —4x+3=(x-2)>-1.

. Ans: (C)
Usel+2+---+ 100 = 5050.

. Ans: (D)

) . Hence (D).

The number of diagonals of an n-side polygbn is

. Ans: (O)

Because n* < 5° = 125.

. Ans: (D)
Let a be the length of AB. Then

area of AADE 3 %a - a - sin 60°

area of ADEC ~ 1g-a-sin30°

. Ans: (B)
Use
1 1 1
+ ot =
x+Dx+2) (x+2)(x+3) (x +2005)(x + 2006)
1 1 1 1 1 1 1 1
- + - + ...+ - = - =
x+1 x+2 x+2 x+3 x+2005 x+2006 x+1 x+2006
2005

(x + 1)(x + 2006)



8.

10.

11.

12.

13.

14.

15.

Ans: (A)

Since x> +y*is a perfect square, its last digit must be 0, 1,4, 5, 6,or 9. Hence (C) and (D) are
not suitable. For (B) and (e), the last two digits are 50 and 60 resp. However, if a number
ends with 0, its square must end with two 0’s. Thus the ans is (A) where +/x* + y? turns out
to be 38986.

. Ans: (D)
Since
k] B Ik ok
32 3% 3% 4]
2k 2k 2k+1
3% 41 31 3]
1 2007

becomes a telescope sum. Thus the result is — — —=——.
2 3]

Ans: (B)
p + g =99. The only possible prime solutions are 2, 97.

Ans: 3.
2006 x 2005 x 2004 x 2003 =4 x 3 x2 = 3 (mod 7).

Ans: 16.

Easy calculation shows thata =6, b =3 andc = 7.
Ans: 2.
X+ l > 2 X - l = 2’
X V' x
and = holds when x = 1.

Ans: 10.
V454205 + \/25—20\/_: \/(5+2\F5)2+ \/(5—2\/5)2: 10.

Ans: 0.
999 999999 ... 999 666 666 666 ... 666.
Observe that 11 divides both 2006 9’s and 2006 6’s




16.

17.

18.

19.

20.

21.

22.

23.

Ans: 29.

1 1
Use that (w + —)* = (w — —)* + 4.
w w

Ans: 75.

The least non-zero perfect cube of the form 45m = 32 - Sm is 3° x 5°. Thus the least possible
number of boxes that can be packed is 3 x 52 = 75.

Ans: 140.

Use angle sum of polygons,
xX°+5%x360°—(4p + Lg+ Lr+ /s + /t) = 8§ X 180°,
x = 140.

Ans: 22.
nn+1)

S=14+2+3+---+n= . The units digit of S can only be 0, 1,3,5,6,8. Thus S
cannot end with 2,4,7 or 9. The sum is 22.

Ans: 0.
m=76-(762% — 1) = 76 x 75 x k for some k. Thus 100 divides .

Ans: 12.
Since area of AABC = area of AFAB, FC//AB. Similarly FC//ED.

By the same reason, FE//AD//BC and AF//BE//CD. Thus OF DE, ODBC and OBAF are
all parallelogram and each of them has area 4. Thus the total area of the hexagon is 12.

Ans: 5.

Clearly, none of the points is in the centre O. Label the points A;, Az, ... A, in clockwise
direction. Note that no two points lie on the same radius. Now, for any two points A;, A;;,
(A, = Ap), the angle £A;0A; 1 > 60. Therefore, n < 6. For n = 5, just take the points to
be the vertices of a suitable regular pentagon, then it will satisfy our condition. Therefore,
n=>5.

Ans: 3.

Using the fact that AM> GM, we get x* + y* + 1/27 > 34/x*y3(1/27) = xy and = holds only
when x* = 1/27. Thus x = 1/3.



24,

25.

26.

27.

28.

29.

30.

Ans: 12.

Saape :Sacpe =1 :3. Hence AE : EC = AD : DB =1:3. Thus AE: AC=AD : AB =
1: 4. Hence SAABC =16 and SADBC =12.

Ans: 2006.

Let u = Vx? + 90x + 2055. Then u? — 28 = 3u. Solve to find the positive root u = 7. Hence
x* + 90x + 2006 = 0, so the product of the real roots is 2006.

Ans: 3.

Observe that we begin with 4 piles of stones and end up with 6 +8 +8 +9 = 31 piles of (one)
stones. At the end of each turn, there is exactly one more pile of stones than the beginning
of the tum. Thus, there can be exactly 31 — 4 = 27 legal turns. Hence, Player 3 is the first
player who cannot make a move.

Ans: 0.

Since m # nand m?> —n? = (n—m), we get m +n = —1. Thus m* + n®> = (m +n) + 4 = 3 and
mn = 1[(m + n)* — m* — n*] = —=1. Thus 4mn — m*> — n® = 4mn — (m + n)(m* + n* — mn) =
-4-(DE-(-1) =0.

Ans: 8.

2-3a-3 5
Since a-2az? =a—-1-——, thusa = -3, 1, 3, 7. Their sum is 8.
a-?2 a-?2

Ans: 11.

Since x = 200600 + y — 20+/2006y is an integer, y = 2006u* for some positive integer .
Similarly x = 2006v? for some positive integer v. Thus u + v = 10. There are 11 pairs in
total, namely (0, 10), (1,9),...,(10,0).

Ans: 6.
Since the product is at most a three-digit number, the possible answers I should get is,
26,426,246 or 264. Since

26 = 1x26=2x13

426 = 1x426=2x213=3x142=6x%x71

246 = 1x246=2x123=3x82=6x41

264 = 1x264=2x132=3x88=4x66
= 6x44=8x33=11x24=12x22,

there are 6 possibilities.

10



31.

32.

33.

34.

35.

Ans: 1056.

Let us use |X| to denote the length of one side of square X. Thus |E| = 7. Let |H| be a and
|D|be b. Then |F|isa+7,|Blisa+ 14, |I|is 2a+ 7,|G|is 3a+ 7, |C|is 3a+ b + 7, and |A| is
3a+ 2b + 7. Hence we have

Ba+2b+7+(@+14)=Ba+b+7)+Ba+7)+ R2a+17)

Ba+2b+7+QBa+b+T)=@+14)+(@+7)+ Ra+T7).
Therefore a = 1 and b = 4. Hence the area of the rectangle is 32 x 33 = 1056.

Ans: 1.
Note that ab < 1 and (ab)" < 1.

1 1 l+a"+b"+1

T+a  1+00 1+a"+b"+ (abyr ~

When a = b = 1, we get 1. Thus, the smallest value is 1.

Ans: 15544,

n® +2006 = (n + 26)(n* — 26n + 676) — 15570. So if n + 26 divides n> + 2006, n + 26 must
divide 15570. Thus the largest n is 15544.

Ans: 10.

Lety = x> — 10x — 29. Then x> — 10x—45 = y — 16, x> — 10x — 69 = y — 40. Thus
! ! 2 = 0. Therefore y = 10. Soy = x*~10x-29 = 10. Hence x*—~10x-39 =
0. Therefore @ + 5 = 10.

+ —
y y-—16 y-40

Ans: 20.

ax® + by’ = (ax* + by*)(x + y) — (ax + by)xy. Thus, we get 16 = 7(x + y) — 3xy. Similarly,
ax* +by* = (ax® + by*)(x +y) — (ax* + by*)xy. So, we get 42 = 16(x + y) — 7xy. Solving, we
get x +y = =14 and xy = —38. Therefore,

ax’ + by’ = (ax* + by ) (x +y) — (ax® + by*)xy = 42(~14) — 16(=38) = 20.

11
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Important:

Attempt as many questions as you can.
No calculators are allowed.
Show all the steps in your working.

Fach question carries 10 marks.

1. Find all integers z,y that satisfy the equation

T4y =a?—zy+1y>

2. The fraction % can be expressed as a sum of two distinct unit fractions: % + %.
Show that the fraction p—;—J, where p > 5 is a prime, cannot be expressed as a sum
of two distinct unit fractions.

3. Suppose that each of n people knows exactly one piece of information, and all n
pieces are different. Every time person A phones person B, A tells B everything
he knows, while B tells A nothing. What is the minimum of phone calls between
pairs of people needed for everyone to know everything?

4. In ANABC, the bisector of /B meets AC' at D and the bisector of ZC meets AB
at . These bisectors intersect at O and OD = OFE. If AD # AFE, prove that
/A =60°.

5. You have a large number of congruent equilateral triangular tiles on a table and
you want to fit n of them together to make a convex equiangular hexagon (i.e., one
whose interior angles are 120°). Obviously, n cannot be any positive integer. The
first three feasible n are 6, 10 and 13. Show that 12 is not feasible but 14 is.

12
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1. Solving for y, we get:

z+1x+/-3(z-1)2+4

2
Thus 3(z — 1)? < 4, ie,
2 2
11— — <z<1l+——,
V3 V3
Thus 2 =0,1,2 and (z,y) = (0,0),(0,1),(1,0),(1,2),(2,1), (2, 2) are all the solutions.

2

. 4 _ 1 .1
for all p > 7, the result is true for p > 7. .Suppose z = - + ¢, with a > b. Then

b
=14 % < %. Therefore 2b < 5, i.e., b = 2 and there is no solution for a.

5 a

2. Note that % + % = %. Since 1 and % are the two largest unit fractions and p;—l > %

3. We claim that the minimum of calls needed is 2n — 2. Let A be a particular person,
the 2n — 2 calls made by A to each of the persons and vice versa will leave everybody
informed. Thus at most 2n — 2 calls are needed.

Next we prove that we need at least 2n — 2 calls. Suppose that there is a sequence
of calls that leaves everybody informed. Let B be the first person to be fully informed
and that he receives his last piece of information at the pth call. Then each of the
remaining n — 1 people must have placed at least one call prior to p so that B can be
fully informed. Also these people must received at least one call after p since they were
still not fully informed at the pth call. Thus we need at least 2(n — 1) calls.
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@
B C

Assume that AE > AD. Let LA = 2a, /B = 2b, ZC = 2¢c and LZADO = z. Now AO
bisects ZA. Let E’ be the point on AB such that OE" = OFE. Since AE > AD, E’
lies between A and E. We have AAE'O = AADO (SAS). Thus OFE' = OD = OF and
x=/ADO = LAE'O = ZBFEO. From AABD and ABEC, we have 2a+xz +b = 180°
and z + 2b 4 ¢ = 180°. Thus 2a = b+ ¢ and so ZBAC = 2a = 60°.

5. Assume that the tiles are of side length 1. Note the number of tiles required to form
an equilateral triangle of length z is 1 + 3 + --- + (22 — 1) = z2. The triangle formed
by extending the alternate sides of the hexagon must be an equilateral triangle of side
length say ¢. The hexagon is formed by removing the three corner equilateral triangles
of side lengths a,b,c and £ > a +b,a + ¢,b+ c. An equilateral triangle of side length z
contains z? tiles. Thus n is feasible if and only if

n=0—-a>-b"-c® and {>a+b a+ec, btec

Take { =5,a=3,b=c=1. Then n = 14 and so is feasible.

Next we show that n = 12 is not feasible. Let a > b > ¢. For fixed ¢, we want to
find a lower bound for n. For this purpose, we may assume that a + b = ¢ — 1. Thus

b<({-1)/2. fa= —1—k,thenbc=k< ({—1)/2. Thus
n>0—2%*—(U-1-k)?=(20-1)— (3k* — 2k({ - 1)).

Since 1 < k < (¢—1)/2, we see that the maximum value of 3k2 — 2k(

eitherk=1ork = ( n>40—6 = A (whenk =1)andn > ({24+6(—3)/4 =
B when k = (£ —1)/2. Thusn > 6 for { =3, n > 10 for £ =4, n > 13 for { = 5,
n > 18 for { =6. For £ > 7, n > 22. Thus we only have to check the case ¢ =

¢ =3, we have a =b=c=1. For { =4, we have (a,b,c) = (2,1,1),(1,1,1). These give
n = 6,10,13. Thus 12 is not feasible.

14



(Note: You can show that 14 is feasible by drawing a hexagon with 14 tiles. It is
possible to show that 12 is not feasible by brute force. One of the sides must be at least
of length 2. If one side has length 3, we need at least 14 tiles. In Fig. 1, the top side
is of length 3 and the 7 tiles in the unshaded region must be present. No matter what
you do, the 7 tiles in the shaded region must also be present. In fact this is the smallest
hexagon with one side of length 3. If two adjacent sides are of length 2, then we need
at least 16 tiles (Fig 2). If three consecutive sides are of lengths 2, 1, 2, then we need
at least 13 tiles (Fig 3). The only other case is 2, 1, 1, 2, 1, 1 which gives 10 tiles (Fig
4). Thus 12 is not feasible. )
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2006

(Senior Section)

Tuesday, 30 May 2006 0930-1200

Important:
Answer ALL 35 questions.
Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answers in the answer sheet by shading the
bubbles containing the letters (A, B, C, D or E) corresponding to the correct answers.

For the other short questions, write your answers in answer sheet and shade the appro-
priate bubbles below your answers.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

1. Let p = 23099 g = 32006 and + = 51993, Which of the following statements is true?
(A) p<g<r (B) p<r<g (C) g<p<r (D) r<p<g

(E) ¢g<r<p

2. Which of the following numbers is the largest?

(A) 30%° (B) 10%° (C) 30'°+4120%° (D) (30+10)2° (E) (30 x 20)

3. What is the last digit of the number

22 +20%° + 200%°° 4+ 2006267

1 1
4. Let z be a number such that z + — = 4. Find the value of z° + —-
T T

(A) 48 (B) 50 (C) 52 (D) 54 (E) None of the above
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3
5. Consider the two curves y = 222 + 6z + 1 and y = —— in the Cartesian plane.
x

Find the number of distinct points at which these two curves intersect.

6. In the following figure, AB is the diameter of a circle with centre at O. It is
given that AB =4 ¢cm, BC = 3 cm, ZABD = Z/DBFE. Suppose the area of the
quadrilateral ABCD is z cm? and the area of ADCE is y cm?. Find the value of

T
the ratio —.

7. Five students A, B,C, D and £ form a team to take part in a 5-leg relay competition.
If A cannot run the first leg and D cannot run the last leg, how many ways can we
arrange them to run the relay?

(A) 74 (B) 76 (C) 78 (D) 8 (E) 82

8. There are n balls in a box, and the balls are numbered 1,2,3,...,n respectively.
One of the balls is removed from the box, and it turns out that the sum of the
numbers on the remaining balls in the box is 5048. If the number on the ball
removed from the box is m, find the value of m.

17



9.

10.

11.

12.

13.

14.

15.

Suppose a, b, c are real numbers such that a + b+ ¢ = 0 and abc = —100.
1

r=—-+ 7 + —. Which of the following statements is true?
a c

(A) z>0 (B) z=0 (C) -l1<z<0 (D) -100<z<-1
(E) z < -100

Let a and b be positive real numbers such that

Find the value of
20062 — 19942

1600

Find the smallest natural number n which satisfies the inequality

20061003 < n2006 )

Find the smallest integer greater than (1 + 1/2)3.

Find the number of pairs of positive integers (z,y) which satisfy the equation

20z + 6y = 2006.

Let

AABC is a right-angled triangle with ZABC = 90°. A circle C} is drawn with AB
as diameter, and another circle C; is drawn with BC as diameter. The circles C7
and Cy meet at the points B and P. If AB =5 cm, BC' =12 cm and BP = x cm,

find the value of 2400.
z

A

18



16.

17.

18.

19.

20.

21.

22.

Evaluate

1 1 1 1 1
+ + + + .
log, 125 logs 125 log,12/5  logs 125 logg 124/5

In the diagram below, ABCD is a square. The points A, B and G are collinear.
The line segments AC and DG intersect at E, and the line segments DG and BC
intersect at F. Suppose that DE = 15 cm, EF =9 cm, and F'G = z cm. Find the
value of z.

D C
E
F
A \G
B

Find the sum of the coefficients of the polynomial

(4a® — 4z + 3)*(4 + 3z — 32%)?%.

Different positive 3-digit integers are formed from the five digits 1, 2, 3, 5, 7, and
repetitions of the digits are allowed. As an example, such positive 3-digit integers
include 352, 577, 111, etc. Find the sum of all the distinct positive 3-digit integers
formed in this way.

L gsin70e,

Find the value of —
sin 10

1
Let w =1+ v/2+ v/4+ /8 + v/16. Find the value of (1 + 5)30.

Suppose A and B are two angles such that
sinA+sinB=1 and cosA+cosB =0.

Find the value of 12cos2A + 4cos2B.

19



23.

24.

25.

26.

27.

28.

Consider the 800-digit integer
234523452345 - - - 2345.

The first m digits and the last n digits of the above integer are crossed out so that
the sum of the remaining digits is 2345. Find the value of m + n.

Let a and b be two integers. Suppose that /7 —4v/3 is a root of the equation
22 + az + b= 0. Find the value of b — a.

Suppose = and y are integers such that
(z — 2004)(x — 2006) = 2.
Find the largest possible value of = + .

In the following diagram, ZACB = 90°, DE1BC, BE = AC, BD = % cm, and
DFE + BC =1 cm. Suppose ZABC = z°. Find the value of x.

A
D
B e
If
1

flz) = - , —
(=) Va2 +2r+1+ V22 -1+ Va2 — 20+ 1
for all positive integers z, find the value of

F)+ f3)+ f(B) +---+ f(997) — f1999).

In the figure below, S is a point on QR anc [ is a poiur o1 PR. The line segments
PS and QU intersect at the point T. It is given thia: PT =715 and QS =2RS. If
the area of APQR is 150 cm? and the area of _PS[ iz = cm®. Find the value of
T

20



29.

30.

31.

32.

33.

34.

35.

Let a and b be two integers. Suppose z2

az® + bz* + 1. Find the value of a.

—z — 1 is a factor of the polynomial

If sinf — cosf = , find the value of 24(sin® # — cos® 6)2.

V6 — V2
2

How many ordered pairs of positive integers (z,y) satisfy the equation

2/7 + YT + /20062y — V20062 — /2006y — 2006 = 07

Find the remainder when the integer
1 X3 xdxT7x---x2003 x 2005

is divided by 1000.

Let f : N — @ be a function, where N denotes the set of natural numbers, and Q

3
denotes the set of rational numbers. Suppose that f(1) = 5> and

flz+y) = <1+xi+1) f(z)+ <l+y—j_—1) f(y) + 2%y + zy + zy?

for all natural numbers z,y. Find the value of f(20).

Suppose zg, 1,2, - is a sequence of numbers such that zq = 1000, and
1000
Ty = _T<x0+m1 +$2+"'+‘rn—l)

for all n > 1. Find the value of

1 1
ﬁmo + 5:1:1 4+ xg + 2x5 + 22x4 + - + 299299 + 299821 000.

Let p be an integer such that both roots of the equation
5% — 5px + (66p — 1) =0

are positive integers. Find the value of p.
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1. Ans: D
‘D= 93009 _ 93x1003 _ (23>1003 _ 1003

g = 32006 — 32x1003 _ (32)1003 _ 1003,

= 51003'

Thus, we have r < p < gq.

2. Ans: D

30%° = (30%)*° = 900*°.
103% = (10%)'° = 1000%°.
3010 + 20%° = 300 + (20%)'° = 30'° + 400" < 2 - 400'°.
, < (2 x 400)*° = gpo*°,
(30 +10)%° = 40%° = (40%)'° = 1600'°.
(30 x 20)'° = 600,

Therefore, the largest number is (30 + 10)2° = 1600*°.

3. Ans: E

First we observe that 22 = 4. Since 202° is divisible by 10, it follows that its last
digit is 0. Similarly, the last digit of 2002%° is 0. The last digit of 20062°%° is the
same as that of 62006, Since 6 x 6 = 36, it follows that the last digit of any positive
integral power of 6 is 6. Thus the last digit of 20062°%6 is 6. Now, 4+0+0+6 = 10.
Thus the last digit of 22 + 2020 + 2002°° + 20062°% is 0.

4. Ans: C ) )
t+—=4= (z+ =) =4 =64
x x
3 1 1
T T
3 1 1
= 1"+ 5 +3z+ -)=164
T T

1
= 2° + — =64 - 3(4) = 52.
T

22



5. Ans: A

To find the intersection points of the two curves, we solve their equations simulta-
neously.

Thus, we have

3
2x3+6x+1:——2:>2:1:5+6:z:3+:c2+3:0
T

= (22 4+ 1)(z2+3)=0
— 222+ 1 =0, since z2+3>0

1
ﬁ.’IZSZ—i
—r=

2
V4

Thus, the only point of intersection is (7%, ——3%) .

6. Ans: A
Observe that ANABD = ANEBD. Thus, BE = AB =4, AD = DE. Hence

Area of ANACE = 2 x Area of ADCE.
Since BC =3, EC = EB— BC =4 -3 = 1. Thus,

Area of NABC =3 x Area of NACE.
=6 x Areaof ADCE.

Thus,
Area of ABCD = Area of NABC + Area of NACD

=6 x Area of ADCFE + Area of DCFE
=7x Area of ADCE.

23



7. Ans: C

Total number of ways is

5l —4l—414+31=120—-24—-24+6 =T78.

Alternatively, we consider the following cases:

Case (i): A and D do not run the first or last leg. In this case, the number of
arrangements is 3 x 2 x 3! = 36.

Case (ii): D runs the first leg. In this case, number of arrangements is 4! = 24.

Case (iii): D does not run the first leg and A runs the last leg. In this case,
number of ways is 3 x 3! = 18.

Therefore, total number of ways = 36 4+ 24 + 18 = 78.
8. Ans: B

Let m be the number of the removed ball. Then we have 1 < m < n, and

— 1+24+3+---4+n—m=2>5048

w —m = 5048
<MD s <
— 1
— w < 5048 and MY S 5040,
101 x 102
Observe that 99_><2_¥(_)9 = 4950, M = 5050 and >2< — = 5151. It follows
1 101
that n = 100. Hence m = M — 5048 = 2.

9. Ans: A
Observe that

0= (a+b+c)?=a?+0b*+c?+2(ab+ bc + ca).

Since abc = —100, it follows that a # 0, b # 0 and ¢ # 0. Thus, a® + b% + ¢ > 0,
and it follows that ab + bc + ca < 0. Therefore,

o 1 1+1 _ab+bc+ca_ab+bc—|—ca>0
LTy T abe o —100 ’
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10. Ans: B

Let z = 9 Then b = ax. Hence we have

= z(z+1)—(z+1)—2z=0
— 22—z -1=0

_1+VT+4  1+£45

—
! 2 2
1
Since a and b are positive, it follows that z > 0, and thus z = +2\/§. Then
b a\’ 1\*> [(1++5 2\
-+ — = x4+ — = + =
<a b> < a:) 2 1+\/5>
_ _\ 2
B 1+\/5+ 2 1-+/5
2 1+v5 1-4/5
_ _\ 2
B 1+¢5+2—2¢5
B 2 —4
1+v3 1 VE)
_ _ i Vvo) 2 _
B 2 2" 2> (V5 =5

11. Ans: 30
2006% — 19942 (2006 + 1994) x (2006 — 1994)
1600 N 1600
4000 x 12
1600
= 30.
12. Ans: 45

20061003 « 12006 —— 2006 < n?.

Since 442 = 1936 < 2006 and 452 = 2025 > 2006, it follows that the smallest
natural number n satisfying 20061003 < 12006 i5 45,

25



13. Ans: 15 B
(1++v2)%=1+3vV2+3x2+2V2=7+5V2.

Observe that 1.4 < v/2 < 1.5. Thus

T+5x14<7+5V/2<T7+5x15
— 14 <7+5V2 < 14.5.

Therefore, the smallest integer greater than (1 4+ v/2)3 is 15.

14. Ans: 34
20x + 6y = 2006 <= 10x + 3y = 1003.

The solutions are
(1,331),(4,321),(7,311),---,(94,21),(97,11), (100,1).

Thus there are 34 solutions.

15. Ans: 520

Drop the perpendicular from B to AC meeting AC at Q. Then ZAQB = 90°, and
thus @ lies on C;. Similarly, @ lies on Cy. Thus, Q = P. Now, AABP ~ AACB.
Thus

BP_BC_wx_ 12 _ . @
AB ~ AC 5 /122 152 137
Therefore,
24& = 2400 x 1-3— = 520.
T 60
16. Ans: 2
1 1 1 1 1

log, 124/5 - logs 124/5 * log.; 12v/5 N logs 12/5 N logg 12/5
= log,, 52 +1og, 53+ 1og,, z4 +1log, 55 + 108,56
=logy 52 x3x4x5x6
=log,,5 720
= 2, since (12v/5)? = 720.
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17. Ans: 16

Let AB =y cm. Since ADCF ~ AGBF, we have
DC GB y GB xy
Since ADCE ~ AGAE, we have

DC GA y y+GB y(9+ )
DE _GE 15 94z 15 Y
Hence we have
ry  y9+z) T _ 94z
LA A L= —1 = 16.
24 5 YT uT 18 = e=16
18. Ans: 1296
Let

(4:13'2 — 4z + 3)4(4 + 3z — 39:2)2 = Apxl? + . 4+ Az + Ap.
Substitute x = 1 to obtain
A+ A+ 4+A+A4=0-0+3)*4+0-0)?
= 1296.

19. Ans: 49950

Number of three-digit integers formed = 53 = 125. Observe that each of the five
digits 1, 2, 3,5, 7 appears 25 times in the first, second and third digits of the integers
formed. Thus,

sum =25 x (1+2+3+5+7) x 100

+25x (1+24+3+5+7) %10
+25x (1+2+3+5+7)

= 49950.
20. Ans: 2 _ o .
. 1 74Sin7oo:1—481¥170 sin 10
sin 10° sin 10°
1 —2(cos60° — cos 80°)
- sin 10°
_ 1—2(5 — cos80°)
a sin10°°
~ 2c0s80°
~ sinl0°
~ 2sin10°
~ sinl10°
=2.
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Here we have used the formula:

sin Asin B — cos(A — B) g cos(A + B) ‘

21. Ans: 64
Let y = v/2. Then 4° = 2. Therefore,

1120 1 30
B
w l+y+9y2+y3+y

30
y—1
=(1
<+y5—1>
30
y—1
=(1+2—
1+ 51)
= 430
=(y°)° =2° =64

22. Ans: 8
sinA+sinB=1=3sind=1-sinB.

cosA+cosB=0— cosA=—cosB.

Thus,
cos? A+sin?A=1= (—cosB)?+ (1 —sinB)* =1

— cos’B+1—2sinB+sin°B=1

= sin B =

DO =

1 1
Thus, sinA =1 — 5= 75 Therefore,

12cos2A +4cos2B = 12(1 — 2sin? A) + 4(1 — 2sin? B)

(1210 0)

=38.
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23.

24.

25.

Ans: 130
Note that 2 +3 + 4 + 5 = 14. Thus the sum of the 800 digits is 200 x 14 = 2800.
Thus we need to cross out digits with a sum equal to 2800 — 2345 = 455.

Observe that 455 = 32 x 14+ 7. Thus we have to cross out 32 blocks of four digits
‘2345’ either from the front or the back, a ‘2’ from the front that remains and a ‘5’
from the back that remains. Thus, m +n = 32 x 4 + 2 = 130.

Ans: 5
First we simplify /7 — 4v/3, and write

V7 —4V3 =2z +yV3,

where x, y are rational numbers. Then
7—4V3 = (z +yV3)? = 2% + 3y* + 22yV/3.

Thus, we have
22 +3y% =17,
2zy = 4.

Substituting the second equation into thé first one, we get

2
a:2+3<—2> =7=2'—7224+12=0
x
— (22 -4 (z?>-3)=0
—z=2,-2,V3,—V3.

—4
Since z is a rational number, z # v/3 and = # —v/3. When z = 2, y = 5% =
—1. When z = =2, y = 1. Thus, V7 —4v3 = 2 — /3 or =2 + /3. Since
7—4v/3 > 0, it follows that v/7 —4v3 = 2 — /3. Thus the 2nd root of the
equation is 2 + /3, since the coefficients of the equation are integers. Therefore,

a=-2-V3)-2+v3) =—4b=2-3)(2+V3)=1. Thus,b—a =5.

Ans: 2011

(z — 2004)(z — 2006) = 2¥ = (z — 2005 + 1)(z — 2005 — 1) = 2V
= (z—2005)% —1=2Y
= (z — 2005)% =1 + 2¢.

Write n = |z —2005|. Then we have
n?=1+2Y=2"=(n—1)(n+1).
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26.

Observe that the above equality implies easily that n # 0,1. Thus, n—1 and n+1
are positive integers, and both n — 1 and n 4 1 are powers of 2. Write n — 1 = 2.
Then

n4+1=2%4+2=22°"1+1).

Since n > 2, it follows that n + 1 > 3. Moreover, since n + 1 is a power of 2, it

follows that n + 1 > 4 and thus ntl

and it is also a power of 2. Clearly, 2°7* +1>1. Thus 27! +1>2=a> 1. If
a > 1, then 2! +1 > 2 and it is odd, which is not possible. Thus we have a = 1.
Thus,

> 2. Hence 27! 41 is a positive integer

n=1+2=23.

Then
2=3-1)B+1)=8=y=3.

It follows that

(r—2005)2=1+2=9=3>—= 2 =2005+3
— 2 = 2008 or 2002.

Thus the largest possible value of z + y is 2008 + 3 = 2011 when z = 2008.

Ans: 30

Produce BC to F' such that CF = DE. Then ABDFE and AACF are right-angled
triangles. Note that BE = AC and DE = CF. Thus, we have

ABDFE = NACF.

Therefore, AFF = BD = é, and LFAC = LZABC'. Since ZBAC + ZABC = 90°,

we have
/BAC + LFAC = 90°.

Hence, ZBAF = 90°. Now in ABAF, AF = %, and
BF =BC+CF=BC+DE=1.

Hence,

. . AF 1 20
1 = —_— = — frnd .
SInT o 2:>.CL'

Alternative solution: Let BE = a and DE = b. Since ZBED = 90°, it follows
from Pythagoras Theorem that

, 1
2 2
+b% = -,
a 4
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27.

28.

Since DE + BC' =1, we have BC'=1—b. As ABDE ~ AACF, we have
b a

a:l—b

= a2 =b(1-0).

Together with the previous equality, we have

1 1
b(1—0b)+b% == b= -
(1-0)+ 107
Hence,
DE 1 1
o~ 4 _ =
sinx BD % 2=>x 30
Ans: 5

By the identity a® — b = (a — b)(a® + ab + b?), we have

1 a—>b .
a?+ab+b2  ad— b3 if a7 b

Let a=+/z+1 and b = </ — 1. Then

1
o) = ey Ve D (e =D 1 (e =17
WV +1-Yz -1
S (z4+1) —(z-1)

— (et 1- ).

Therefore,
F(1) + F(3) + -+ F(997) + £(999)
L0 YA 2 Y - Y055+ IO — Y
—% x V1000 = 1—20 =5.
Ans: 20

Suppose that the area of APQT is t cm?. Since PT = T'S, we see that
area of AQTS = area of APQT =t cm?.
Suppose the area of APTU is y cm?. Then a similar argument shows that

area of ASTU = area of APTU =y cm?.
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Given also that QS = 2RS, we have

1 1
area of ASRU = 5 % area of AQSU = (t+y). (3)
Likewise, we have

area of APQS =2 x area of APRS,

that is,
9t — 9 (2 4 t+_y>
2
or
t = 5y. (4)
Also,
the tofarl 2anea of A / ﬂ\ wm?
\ 2 )
= 150 cm?
Thus we have
t +y = 60. (5)

From (4) and (5), we obtain y = 10. So the area of APSU is 20 cm?.

29. Ans: 3

Let p and g be the roots of z2 — 2z —1 =0. Thenp+ ¢ =1 and pg = —1. On the
other hand, p and ¢ are also roots of az® +bz*+1 = 0. Thus ap® +bp* +1 = 0 and
ag® + bg* +1 = 0. From these two equations and pg = —1, we have ap +b = —¢*
and aq + b = —p*. Therefore

=@P*+¢*)p+q)

((p+ 9)* — 2pg)(p+ q)
= (1" =2(-1)) x 1
3.

Alternative solution: Since z? — z — 1 is a factor of az® + bz + 1, we may write
ax® + bzt +1= (2 —z — 1)(az® + cz® + dz — 1)
for some real numbers ¢ and d. By comparing the coefficients, we have

z: 0=1—-d=d=1.
22 0=—-1—-d—c=c= -2

2 0=—-a—-c+d=—=a=—-c+d=2+1=3.
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30. Ans: 12
sin® @ — cos® @ = (sinf — cos @) (sin?# + sin f cos § + cos? 6)

) — V2
= #(laninGcosG).
Now we have
2 _
6 —+2 _
(sinf — cos 0)? = (\/_42“\/_> = 1—2sinfcost = w =2-V3
-1
= sinf cosf = \/52 .
Hence we have
— 2 -1
Singe—C0839=M<1+\/§ )
2 2
CV2(V3-1) (V3+
N 2 2
_V2(3-1) V2
- 4 2
Therefore,
. 2
1
24(sin® 0 — cos®0)? = 24 (?) =24x 3= 12.
31. Ans: &

/Y + yvz + /20062y — V20062 — /2006y — 2006 = 0

— (/T + /y + V2006)(v/Zy — v/2006) = 0
—/Zy — V2006 =0 (since vz + /¥y + V2006 > 0)
<—=zy = 2006 = 17 x 59 x 2.

Thus the solutions are

(1,2006), (2006, 1), (2,1003), (1003, 2), (34,59), (59, 34), (17, 118), (118,17).

32. Ans: 375

Let N =1x3 x ---x2005. We need to find the ﬁmainder when N is divided
by 1000. Observe that 1000 = 8 x 125. Let M = ——. We are going to find the

125°
remainder when M is divided by 8. Observe that

(2n —3)(2n — 1)(2n+1)(2n + 3) = (4n? — 1)(4n® — 9)
=16n* —40n® + 9
=1 (mod 8).
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33.

Thus the product P of any 4 consecutive odd integers satisfies P = 1 (mod 8).

Write
M=(1x3x---x123)x (127 x 129 x --- x 2005).

There are 62 factors in the expression 1 x 3 x --- x 123. Thus,
Ix3x5x---x123=1x3x(5x---x123)
=3 x 1'% (mod 8)
= 3 (mod 8).
Similarly, there are 940 factors in the expression 127 x --- x 2005. Thus,
127 x 129 X - - x 2005 = 123° (mod 8)
=1 (mod 8).

Hence,
M =1 x3=3(mod 8).

In other words,
M=8n+3

for some positive integer n. Now, we have

N-=125 x M
= 125 x (8n + 3)
= 1000n + 375.

Therefore, the remainder is 375.

Ans: 4305
Letting y = 1, one gets

B 1) z\ 3
f(:z:+1)_<1+m)f(x)+<1+§>§+:c + 2.

Upon rearranging, one gets

fle+1)  flz) 3
T +2 ‘:c—|—1_$+21-'
Then we have

f) _fln=1)_ .8
n+1 n 4’

fr-1) -2
n n—1 '

f2  faQ) .3

3 T Tt



34.

Adding these equalities together, we get

fn)  f(1) 3
_ L) Dt — 2(n-1
1 5 14+2+ + (n 1)+4(n )
(n—1)n 3
= 4 Z(n-1).
57—t -1
Thus,
B (n—1)n 3 1 3] nn+1)2n+1)
f(n)=(n+1) 5 +4(n 1)+2 5| = 1 :
Hence,
20)(21)(41
£(20) = .(XALA. — 4305,
Ans: 250
Observe that when n > 2,
nz, = —1000(zg+x1+ -+ Tp-1),
n—1z,_1 = —1000(zo + 1 4+ + Tp—2).
Thus, we have
1000 — (n — 1)
nx, — (n —1)x,—1 = —1000z,_1 = 2, = — - Ty1.

It is easy to check that the above formula holds even when n = 1. Therefore, for
1 <n <100, we have

1000 — (n —1)
Ip = — Tn—1
n
51000 — (n—1) 1000 — (n —
_ (—1)? 0—(n-1) (n Z)In_Q
n n—1

_(n — 1 _(n —
(1) 1000 — (n—1) . 000 — (n —2) 10003:
n n—1 1

e ()
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Hence we have

1 1
2—23;0 -+ 53:1 + o+ -+ 29983?1000
1
= Z(mo + 221 + 2%20 + -+ 219%01009)

1 1000 1000 1000 1000
=Z<x0_< 1 )2x0+< 5 )22220—( 5 >23x0+---+<1000>21000x0>
= = - 24 — 2 2

4(1<1)2+<2> <2>++1ooo

1000

— Y (1 _ 91000
(-2

= 250.

35. Ans: 76

Let u,v be the two positive integral solutions of the given equation. Then

Uu+v=D;
{ 66p — 1

uv = 5 .

Upon eliminating p, we have

S5uv = 66(u +v) — 1 = v(bu — 66) = 66u—1 >0
%5u—66>0, since v > 0.

Similarly, we have 5v — 66 > 0. Moreover, we have
(5u — 66)(5v — 66) = 25uv — 330(u + v) + 662
—1
— 95 x <66p5 ) — 330p + 662

= —5+66% =4351 = 19 x 229.

Without loss of generality, we may assume that « > v. Since both 19 and 229 are
prime, we must have

{5u—66 = 229 {5u—66 = 4351
50 —66 =19 5v —16 =1.

The first set of equations imply v = 59, v = 17. The second set of equations
does not have integral solutions. Hence, we must have u = 59 and © = 17. Thus,
p=u+v="76.
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Important:

Attempt as many questions as you can.

No calculators are allowed.

Show all the steps in your working.

Each question carries 10 marks.

. Let a,d be integers such that a,a + d,a + 2d are all prime numbers larger than 3.

Prove that d is a multiple of 6.

. Let ABCD be a cyclic quadrilateral, let the angle bisectors at A and B meet at E,

and let the line through E parallel to side C'D intersect AD at L and BC at M.
Prove that LA+ M B = LM.

Two circles are tangent to each other internally at a point T'. Let the chord AB of
the larger circle be tangent to the smaller circle at a point P. Prove that the line
TP bisects LATB.

. You have a large number of congruent equilateral triangular tiles on a table and

you want to fit n of them together to make a convex equiangular hexagon (i.e., one
whose interior angles are 120°). Obviously, n cannot be any positive integer. The
first three feasible n are 6, 10 and 13. Determine if 19 and 20 are feasible.

. It is claimed that the number

N = 526315789473684210

is a persistent number, that is, if multiplied by any positive integer the result-
ing number always contains the ten digits 0,1,...,9 in some order with possible
repetitions.

Prove or disprove the claim.

Are there any persistent numbers smaller than the above number?

37



Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2006

(Senior Section, Special Round Solutions)

1. First note that d is even. Primes larger than 3 are of the form 6n + 1 or 6n + 5.
Thus two of the three primes are of the same form. Their difference is either d or 2d
and is divisible by 6. Thus d is divisible by 3 is hence divisible by 6.

2. First solution: Assume that x > y (See Fig.(i)). Choose a point S on the segment
LM so that LS = LA. Clearly LASL = Z/LAS = y. Therefore, ASEB is cyclic. As
/LAS =y < x=/LLAE, it follows that S is between L and E.

On the other hand, /SBM = LSBFE + /EBM = /SAE + /ZEBM = /LAFE —
L/LAS+y=z—y+y =a = /LBAM. Hence, MBS is isosceles and MS = M B.
Therefore, LM = LS+ SM = LA+ MB.

(i) (ii)
Second solution: Produce DA and CB to meet at X (See Fio. »  Druw FH parallel
to AB. Draw XFE with FFon AD and H on BC. Then E is @1 vxcentre of AXAB
and so XFE bisects ZAXB. AMLX = AHFX since thev na ~qual angles and a
common angle bisector. Hence MF = FE, HE = LE and H\] = LF. Since FH is
parallel to AB, and AF bisects LDAB, /FAE = ZAEF. 1.~ _FAFE is isosceles,

and AF = FE. Similarly, BH = EH. The rest follows easii.

Third solution: Note that
sin2z + sin 2y = 2sin(2y — z) cosx + 2sin 20 — 4 ooz .

In the quadrilateral ABML, let 22 = /A, 2y = ZB. Theretore 2L = 1~ — 2y and
LM =180° —2z. Thus LZLEFA =2y—xz, ZBEM = 2x—y. If d is the cormmuon distance
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from F to AL, AB and BM, then the result follows from

LE+EM—-LA-MB 1 . 1 sin(2y —z)  sin(2z —y)

d ~ sin2y sin2z  sinzsin2y  sinysin2z
_ sin2z +sin2y 23in(2y — x) cos z + sin(2z — y) cos y
~ sin2xsin2y sin 2z sin 2y
=0

3. Let the tangent at T' meet the extension of the chord AB at O. Then /BTO =
LTAB. Thus AOAT is similar to AOTB so that % = %. Since OT = OP, we have
% = %%. On the other hand, OP? = OA - OB.

TA @) OA TA OA-OP AP

Therefore 75 = 55 = 5p- Thus 75 = 65=65 = Fp- Using the angle bisector
theorem, we see that TP bisects ZATB.

4. See Junior Section Special Round Problem 5. You just need to check further the
cases for £ = 5, 6.

5. The fact is there are no persistent numbers. For any positive integer N, consider
the remainder when following NV numbers are divisible by N:

1,11,111,...,11...1
——
N

If one of the remainders is 0, N is not persistent. If not, then two of the remainders are
the same. Thus there exist two, say A, B such that A— B =11...100...0 is divisible
by N, again N is not persistent.
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Important:

Answer ALL 25 questions.

Write your answers in the answer sheet provided and shade the appropriate bubbles
below your answers.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

1. How many integers are there between 0 and 10° having the digit sum equal to 8?

2. Given that p and ¢ are integers that satisfy the equation 36z% — 4(p? + 11)z +
135(p + q) + 576 = 0, find the value of p + g.

3. A function f is such that f : R — R where f(zy+1) = f(z)f(v) — f(y) — z + 2 for
all z,y € R. Find 10£(2006) + £(0).

4. Three people A, B and C play a game of passing a basketball from one to another.
Find the number of ways of passing the ball starting with A and reaching A again
on the 11th pass. For example, one possible sequence of passing is

A-B—-A—-B—-(C—-A—-B—-(C—-B—-(C—B-—A.

5. There are 10! permutations sps;...s9 of 0,1,...,9. How many of them satisfy
sxg >k—2fork=0,1,...,97

6. A triangle AABC has its vertices lying on a circle C of radius 1, with ZBAC = 60°.
A circle with center [ is inscribed in AABC. The line AI meets circle C again at
D. Find the length of the segment ID.
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7. Find the number of consecutive 0’s at the end of the base 10 representation of 2006!.

8. For any non-empty finite set A of real numbers, let s(A) be the sum of the elements
in A. There are exactly 61 3-element subsets A of {1,...,23} with s(A) = 36. Find
the number of 3-element subsets of {1,...,23} with s(A4) < 36.

9. Suppose f is a function satisfying f(z + 1) = 2% + 276, for all  # 0. Determine
f3).

10. Points A, B, C lie on a circle centered at O with radius 7. The perpendicular bisector
of AB meets the segment BC at P and the extension of AC at (). Determine the

value of OP - OQ.
A
C
L
O |

11. In the triangle ABC, AB = AC =1, D and FE are the midpoints of AB and AC
respectively. Let P be a point on DFE and let the extensions of BP and C' P meet
the sides AC and AB at G and F respectively. Find the value of ﬁ + CLG
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12. In the triangle ABC, AB = 14, BC = 16, AC = 26, M is the midpoint of BC
and D is the point on BC such that AD bisects ZBAC. Let P be the foot of the
perpendicular from B onto AD. Determine the length of PM.

A
N
B D M C

13. In the triangle ABC, ZA = 20°, ZC = 90°, O is a point on AB and D is the
midpoint of OB. Suppose the circle centered at O with radius OD touches the side
AC at T. Determine the size of ZBCD in degrees.

c
ﬂ\
20°
| UD |
14. In AABC, D and FE are the midpoints of the sides AB and AC respectively, CD

and BE intersect at P with ZBPC = 90°. Suppose BD = 1829 and CE = 1298.
Find BC.

15. Let X = {1,2,3,...,17}. Find the number of subsets ¥ of X with odd cardinalities.

16. Find the value of 400(cos® 15° + sin® 15°) < (cos 15° 4 sin 15°).
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Find the number of real solutions of the equation

1 1
2
—_ =2 — .
T +:c2 006—l—2006

Find the largest integer n such that n is a divisor of a® — a for all integers a.

Given two sets A = {1,2,3,...,15} and B = {0,1}, find the number of mappings
f: A— B with 1 being the image of at least two elements of A.

Let a;,aq, ... be asequence satisfying the condition that a; = 1 and a,, = 10a,,—1—1
for all n > 2. Find the minimum n such that a,, > 10199,

Let P be a 30-sided polygon inscribed in a circle. Find the number of triangles
whose vertices are the vertices of P such that any two vertices of each triangle are
separated by at least three other vertices of P.

A year is called a leap year if it is either divisible by 4 but not divisible by 100,
or divisible by 400. Hence, the years 2000, 2004 and 2400 are leap years while the
years 2006, 2100 and 2200 are not. Find the number of leap years between 2000
and 4000 inclusive.

The birth date of Albert Einstein is 14 March 1879. If we denote Monday by 1,
Tuesday by 2, Wednesday by 3, Thursday by 4, Friday by 5, Saturday by 6 and
Sunday by 7, which day of the week was Albert Einstein born? Give your answer
as an integer from 1 to 7.

Find the number of 7-digit integers formed by some or all of the five digits, namely,
0, 1, 2, 3, and 4, such that these integers contain none of the three blocks 22, 33
and 44.

Let

S:Zi:[](?m:-r)

Evaluate S + (23 x 38 x 41 x 43 x 47) when n = 12.
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1. Ans: 495

Each integer can be written as T1x3Z32425 where each z; = 0,1,2,...,9 with z; + 22 +
x3 + x4 + x5 = 8. The number of non-negative integer solutions to the above equation
is 495. So there are 495 such integers.

2. Ans: 20

2 +11 135 576 15
PPl pg = (erBZH _ (p4+q)

+ 16.

p+q=

So p+ g > 0 and is a multiple of 4. Alsop+q:1+?f—9i2- . So p? + 2 is a multiple of
9. Sop=25,13,14,.... If p=5,p+qg=4and pg=31. lf p=13, p+ q = 20, pg = 91,
= 7. Thus p + q = 20.

3. Ans: 20071

flzy+1) = f(x)f(y) — f(y) =+ 2, so we have f(yz + 1) = f(y)f(z) - f(z) —y +2.
Subtracting, we have 0 = f(z) — f(y) +y—z or f(z)+y = f(y) + . Let y = 0. Then
f(xz) = f(0) + z. Substitute into the given identity and putting z = y = 0, we get

fO)+1=f(0)f(0)—f(0)+2, or (f(0)—1)*>=0.

Thus f(0) = 1 and 10£(2006) + f(0) = 20071.

4. Ans: 682

Let aj denote the number of ways that the k*" pass reach A. We have a; = 0. At
each pass, the person holding the ball has 2 ways to pass the ball to. So total number
of ways the ball can be passed after the k" pass is 2¥ The number of ways that at the
(k + 1)*h pass, A receives the ball is ax + 1. So axy1 = 2¥ —ap Thus a; = 0, ay = 2,
az = 2,. L, Q11 = 682.

5. Ans: 13122

Construct the permutation from the end. There are 3 choices each for sg, sg, ..., s2
and 2 choices for s; and 1 choice for sg. So the answer is 2.3%8 = 13122.
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6. Ans: 1

AD bisects the angle ZA and IC bisects the angle ZC. Now /BCD = Z/BAD = ZA)2.
LADC = £B. Hence ZICD = (LA+ZC)/2 and £ZDIC = 180°—£4B—(LA+Z£C)/2 =
(LA+ ZC)/2. Thus ID = CD. The chord CD subtends an angle of 30° at point
A of circle C. Hence it subtends an angle of 60° at the center of circle C. Thus
ID = CD = 2sin(60°/2) = 1.

7. Ans: 500

If p is a prime, then the highest power of p that divides 2006! is
f(p) = [2006/p| + [2006/p*| + [2006/p®] + - - -.

(Note that the terms in the sum are eventually 0.) The number of consecutive 0’s at
the end of the base 10 representation of 2006! is the highest power of 10 that divides
2006!, which is min{ f(2), f(5)} = f(5) = 401 4+ 80 + 16 + 3 = 500.

8. Ans: 855

The map {a,b,c} — {24—a,24—b,24—c} is a bijection from the set of 3-element subsets
of {1,...,23} with s(A4) < 36 onto the set of 3-element subsets of {1,...,23} with
s(A) > 36. The number of 3-element subsets of {1,...,23} is (233) = 1771. Therefore,
the number of 3-element subsets of {1,...,23} with s(A4) < 36 is

1
5 (1771 — number of 3-element subsets of {1,...,23} with s(A) = 36] = 855.

9. Ans: 322

Notethat 28 + 27 ¢ = (22 + 27 2)(z* =1+ 27 ) = (e + 2712 - 2)((2® +27%)? = 3) =
(z+z7 12 =2)((z+ 2712 -2)2-3) = f(x + z71). Thus letting 2 = z + 71, we
have f(z) = (22 — 2)((2? — 2)% — 3). Therefore, f(3) = (3% — 2)((3% — 2)% — 3) = 322.

10. Ans: 49

Let IR be the foot of the perpendicular from O to BC. Since /BAC = ZCOR, we have
ZAQO = ZOCP. Thus ACOP is similar to AQOC. Therefore OC/OQ = OP/OC so
that OP - 0Q = OC? = 7% = 49.
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11. Ans: 3

Let DP =z, PE =y, and BC = a. As AFDP is similar to AFBC, we have DF/BF =
z/a. Thus (BF —1/2)/BF = z/a. Solving for BF, we have 1/BF = 2(a — z)/a.

Similarly, from the fact that AGPE is similar to AGBC, we obtain 1/CG =
2(a — y)/a. Consequently,

5=+ mg = (e =2 +y))/a = (da—a)/a=3

12. Ans: 6

Extend BP meeting AC at E. Then ABE is an isosceles triangle with AB = AFE and
BP = PE. As P and M are the midpoints of BE and BC respectively, we have PM
is parallel to EC and PM = EC/2 = (26 — 14)/2 = 6.

13. Ans: 35

Join DT and DC'. Let M be the foot of the perpendicular from D onto AC. Then OT,
DM and BC are all parallel. Since D is the midpoint of OB, M is the midpoint of T'C'.
Thus DT'C is an isosceles triangle with DT = DC and ZTDM = ZMDC.

As LZTOA = 70° and AOTD is isosceles, we have ZOT D = 35°. Thus ZBCD =
/MDC = /TDM = Z0TD = 35°.

14. Ans: 2006

Since D and FE are the midpoints of the sides AB and AC respectively, we have DFE is
parallel to BC and APDF is similar to APCB with PD : PC = PE : PB = DE :
CB=1:2.

Let PE =z and PD =y. Then PB = 2z and PC = 2y. By Pythagoras’ theorem
applied to APBD and APCE, we get (2z)% + y? = 18292 and (2y)? + 2% = 12982
Adding these two equations, we have z% + y? = (18292 + 12982)/5. Thus BC? =
(22)% + (2y)? = 4(1829% + 12982) /5 = 4024036. Therefore BC = /4024036 = 2006.

15. Ans: 65536

The answer is
17 . 17 . 17 N
1 3 5
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16. Ans: 275
400(cos® 15° + sin® 15°) = (cos 15° 4 sin 15°)
= 400(cos? 15° — cos® 15°sin15° 4 cos? 15° sin? 15° — cos15°sin® 15° + sin? 15°)
= 400(cos? 15° + sin? 15° — cos 15°sin15° 4 cos® 15°sin® 15°)
= 400((cos® 15° 4 sin? 15°)2 — cos? 15° sin? 15° — cos 15° sin 15°)
1 1
=400(1 — (-2- sin 30°)? — (5 sin 30°))
=400(1 —1/16 — 1/4)
= 275

17. Ans: 4

Consider the equation y + 1/y = a, where a > 0. It can be changed into
2 —
y*—ay+1=0.

Observe that it has two positive real solutions:

a++vVa?—4

= 5 ().
4 2

Thus the equation

1 1
24 - i
¥+ — 2006+2006.

has four real solutions (i.e., /2006, +-1,/+/2006).

18. Ans: 30

Note that

a® —a=ala—1)(a+1)(a®+1).
It is clear that 2 | a® —a and 3 | a® — a. We can show that 5 | a® — a by considering the
five cases: a =1 (mod 5), 1 =0,1,2,3,4. Thus 30 | a® — a.

5

When a = 2, we have ¢ — a = 30. Thus the maximum n is 30.

19. Ans: 32752

There are 2'° mappings from A to B. There is only one mapping f : A — B with
f(i) = 0 for all i € A; and there are 15 mappings f : A — B with f(z) = 0 for all
i€ A\{k} and f(k) =1, for k =1,2,...,15. Thus the answer is 32752.
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20. Ans: 102

Note that from a, = 10a,_; — 1, we have

for all n > 2. Thus,
1 1 8
n—==10""1{a — =) =10""-
"y (al 9) 9
for all n > 1. Therefore
_ (1+8x 10" 1h)

ap = 9

Observe that for n > 2,
836107 2 Loy A0,

Thus
aior < 10100 < aip2.

That is why the answer is 102.

21. Ans: 1900

Let A be a vertex of P. First we shall count the number of such triangles having A as
a vertex. After taking away A and 3 consecutive vertices of P on each side of A, we are
left with 23 vertices from which we can choose two vertices in such a way that, together
with A, a desired triangle can be formed. There are (2+(232_ 3_2)) = (220) ways to do so.
Hence there are 30(220) + 3 = 1900 such triangles.

22. Ans: 486

Let S ={z € Z]2000 <z <4000}, A= {ze€S|zisdivisible by 4}, B={zx € S |
r is divisible by 100},C = {z € S | z is divisible by 400}. The required answer is

4000 2000 4000 2000 4000 2000

23. Ans: 5

Our reference day is today, 31-5-2006, Wednesday. We shall first count the number of
days D from 15-5-1879 to 31-5-2006. The number of leap years between 1879 and 2005

() (-
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From 1-1-1880 to 31-12-2005 there are 2005 — 1879 = 126 years, of which 31 are leap
years. Thus D = 95x365+31x 366+ (365—31—28—14)+(31+28+31+30+31) = 46464.
Since 46464 leaves a remainder of 5 when divided by 7, Albert Einstein was born on
Friday. The answer is 5.

24. Ans: 29776

Let a, denote the number of such n-digit integers. Among these a, integers, let b,
denote the number of those which end with 2. By symmetry, the number of those which
end with 3 (or 4) is also equal to b,,. Hence

iy = 201 + 3b,, (])
—_—— ———
end with 0 or 1 end with 2,3 or 4
by = 2ay 2 + 2b,, (2)
—_——— ——

end with 02 or 12 end with 32 or 42

Thus
ay — 2a,-1 = 3b, = 6a,_> + 6b,, 1

= 6a,—2 + Q(Gn—l - 2(171—‘2)

Ay = day—1 + 2a,-2

We have a; =4, ap =4 x5 — 3 =17. By iterating we get ay = 29776.

25. Ans: 1274

By using the fact that (") + (") = ("j‘rl). we have

, 3n 3n+1 3n+n 3n—+1 3n+1
S = + =
<0> < I >+ +< g > ( 0 >+< I >+
<3n + n) <3n + n> <4'n + 1>
= e e . = + — .
n—1 n n

Thus when n = 12,

<3n + n>
_+_
n

g
23 x 38 x 41 x 43 x 47

= 1274.
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Attempt as many questions as you can.
No calculators are allowed.
Show all the steps in your working.

Each question carries 10 marks.

1. In the triangle ABC, ZA = 60°, D, M are points on the line AC' and E, N are
points on the line AB such that DN and EM are the perpendicular bisectors of AC
and AB respectively. Let L be the midpoint of M N. Prove that /EDL = Z/FELD.

2. Show that any representation of 1 as the sum of distinct reciprocals of numbers
drawn from the arithmetic progression {2, 5,8, 11, ...} such as given in the following
example must have at least eight terms:

1—1+1+1+1+1+1+1+1
275 8 11 20" 41 110 1640

3. Consider the sequence pi,po, ... of primes such that for each i > 2, either p; =
2p;—1 — lorp; =2p;_1 + 1. An example is the sequence 2, 5, 11, 23,47. Show that
any such sequence has a finite number of terms.

1. Let n be a positive integer. Let S1,.S5,---, Sk be a collection of 2n-element subsets
of {1,2,3,4,---,4n — 1,4n} so that S; NS; contains at most n elements for all

1 <i<j<k. Show that
k & 6(n—i—l),’2.

5. Let a,b and n be positive integers. Prove that n! divides

V" a(a +b)(a+2b) - (a+ (n—1)b).
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1. Set up a coordinate system so that A is the origin and AC is the z-axis. Let
the coordinate of C' be (2¢,0) and the coordinate of B be (2b,2b/3). Then the
coordinates of D, E, N and M are (c,0), (b, bv/3), (c,c\/3) and (4b,0), respectively.

N

Thus
MN? = (c— 4b)? + (¢v/3 — a)? = 4c* — 8bc + 16b°.

Also
BC? = (2b — 2¢)? + (2b6V/3)? = 4c® — 8bc + 16b2.

Therefore M N = BC. In the right-angled triangle EMN, EL = %MN. Thus
EL = %BC’ =FED. That is ZEDL = ZELD.

2. Suppose that the representation uses the reciprocals of k distinct positive integers,
Zi,...,Tk, where z; =2 (mod 3). Since 1 = ) %, we get

r1x2...2T = E Xi

where X; = #1%2-=%n Thus

2F = k21 (mod 3),
from which we get k =2 (mod 3). Hence k = 2,5,8,.... Since

1 1+1+1+1<1
2+5 § 11 14

we see that we need at least 8 terms.
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. Except for 2 or 3, each prime is of the form 6u £ 1. If a prime p = 6u + 1 is in the
chain, its successor, if any, must be of the form 2p — 1 = 2(6u) + 1 since 2p + 1 is
divisible by 3. Hence the successors are:

2(6u) +1,2%(6u) +1,...,2%(6u) +1,...

This sequence cannot go on forever giving primes. To prove this claim, we first note
that, by Fermat’s Little Theorem, there exists k such that 2 =1 (mod 6u + 1).
Thus

2(6u) +1=0 (mod 6u+1).

Hence 2F(6u) + 1 is not prime. A similarly argument can be given for the case
6u + 1.

. Let A =1{1,2,---,4n}. Let F be the family of subsets in A with n + 1-elements.

o

Note that every n+ 1-element in S; is also a member in F. Since S;NS; contains at
most n elements in A, and any n+ 1-element in S; is different from any n+1-element
in S forall 1 <7< j <k. Thus

4n
n+1

k
2 2
A=) =+
— n+1 n+1
Hence
4n 2n
k< -
<(,7) (1)

_Anx (4n—1) x - x3n
Co2nx(2n—1)x---xn’
It can be shown that

4dn X 3n
2n X n

(4n —i)(3n + 1)

Cn—)nti) - =0

forall0 <i<(n-—1)/2.
If n is odd, then
(n—1)/2

4n x (4n—1) x --- x 3n _ H (4n—z’?(3n+_z') < g /2,
2nx (2n—1) x -~ xn by (2n —1i)(n+1)
If n is even, then
(n—2)/2

dnx (4n—1)x---x3n _ 4n—n/2
Mmx2n—1)x---xn  2n—n/2

(4n —1)(3n +1) < gl/2g7/2 — g(nt1)/2,
2n—d)(n+1i) —

]

92



5. We shall prove that for any prime p with 1 < p < n, if p® | n!, then p® | " 'a(a +
b)(a+2b) - (a+ (n—1)b).

If p|b, then as

a:i{£J<i£:L<n7
- pk k —

1 k=1 P p-1

we have o < n — 1 so that p®|b"~!. This shows that p® | 8" ta(a + b)(a + 2b) - - - (a +
(n —1)b).

If p tb, then there exists a positive integer b; such that bb; =1 (mod p®). Note
that p 1 by. Thus

Ta(a+b)(a+2b)---(a+ (n—1)b) = abi(aby +1)---(aby + n—1) (mod p®).

As the right hand side of the above congruence is a product of n consecutive integers,
it is divisible by n!. It is therefore divisible by p® too. That is

p® | bla(a+b)(a+2b)--- (a+ (n—1)b).
Since p t b1, we have (p®,b}) = 1, so that p® | a(a + b)(a + 2b) --- (a + (n — 1)b), and

thus
p* | b"a(a+b)(a+2b)---(a+ (n—1)b).
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. Among the four statements on integers below,
“If a < bthena®? < b*”;  “a® > 0 is always true”;

“—a < 0is always true”; “If ac’* < bc? thena < b”,

how many of them are correct?

A0, B)1;, (C)2; (D)3; (BE)4.

. Which of the following numbers is odd for any integer values of k?

(A) 2007 + &%, (B) 2007 + 7k; (C) 2007 + 2k*; (D) 2007 + 2007k; (E) 2007k.

. Inaschool, all 300 Secondary 3 students study either Geography, Biology or both Geography
and Biology. If 80% study Geography and 50% study Biology, how many students study
both Geography and biology?

(A)30; (B)60; (C)80; (D)90; (E)150.

. An unbiased six-sided dice is numbered 1 to 6. The dice is thrown twice and the two scores
added. Which of the following events has the highest probability of occurrence?

(A) The total score is a prime number;* (B) The total score is a multiple of 4;
(C) The total score is a perfect square; (D) The total score is 7;
(E) The total score is a factor of 12.

. The cardboard below can be cut out and folded to make a cube. Which face will then be
opposite the face marked A?

(A)B; (B)C; (O)D; (D)E; (E)F.



6. How many triangles can you find in the following figure?

A

(A)7. (B)10; (C)12; (D)16; (E)20.

7. Suppose vy, x: and 1y are roots l‘,')f'{:l -.
X e n? ik

alue of 1?

AL B2 (O35 (D)4, (BE)S,



10.

11.

12.

13.

14.

15.

16.

17.

Suppose
2 3 x-y-z

1
x y+z z+x x+y+z

What is the value of ﬂ‘?
X

AL B2 (©3 D)4 [E)S.

Suppose x* — 13x + 1 = 0. What is the last digit of x* + x™*?

A1 B)3; ©5 D7 (E)9.

In a triangle ABC, itis given that AB = 1 cm, BC = 2007 cm and AC = a cm, where a is an
integer. Determine the value of a.

Find the value (in the simplest form) of \/ 21+12V3 - \j 21 -1243.

Find the value of .
20072 + 20082 — 19932 — 19922

4

Find the greatest integer N such that

N < V20072 — 20070 + 31.

Suppose that x and y are non-zero real numbers such that
X x

== and — = 9y.

377 CN

Find the value of x + y.

Evaluate the sum
2007 2007 2007

1x2 " 2%3 " T 2006 x 2007

Find the sum of the digits of the product

(111111111...111) x 2007

2007 1’5




18.

19.

21.

The diagram shows two identical squares, ABCD and PQORS , overlapping each other in such
a way that their edges are parallel, and a circle of radius (2 — V2) cm covered within these
squares. Find the length of the square ABCD.

When 2007 bars of soap are packed into N boxes of equal size, where N is an integer strictly
between 200 and 300, there are extra 5 bars remaining. Find V.

20. Suppose that a + x> = 2006, b + x> = 2007 and ¢ + x> = 2008 and abc = 3. Find the value of

The diagram below shows a triangle ABC in which /A = 60°, BP and BE trisect ZABC; and
CP and CE trisect LACB. Let the angle /BPE be x°. Find x.

A




22.

23.

24,

25.

26.

27.

28.

29.

30.

3

Suppose that x — y = 1. Find the value of x* — xy? — ¥’y — 3%y + 3% + y*.

How many ordered pairs of integers (m,n) where 0 < m < n < 2008 satisfy the equation
20082 + m? = 20072 + n2?

If x + \/x_y-}-y:9andx2+xy+y2:27,ﬁndthevalueofx— Xy +y.

Appending three digits at the end of 2007, one obtains an integer N of seven digits. In order

‘to get NV to be the minimal number which is divisible by 3, 5 and 7 simultaneously, what are

the three digits that one would append?
Find the largest integer n such that n%?! < 200727,

Find the value of

when x = \}19—8\/’3.

Find the value of a such that the two equations x> + ax + 1 = 0 and x> — x — a = 0 have one
common real root.

=6 -2x2+18x+23
x2—-8x+15

Odd integers starting from 1 are grouped as follows: (1), (3,5),(7,9,11),(13,15,17,19), ...,
where the n-th group consists of n odd integers. How many odd integers are in the same
group which 2007 belongs to?

In AABC /BAC = 45°. D is a point on BC such that AD is perpendicular to BC. If BD = 3
cm and DC = 2 cm, and the area of the AABC is x cm?. Find the value of x.

B




31. In AABC (see below), AB = AC = V3and D is a point on BC such that AD = 1. Find the
value of BD - DC.

32. Find the last digit of 22" + 1.

33. In the following diagram, ABCD is a square, and E is the center of the square ABCD. P is
a point on a semi-circle with diameter AB. Q is a point on a semi-circle with diameter AD.
Moreover, Q,A and P are collinear (that is, they are on the same line). Suppose QA = 14
cm, AP = 46 cm, and AE = x cm. Find the value of x.

@

34. Find the smallest positive integer n such that n(n + 1)(n + 2) is divisible by 247.

35. Find the largest integer N such that both N + 496 and N + 224 are perfect squares.
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. Ans: (B)

Only the last statement is correct: ac* < bc* implies ¢ > 0, hence a < c¢. For other
-statements, counterexamples can be take as a = =2,b = —1; a = 0 and a = 0O respectively.

2

. Ans: (C)

Because 2k? is always even, thus 2007 + 2k% is always odd. For other statements, either k = 1
or k = 0 gives a counterexample.

. Ans: (D)

Use Inclusion and Exclusion Principle.

. Ans: (A)

The number of occurrences for each eventis: 15,9, 7, 6 and 12 respectively.

. Ans: (D)

Just imagine.

. Ans: (D)

Just count: Label the “center” O. There are 6 triangles like AAFO; 3 like AAOB; 6 like
AABD and 1 like AABC. Total: 16.

. Ans: (B)
Leta = 11-xand b = 13—x. We havea®+b° = (a+b)*. Simplify: 3ab(a+b) = 0. Replacing

a, b back in terms of x, we found the three roots are 11, 12 and 13. Thus x; + x; + x3 = 36.

. Ans: (B)

Since the area of sector ADF and AABC are equal, we have

The result follows.



9.

10.

I1.

12.

13.

14.

15.

16.

Ans: (B)

1 2 1 3

—=——and - =

X y+z X zZ4+x
tells us ,

Yy i oomdisl=3

X X X

Thus y = 0 and ¢ = 2. Note we didn’t use the last equality, but x = —=1;y = 0 and z = -2
satisfy all condmons

Ans: (D)

1 1 1
By assumption x + — = 13. Thus x* + — = 13* -2 = 167. Similarly, x* + == 1677 - 2,
; T

x
whose last digit is 7.

Ans: 2007.
Usea <2007 +1 and 2007 < a + 1.

Ans: 6.
Use 21 + 12 V3 = (V12 + 3)2.

Ans: 30000.

Using a® — b* = (a + b)(a — b), 20082 ~19932 = 4001 x 15 and 2007% — 19922 = 3999 x 15.
The result follows.

Ans: 2002.
By completion of square, 20072 — 20070 + 31 = (2007 — 5)? + 6. The result follows.

Ans: 2214.

Eliminating x, we get 3y> = 81y. Theny = 27 since y # 0. Thus x = 2187. The result
follows.

Ans: 2006.
Usi ! —1 ! w t
BT K krp VCEE
111 1
2007 -(1—s+ 2L L Ly 500
(1=3%373 2006~ 2007



17. Ans: 18063.

Since there is no carry, this is simply 9 x 2007. Or observe it is actually

222999999999 ...999 777.

2004 9's
18. Ans: 1.
As the diagram below shows, PY = V20P and YS = OP — %PY. Thus,
2+ V2 2+ V2
PS =PY+YS = 2‘/—013= 2\F(2— V2) = 1.
A B
P = " _ X 0@
: o
S R
19. Ans: 286.

By assumption, 2007 — 5 = N - k for some integer k. Factorize 2002 =2 -7 - 11 - 13. Since
200 < N < 300, the only possibilityis N =2-11-13 =286 and k = 7.

20. Ans: 1.

Rewrite the expression as

a2+b2+c2—bc—ca—ab_ (@a=bP+ B -0+ (c—a)l
abc - 2abc '

Sincea—b=-1,b—c=-1and ¢ — a = 2, the result follows.

10



21.

22.

23.

24.

25.

26.

Ans: 50.
2 2
/BPC = 180° — (4PBC + /PCB) = 180° — g(LABC + /ACB) = 180° — 5120° =100°.

Observe that PE bisects ZBPC, the result follows.

Ans: 1.

We manipulate the expression and replace x — y by 1 whenever necessary:

¥ —x? - Xy —3x%y + 3xy2 +y*
= Px-y) -y x-y)-3xx(x-y)
= (x— +xy+y) - 3xy

= (x—y)*

= 1.

Ans: 3.

Since 20082 -2007% = n?2—m?, we have 4015 = (n+m)(n—m), ie. 5-11-73 = (n+m)(n—m).
There’re four possibilities: n +m = 4015,n—m = 1;n+m =803,n—m =5, n+m =
365,n—m = 1landn+m = 73,n —m = 55. But the first one n = 2008, m = 2007 is
ruled out by assumption, the remaining pairs are n = 404, m = 399; n = 188, m = 177 and
n=64,m=9.

Ans: 3.

Since (x+ Vxy+y)(x— Vxy+y) = (x+y)*=(Yxp)* = > +xy+y’, we have 9- (x— yxy+y) = 27.
The result follows.

Ans: 075.

It suffices to make it divisible by 105 after appending. As 2007000 = 105 x 19114 + 30, the
least number that we need to add is 75.

Ans: 12.

We need the maximal n such that (n3)*°7 < 2007?%7. We need n®> < 2007. By calculation
123 = 1728 < 2007 < 2197 = 133. The result follows.

11



27.

28.

29.

30.

Ans: 5.
Observe x = A/(4— V32 =4— V3and 2 —8x+13=19-8V3-32+8V3+13 = 0. Use

long division,
K =60 =207 + 18x +23 = (x* = 8x + 13)(x” + 2x + 1) + 10.
Thus the original expression equals

()52—8x+13)(3r7+2x+1)+10_10_5
2—8x+13+2 T2 T

Ans: 2.

Usingax+1 = —x —a, we have x = —1 or a = —1. But when a = 1, the original equation
has no real roots. Thus x = —1, we have a = 2.

Ans: 45.
2007 is the 1004-th odd number. If 2007 is in the group k+ 1,then 1 + 2 +--- + k < 1004 <
1+2+...(k+1). Thus
k(k + 1)
2
We get k = 44. So 2007 is in group 45 which has 45 odd integers.

<1004 <

(k+ 1)k +2)
— s

Ans: 15.

Construct CE which is perpendicular to AB where E is on AB. Since /BAC = 45° (given),
AE = CE. Thus the right AAEH is congruent to right ACEB So AH = CB = 5.

Next AADB is similar to ACDH, thus
BD HD AD-AH D : 3 AD -5
D = D = D which implies D =
we get AD? — 5AD — 6 = 0 Solving AD = 6 only as AD > 0. The result follows.

12



Note, if one is familiar with trigonometry, one may have an alternative solution as follows:
Let @ and 8 denote /BAD and /DAC respectively. Using tan(a + ) = tan45° = 1, one get

3
A—D+2AD:

3 2 )
= 4530
consequently AD = 6.

31. Ans: 2.

Construct a circle with A as the center and AB = AC = V3 as the radius. Extend AD to meet
the circumference at M and NV as shown.

N
/" ‘-"'\-\.
/’\ \\
e \ ~N
s N
Ve \ N
7 \ N
7/ \ AN
/ \
/ \ \
/ \ \
/ \ \
/ \ \
/ \ \
! \ \
! \ \
| VA |
| I
| I
\ )
\ /
\ /
\ /
\ /
\ /
\ /
N S
< Y 7
B ~ D\ 4 C
AN \ s
N s
~ \ Ve
\\‘ \’/
_____ M

Using the Intersecting Chord Theorem
BD-DC=MD-ND=(N3-1)(V3+1)=2.
32. Ans: 7.

Observe that for n > 2, 22" always ends with a 6. The result follows.

13



33.

34.

35.

Ans: 34.

Join QD and PB, it is easy to show that right ADQA is congruent to right AAPB. Thus
PB = QA = 14.

Apply Pythagoras’ Theorem to AAPB,
(V2x)? = 467 + 14,
Solve, x = 34.

e

Ans: 37.
Since 247 = 13 - 19, one of n,n + 1,n + 2 is divisible by 13, call it @ and one by 19 call it b.
Clearly |b - a| < 2.

Let b = 19¢c. When ¢ = 1, since |b - a|l < 2, a is among 17, 18,19, 20,21. But none is
divisible by 13, hence we try ¢ = 2. Now b = 38 and a is among 36, 37, 38, 39, 40, hence
a = 39. Thus the least n = 37.

Ans: 4265.

Let N +496 = a* and N +224 = b?* for some positive integers a and b. Then a* — b* = 496 =
224 =272 =2%-17. Thus 17|(a + b)(a —b). If 17la—bthena—b > 17and a + b < 16,
impossible. Thus 17|a + b.

We have five possibilities for (a + b,a — b): (17,16), (34, 8), (68, 4),(136,2),(272,1). Solve
and discard non-integer solutions, we have (a, b) = (21, 13), (36, 32) and (69, 67). Thus the
largest N is 69? — 496 = 4265.

14
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Answer ALL 5 questions.

Show all the steps in your working.
FEach question carries 10 mark.

No calculators are allowed.

In the f llowing figure, AB || DC, AB =b, CD = & and a < b. Let S be the area
of the trapezium ABCD. Suppose the area of ABOC is 25/9. Find the value of

a/b.
D C

Equilateral triangles ABE and BCF are erected externally on the sides AB and
BC of a parallelogram ABCD. Prove that ADEF is equilateral.

Let n be a positive integer and d be the greatest common divisor of n?> + 1 and
(n+1)? + 1. Find all the possible values of d. Justify your answer.

The difference between the product and the sum of two different integers is equal
to the sum of their GCD (greatest common divisor) and LCM (least common
multiple). Find all these pairs of numbers. Justify your answer.

. For any positive integer n, let f(n) denote the nth positive nonsquare integer, i.e.,

f(1)=2, f(2) =3, f(3) =5, f(4) = 6, etc. Prove that

F(n) =n+ {v)

where {z} denotes the integer closest to z. (For example, {1} = 1, {y 2} = 1,

(V3} =2, {vi} =2)

15
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1. Without loss of generality, let S = 9. Then [BOC] = 2. Since [ABD] = [ABC],
we have [AOD] = [BOC] = 2. Let [DOC] = z and [AOB] =y. Then z/2 = 2/y,
ie.,zy =4. Also z + y=>5. Thus z(5 — ) = 4. Solving, we get x = 1 and y = 4.
Since ADOC ~ ABOA, we have z/y = a?/b?. Thus a/b=1/2.

vy

2. We have
/EBF = 240° — ZABC = 240° — (180° — ZBCD)

=60°4+/BCD = /DCF
Also FB = FC and BE = BA = C’Dﬂ. Thus AFBE = AFCD. Therefore

FE = FD. Similarly AFAD = ADCF. Therefore ED = DF. Thus ADEF is

equilateral.
E

>

C D

3. Forn =1 and n = 2, the ged are 1 and 5, respectively. Any common divisor
d of n2 +1 and (n + 1)? + 1 divides their difference, 2n + 1. Hence d divides
4(n?4+1) = (2n+1)(2n — 1) = 5. Thus the possible values are 1 and 5.

16



4. Let the integers be z and y and assume that z > y. First we note that x and y are
both nonzero and that their GCD and LCM are both positive by definition. Let
M be the GCD, then |z' = Ma and |y| = Mb, where a and b are coprime integers.
Thus the LCM of x and y is Mab. If y = 1, then M = 1 and it’s easily checked
that there is no solution. When y > 1, zy > = +vy. Thus zy — (z +y) = M + Mab.
After substituting for z and y and simplifying, we have

ab(M-1)=14a+b = M=1+—-+

.
T

1
— = 1< M <4
ab

S
S

If M =2,thenab—a—-b=1,1e,(a—1)(b—1)=2. Thusa=3,b=2or z =6,
y = 4. Similarly, when M = 3, we get 2ab — a — b = 1. Multiplying throughout
by 2 and then factorize, we get (2a — 1)(2b — 1) = 3 which gives z = 6 and y = 3.
When M = 4, we get x = y = 4 which is rejected as x and y are distinct.

Next we consider the case £ > 0 > y. Then x = Ma and y = —Mb. Using similar
arguments, we get © +y— a2y = M + Mab. Thus M =1+ G—{,} % — % which
yields 1 < M < 2. When M =1, we get a = 1 + b. Thus the solutions are b = ¢,
a=1+torx=1+t, y=—t, wheret € N. When M = 2, the equation simplifies
to (a—1)(b+1)=0. Thus we get a = 1 and b arbitrary as the only solution. The
solutions are z = 2, y = —2t, where t € N.

Finally, we consider the case 0 > > y. Here z = —Ma, y = —Mb and M?ab +
Ma + Mb = M + Mab. Since M2ab > Mab and Ma+ Mb > M, there is no
solution.

Thus the solutions are (6,3), (6,4), (1 +¢,—t) and (2,—2¢) where t € N.

5. If f(n) = n + k, then there are exactly k& square numbers less than f(n). Thus
k? < f(n) < (k+1)%2. Now we show that & = {\/n}. We have

Hence

Therefore’

1 1

so that {y/n} = k.

17
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Important:

Answer ALL 35 questions.

Enter vour answers on the answer sheet provided.

For the multiple choice questions, enter your answers in the answer sheet by
shading the bubbles containing the letters (A, B, C, D or E) corresponding

to the correct answers.

For the other short questions, write your answers in answer sheet and shade
the appropriate bubbles below your answers.

No steps are needed to justify vour answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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Multiple Choice Questions

(U8)

Find the sum of the digits of the product {1+ L[+ 1 f1+ 1)1+ 51 fi+ 1)

2006
(A) 5
(B) 6
) 9
D) 10
(E) 13

A bag contains x green and y red sweets. A sweet is selected at random from the
bag and its colour noted. It is then replaced into the bag together with 10
additional sweets of the same colour. A second sweet is next randomly drawn.
Find the probability that the second sweet is red.

y+10
(4) x+y+10
Y
(B) x+y+10
Y
© xX+y
X
(D) x+y
X+y
(E) x+y+10

What is the remainder when the number

(999999 999 ...999)**7 — (333333 333...333)*""
— - / . ’

.
2008 9’s 2008 3’s

is divided by 117

A 0
B) 2
© 4
D) 6

(E)  None of the above

19



W, X, Y and Z are the midpoints of the four sides of parallelogram ABCD. Pisa
point on the line segment YZ. What percent of the area of parallelogram ABCD
is triangle PXW?

b W C
(A 50%
(B)  45%
(C)  30%
(D)  25%
(E)  20%

Four rods are connected together with flexible joints at their ends to make a
quadrilateral as shown. Rods PO =40 cm, RS =20 cm, PS= 60 cm and

ZOPS = /RSP =60°. Find ZORS.

(A)  100°
(B)  105° . Q
(©)  120°
(D)  135°
(E)  150° 40 R
20
600 600
P 60 S

When 2007 bars of soap are packed into N boxes, where N is a positive integer,
there is a remainder of 5. How many possible values of NV are there?
(A) 14

(B) 16
© 18
(D) 20
(E) 13

Suppose a, denotes the last two digits of 7”. For example, a» = 49, a3 = 43. Find

the valueof a1 +ap + a3 + ... + a2007
(A) 50189
(B) 50199
(C) 50209
(D) 50219
(E) 50229

20



8.

10.

The diagram below shows a quadrilateral ABCD where AB =10, BC=6,CD =8
and DA = 2. The diagonals AC and BD intersect at the point O and that ZCOB =
45°. Find the area of the quadrilateral ABCD.

(A)
(B)
(€)
(D)
(E)

C

28
29
30
31
32

In the following diagram, ABCD is a square with PA = a, PB = 2a and PC = 3a.

Find ZAPB.
A D
P

B C
A 120°
(B) 130’
(C) 135°
(D)  140°
(E)  145°

What is the largest possible prime value of #* — 12n + 27, where # ranges over all
positive integers?

(A)
(B)
(€)
(D)
(E)

91
37
23
17
7

21



Short Questions

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Suppose that logs[logs(logs a@)] =logs [logs (log; b)] = logs [loga(logse)] = 0. Find
the value of a + b + c.

Find the unit digit of 17" x 19" x 23%.
Giventhatx + y = 12 and xy = 50, find the exact value of x* + °.

Suppose that (21.4)" = (0.00214)° = 100. Find the value of L %

a

Find the value of 100(sin 253°sin 313° + sin 163° sin 223°)

The letters of the word MATHEMATICS are rearranged in such a way that the
first four letters of the arrangement are all vowels. Find the total number of
distinct arrangements that can be formed in this way.

(Note: The vowels of English language are A, E, I, O, U)

Givenaset S = {1, 2,3, ..., 199,200 }. The subset A = {qa, b, ¢} of Sis said to
be “nice” if a+ c¢=2b. How many “nice” subsets does S have?

(Note: The order of the elements inside the set does not matter. For example, we
consider {a, b, ¢} or {a, ¢, b} or {c, b, a} to be the same set.)

Find the remainder when 2°° + 1 is divided by 33.

Given that the difference between two 2-digit numbers is 58 and these last two
digits of the squares of these two numbers are the same, find the smaller number.

Evaluate 256 sin 10° sin 30° sin 50° sin 70°,

Find the greatest integer less than or equal to (2 +3 )J .

22



22.

23.

24,

25.

26.

27.

28.

29.

30.

Suppose that xi, x, and x5 are the three roots of (11 — x)’ + (13 —x)° = (24 - 2x)°.
Find the value of x; +x, + x5.

In AABC, ZCAB =30° and ZABC = 80°. The point M lies inside the triangle
such that ZMAC = 10°and £ZMCA =30°. Find ZBMC in degrees.

How many positive integer #» less than 2007 can we find such that

{g} + {g} + {%} =n where [x] 1s the greatest integer less than or equal to x?

(For example, [2.5]=2; [5]=5;[-2.5]=-3 etc.)

a

In AABC, let AB = ¢, BC = aand AC = b. Suppose that =1, find the

c—a b+c

value of the greatest angle of AABC in degrees.

Find the number of integers N satisfying the following two conditions:
(1) 1 < N<2007; and
(11) either NV is divisible by 10 or 12 (or both).

Suppose a and b are the roots of x* + x sin a. + 1 = 0 while ¢ and d are the roots of

the equation x* + x cos o - 1 = 0. Find the value of Lz + % + Lz +dl—2.
a

l+a,,

A sequence {a, } is defined by a; =2, a, = ,n = 2. Find the value of

1 - an—l
—2008 alpo7 -

Let x, y and z be three real numbers such that xy + yz + xz = 4. Find the least
possible value of x* + 32 + 2%,

Pistheset {1,2,3,...,14, 15 }. If A= {a1, a2, a3} isasubset of P where
a; <ay <aszsuchthat ¢ +6 <a; +3 <as;. How many such subsets are there of
P?
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32.

33.

34.

35

It 1s given that x and y are two real numbers such that
(x+y) +(x-y)* =4112 and x*-y*=16.

Find the value of x* + 3.

Let 4 be an angle such that tan84 = M. Suppose 4 = x° for some

cos A +sin 4
positive real number x. Find the smallest possible value of x.

100
Find the minimum value of Zln - k| , where # ranges over all positive integers.
k=1

Find the number of pairs of positive integers (x, y) are there which satisfy the
equation 2x + 3y = 2007.

1 2 3 200
If S= + + TP - , find the
11241 a2 w0% 143%4 30 1+200° +200*
value of 80402 xS .
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Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2007

(Senior Section Solution)

(A)
11,1 ] 1 )_3,4_5 2008 _ 2008 _
e e e L) g fie o) = 2025 2008 _ 2008 1,
so the sum of the digits is 5.
(©)

... 10 . . . .
Probability = ( LV | L x 2 ), which upon simplification
\x+y x+y+10 x+y x+y+10

yields (C) as the answer.

(A)
Observe that each of the two numbers is divisible by 11, hence the difference is
also divisible by 11. Hence the remainder is zero.

D)
Parallelogram WXYZ is half of ABCD. Triangle PXW is half of WXYZ. Thus,
PXW is a quarter of ABCD. Hence (D)

(E)

20

20 20
60° 60°
P 60 S

We extend the given figure to the above, into an equilateral triangle. It is not
possible to show that ZPOR =90° . Hence, ZORS =30° +120°.

(A)
2007 —5=2002. Nisafactorof2002and2002=2x7x11x 13.
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There are altogether 2x2x2x2 = 16 factors of N. However, N must exceed 5. So,
N cannot be 1 or 2. Hence there are 14 possible choices of V.

(B)
Observe that a, repeats itself as shown in the following table.

n 1 2 3 4 5 6 17 1.
a, 107 |49 [43 Jo1 |07 |49 143 | ...
Further, a1 + a2 + a3 + a5 = 100.
Notice that 2007 =4 x 501 + 3.
Hence the sum equals 501 x 100 + 7 + 49 + 43 = 50199.

(D)

A \ B

Area of quadrilateral = %(xu +yu+yv +,xv)sin 45°,

Using Cosine Rule, we have

x? +u? +2xucos4s5’ =10 (1)
u +y° —2uycos450 =6 2)
p? v +2yvcos4s’ = 8? 3)
x* +v? —2xvcos45° =22 4)

M -@)+3B)-4):
2(xu + yu+ yv+vx)cos45’ =107 — 62 +82 =27
100 -36+64 -4
4

Hence area of quadrilateral = 31.

©)
Let AB = x and ZPAB = o.. By using Cosine Rule and Pythagoras’ Theorem we
have

x? +a* =2axcosa = (2a)’

(x—acosa) +(x—asina) =(3a)?.
We obtain from the above two equations that
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10.

11.

12.

13.

14.

15.

16.

x?-34? 2547

. x
cos0l = ——— and sino =
2ax 2ax

Using sin’ o. + cos’a. = 1, we have
(x2 —3(12)2 + (x2 —502)2 =4q%x?
Therefore x* — 10a** + 174" = 0.
Solving, we have x? = (5 + 2x/§)a2 , but since x > @, we have x* = (5 + 2\/5)02 .

Hence cos LZAPB = — g , so the required angle is 135".

(E)

Note that #* — 121+ 27 = (n — 9)(n — 3). For this number to be a prime, either n =
10, in which case W —12n+27="T,0rn= 2, in which case - 12n+27=1.
Since a prime number cannot be factorized in other ways, we know that 7 is the
only answer.

Answer: 89
log, [logs (logg a)] = 0 implies logs (logs @) = 1. Hence logs a = 3, hence a = 64.
Similarly, =16 and ¢ =9. Therefore a + b + ¢ = 89.

Answer: 1

17'7=7" =7 (mod 10)

19" =9 =9 (mod 10)

233 =3% =7 (mod 10)

Since 7 x 9 x 7 =441 =1 (mod. 10), the unit digit is 1.

Answer: 44

Use the identity x* + y* = (x + y)* = 2xy = 144 — 100 = 44,

(Note: In this case, one may not be able to obtain the answer by guess-and-check;
the values of x and y are not even real numbers)

Answer: 2
2

We have g=——— and b= ——m8M8M88
log,, 21.4 (log,,21.4)-4

. Hence direct computation

) 1 1
lelds ———=2.
Y a b

Answer: 50

100(sin 253°sin 313° + sin 163° sin 223°)
= 100(sin 73° sin 47° — sin 17° sin 43°)
=100 (sin 47° cos 17° — cos 47° sin 17°)
=100 sin (47° - 17°) = 100 sin 30°
=50

Answer: 15120
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17.

18:

19.

20.

21.

4 7
Total number of rearrangements = o X % =12x1260=15120.

Answer: 9900
Since a + ¢ is even, a and ¢ have the same parity (either both odd or both even).
There are 100 odd and 100 even numbers in S. Once a and ¢ are chosen, b is

determined. The number of “nice” subsets is 2 (1%0) =100(99) =9900

Answer: 0
Note that x'! + 1 is divisible by x + 1 by Factor Theorem. Hence 2°° + 1 =32'" +
1 is divisible by 32 + 1 = 33, ie. 2°° + 1 is divisible by 33.

Answer: 21

Let the numbers be #n and m where n > m,

n—m=58

n? —m? = (n—m)(n +m) =58(n+ m) is a multiple of 100, that is,

58(n + m) =100k for some integer k. This simplifies to

29(n +m) =50k

Since gcd(29, 50) = 1, we musthave » + m = 50p for some positive integer p.
Solving the above simultaneously with # = m = 58 and bearing in mind that both
m and n are two digit numbers, only » =79 and m = 21 satisfy the question.
Thus the smaller number is 21.

Answer: 16
256 sin 10° sin 30° sin 50° sin 70°
2x256sin10° cos10” sin 30° cos40° cos 20°
2cos10°

1285in20° cos 20° cos 40°

2cos10°
64sin 40° cos40°

2cos10°

325in80°

2cos10°
16.

I

Answer: 51
Using binomial theorem it is easy to see that

3 +l-+3) =52,
and that 0< 2—+/3 <1, or 0< (2-+3) <1 so that we have
s1<f+43) <52
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22.

23.

24,

Answer: 36
Leta=11 —xand b= 13 — x. Hence the equation becomes
a+b=(a+b) (1)
Using the binomial expansion
(a+by=da’+ b+ 3ab (a+b),
Equation (1) becomes
ab(a +b)=0 (2)
Thus the solution of (1) becomes
a=0, b=0ora+b=0
or equivalently, the solution of the original equation becomes x = 11, 12 or 13.
Hence x; +x, +x; =11+12+13 =36.

Answer: 110°.
Construct a circumcircle of the triangle ABC, with O as the centre as shown.

Note that ZACB = 70°

Since OC = OB and ZCOB = 60" = ZOCB = 60°

ACOB is an equilateral triangle.

Thus ZOCA =70°-60°=10"= LZOAC

But ZMAC = 10° (given). So AOM lies on a straight line.
ZAO0C=160"= ZCOM = 20°.

Since ZMCA = 30° (given) and ZOCA = 10°, thus ZMCO = 20° . That means
AMCO is an isosceles triangle and ZMCB =70 — 30 = 40°

So BM is the perpendicular bisector of the equilateral triangle OBC. Thus
Z0BM =60°+ 2= 30°

ZBMC =180°-40°-30°=110°

Answer: 334
|rn o7 ]rn—|<n ;_n]<n
2172713731676
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25.

26.

27.

n n non o n
+|=|+|—=|=n butwehave —+—+—=n
6 2 3 6

n| n n| n |n| n
SO — ==, — ==, |—|=—

HERHENHE
Thus # must be a multiple of 6

There are [2007:] =334 of them.

6

Answer: 120°.

It is given that ~—%__1. Thiscanbe rearranged into b° + a® — ¢* = — ab.
c—a b+c
2, 2 2
By using cosine rule for triangle, cosC = b_+2ab_c_ = —%. Hence C = 120"
a

and must be the greatest angle.

Answer: 334

Number of integers divisible by 10 = [%} =200.
)

Number of integers divisible by 12 = T?g?—l =167

2007}:33.

Number of integers divisible by both 12 and 10 = t m

By the principle of inclusion and exclusion, the number of integers divisible by
either 10 or 12 (or both) =200 + 167 — 33 =334,

Answer: 1

We have ab = 1. Hence a’ =L and b2 :L

b* a
Also, cd =-1. Hence d* =L2and c? :Ln_
c d?
Hence _}2_+bi2+_1j'+d% =a’+b*>+cr +d?
a” 1 ¢

(a+b) —2ab+(c+d) —2cd

= sina—2+cos’a+2
1
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28.

29.

30.

31.

Answer: 1004

1

Sincea;=2,,=-3,a3= ——, as= —, a.=2,thus we consider

2

1+ l+a,,
l+a,; l-a,,, 1 I-a,,
an+4 = — = —_= - = - —

1 - an+3 1 _ 1 + a"+2_ a

1_an+2
- l+a,
l-a,
ST iia, @
1+—"
l-a,
007 = a =a3= ——1—
2007 4x501 +3 3 5
—2008 a07= 1004

Answer: 4
Use the identity
1

2 +y2 1 52 —(xp+ yz+xz2) :5((x—y)2 +(y—z)2 +(x—z)2)2 0, the answer

follows immediately.

Answer: 165 _

Supposing there are x; numbers smaller than a;, x, numbers between a; and a; , x3
numbers between a; and a3 and x4 numbers greater than a3 .

Finding the number of possible subsets of A is equivalent to finding the number
of integer solutions of the equation x; + x; + x3 + x4 = 12 with the conditions that
x120,x 2 2,x3 > 2 and x4 > 0.

The number of solution of this latter equation is equivalent to the number of
solutions of the equation y; + y2 + y3 + y4 = 8, where 1, 2, y3 and y, are
nonnegative integers.

/

Hence the answer is (]31) = 165.

Answer: 34
By binomial theorem, one sees that

() + (= p)' =20x* +6x75% + %)
Thus the first equation becomes

2(x* +6x2yr +y*)=4112

x* +6x2y? +y* =2056

(x2 —y2)2 +8x%y? =2056

(16)° +8x%y? = 2056
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32.

33.

34.

x*y? =2256
Therefore,
(x2 +yz)2 :(x2 —yz)z +4x*y? =1156
Hence x* + y* = J1156 = 34.

Answer: 5
: in8 A A-sin 4 . .
Since 222 _ tang4 = u, by rearranging we obtain
cos84 cosA+sinA4

sin 84 (cos A + sin A) = cos 84 (cos A — sin A)
sin 84 cos A +cos&8Asin A =cos8A4cosA—sin&A sin 4
sin (84 + A) = cos (84 + A)

sin 94 = cos 94
which reduces to
tan 94 =1
The smallest possible of 94 = 45°, which'gives x = 5.

Answer: 2500

It is given that » is a positive integer.
100

Forn > 100, Zyn —k|=100 7 5050, so that its minimum value is 4950 which
=1

occurs at » = 100.
100

For n <100, Z[n - k‘ =n’—101n +5050. If n is a positive integer, its minimum
k=1

value can occur at either » = 50 or n = 51 only. By direct checking, its minimum

value is 2500.

Answer: 334

2x +3y=2007 = 2x=2007 -3y =3(669 —y).

Since 2 and 3 are relatively prime, it follows that x is divisible by 3. Write x = 3¢,
where 7 is a positive integer.

The equation reduces to y = 669 — 2.

Since 669 —2¢> 0, we have ¢ <334.5, and since ¢ is a positive integer, we have

1 <7<334.

Conversely, for any positive integer ¢ satisfying 1 < ¢ <334, it is easily seen that
(3¢, 669 — 2f) is a pair of positive integers which satisfy the given equation.
Therefore there are 334 pairs of positive integers satisfying the given equations.
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35.

Answer: 40 200
1 1 |
14k +k% 2| k(k=D+1 k(k+1)+1
Hence the required sum can be found by the method of difference
| 1 1 1 1 1
- + - + - +
I/ 1x0+1 1x2+1 2x1+1 2x3+1 3x2+1 3x4+1
2 P B
200x199+1 200%x201+1

Note that

for all integers £.

1 1)

:_1_—|
20 40201
20100

40201
Hence 80402 x .S =40 200.

33



Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2007

(Senior Section, Round 2)

Saturday, 30 June 2007 0930-1230

Instructions to contestants

oo =

Answer ALL 5 questions.

Show all the steps in your working.
Each question carries 10 mark.

No calculators are allowed.

. It is given that x, y, z are 3 real numbers such that

T —y Y-z z—x

24xy 24+yz 2+4zx

Is it true that at least two of the three numbers must be equal? Justify your
answer.

. For any positive integer n, let f(n) denote the nth positive nonsquare integer, i.e.,

f(1) =2, f(2) =3, f(3) =5, f(4) = 6, etc. Prove that
f(n) =n+{vn}

where {z} denotes the integer closest to z. (For example, V1l =1, {V/2} =1,

{V3} =2 {v4} =2)

. In the equilateral triangle ABC, M, N are the midpoints of the sides AB, AC,

respectively. The line M N intersects the circumcircle of AABC at K and L and
the lines CK and C'L meet the line AB at P and @, respectively. Prove that
PA?-QB =QA?. PB.

Thirty two pairs of identical twins are lined up in an 8 x 8 formation. Prove that
it is possible to choose 32 persons, one from each pair of twins, so that there is at
least one chosen person in each row and in each column.

Find the maximum and minimum of x 4+ y such that

T+y=V2r—1+/4dy+ 3.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2007

(Senior Section, Round 2 Solutions)

Yes. Multiplying both sides by (2 + zy)(2 + yz)(2 + zz), we get
Fi=(x—y)2+y2)2+zz)+(y —2)24+zy)(2+2zz) + (2 —2)(2+2x)(2+zy) = 0.

Now regard F' as a polynomial in x. Since F' = 0 when x =y, x — y is a factor of
F. Similarly, y — z and z — x are also factors of F'. Since F' is of degree 3,

F=k(z—y)y—2)(z -z

for some constant k. By letting x =1, y = —1, 2z = 0, we have k£ = 2. Thus

F=2x-y)y—2)(z—x)

See Junior Section Round 2, Question 5.

Let the radius of the circumcircle be R = 4t and the centre be O. Let S be the foot
of the perpendicular from O to M N. Then OS = ON/2 =t, KS = /1612 — 2 =
V15t, MS = /4t2 — 2 = /3t. Thus KM = KS — MS = (V15 — v/3)t. Since
APMK ~ APBC and BC = v24t, we have PM/PB = MK/BC = (/5 —1)/4,
i.e., PM = (/5—1)PB/4. Thus PA= PM + MA = PM +BM =2PM + PB =
(vV5+1)PB/2 and BA= PA+PB = (\/5+3)PB/2. Therefore PA? = PB - BA.
Similarly, QA%2 = QB - BA. Thus PA? - QB = QA? - PB.

c

N

()IS

B Pl /M A

K
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Second solution: Note that LZBCL = /CBK and ZBKC = 60°. Thus Z/BCL +
/BCP =/CBK + Z/BCK = 180° — ZBKC = 120°. This implies that ZBQC =
180°—ZCBQ—/BCQ = 120°—/ZBCL = ZBCP, and therefore ABC(Q) ~ ABPC.

2
Thus, CQ/PC = BQ/BC = BC/BP, ie., (%%) = g—g . % = %%. Now since

KL || BC, A is also midpoint along the arc of KL. Thus, /ZKCA = ZACL. By
the angle bisector theorem on APCQ, we have CQ/CP = AQ/AP. Combining,

we get (’2%)2 = (g—g>2 = %, i.e., PA?2. QB = QA? . QB.

. Suppose on the contrary that this is not possible. We say that a row or a column
is cowvered if it contains one of the chosen persons. Choose 32 persons so that the
total number of covered rows and columns is maximum. Without loss of generality,
assume that column 1 is not covered. Then no pair of twins can be in column 1.
The counterparts of these 8 persons must be chosen. By the maximality condition,
these 8 persons must be the only chosen persons either in their row or column. If a
row contains only 1 chosen person, then there are 6 other persons (excluding those
in column 1) in that row who are not chosen. Since 32 persons are not chosen, we
have at most 4 such rows. Similarly, there are at most 3 such columns and we have
a contradiction because we have 8 such rows or columns.

2nd solution: We’ll show that at most 10 persons are needed. Note that if a set of
people cover all the rows and columns, then they will still have the same property
if two rows or two columns are interchanged. Thus if the configuration obtained
by interchanging some pairs of rows and some pairs of columns can be covered by
a set of people, then the same set of people will cover the original configuration.
We also let M; denote the configuration obtained by deleting the first ¢ rows and
columns of the original configuration. Let us denote a person by (a,b) if he is in
the a-th column b-th row. Choose (1,1). In M, there is a person who is not the
counterpart of (1,1). Without loss of generality, let this be (2,2). Select (2,2).
In general, if no two of (1,1), (2,2), ..., (4,7), i« < 6 are twins, then in M, there
is a person who is not among their counterparts. Let this person be (i + 1,7 + 1)
and choose this person. In this way, we can choose (i,i), i = 1,2,...,6. Denote
the counterparts of these 6 persons by X and the first 6 persons of the 7th and
8th rows and columns by A, A, As, Ay, respectively. Let | X N A;| = a;. Then
ay + a2 + as + ag < 6, Assume that a; > a2 > ag > a4. Suppose a; = 6. Choose
(7,7) and choose a person in A, and a person in A4 who are not twins and are not
the counterpart of (7,7). These 9 people will cover all the row and columns. If
a1 < 6, then as < 3, ag < 2 and a4 < 1. Then there exist p; € A; such that p; € X,
1 =1,2,3,4 and not two of py, p2, p3, ps are twins. Choose these 4 persons as well
and the 10 chosen people will cover all the rows and columns.
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5. We have

(z+9)/3= (V2 — 1+/y+3/4+/y+3/4)/3</(2x+2y+1/2)/3.

and

(4 y) =vV2z -1+ \y+3/4+/y+3/4>/2z+2y+1/2.

Let t = x +y. Then we have

207 — 12t —3<0 = 3—4/21/2<t<3+4/21/2

and 26> —4t—1>0 = ¢t>1++3/2, t<1—+/3/2

Since ¢t > 0, the maximum value is 3+ 4/21/2 and the minimum value is 1+ 1/3/2.
Note that the maximum value is attained by the solution of

r+y=3++/21/2 and 2z—1=/y+3/4
while the minimum is attained by the solution of

r+y=1++/3/2 and y-+3/4=0.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2007
(Open Section, Round 1)

Wednesday, 30 May 2007 0930-1200

Instructions to contestants

1.
2.

Answer ALL 25 questions.
Write your answers in the answer sheet provided and shade the appropriate bubbles
below your answers.

3. No steps are needed to justify your answers.
4.
5. No calculators are allowed.

Fach question carries 1 mark.

. Let A be any k-element subset of the set {1,2,3,4,---,100}. Determine the mini-

mum value of k such that we can always guarantee the existence of two numbers a
and b in A such that |a — b| < 4.

Determine the number of those 0-1 binary sequences of ten 0’s and ten 1’s which
do not contain three 0’s together.

. Let A be the set of any 20 points on the circumference of a circle. Joining any two

points in A produces one chord of this circle. Suppose every three such chords are
not concurrent. Find the number of regions within the circle which are divided by
all these chords.

. In each of the following 7-digit natural numbers:

1001011, 5550000, 3838383, 7777777,

every digit in the number appears at least 3 times. Find the number of such 7-digit
natural numbers.

. Let A =1{1,2,3,4,...,1000}. Let m be the number of 2-element subsets {a,b} of A

such that a x b is divisible by 6. Find the value of |m/10]. (Here and in subsequent
questions |z] denotes the greatest integer less than or equal to z.)

Find the number of non-negative integer solutions of the following inequality:

r+y+z+u<20.
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10.

11.

13.

14.

16.

. In how many different ways can 7 different prizes be awarded to 5 students in such

a way that each student has at least one prize?

Let ABC be any triangle. Let D and E be the points respectively in the segments
of AB and BC such that AD = 7DB and BE = 10EC. Assume that AF and
C'D meet at point F'. Determine |k|, where k is the real number such that AF =
kx FE.

Let S = {1,2,3,4,---,50}. A 3-element subset {a,b, c} of S is said to be good if
a + b+ c is divisible by 3. Determine the number of 3-elements of S which are
good.

Let x1,29,..., 21970 be positive integers satisfying z1 + zo + - -+ + 21970 = 2007.
Determine the largest possible value of 23 + 23 + - - + x99+,

Determine the largest value of a such that a satisfies the equations a2 —bc—8a+7 = 0
and b? + ¢? + bc — 6a + 6 = 0 for some real numbers b and c.

Determine the number of distinct integers among the numbers
® 2 20072
2007 " [ 2007’ © | 2007 J '

Determine the number of pairs (a,b) of integers with 1 < b < a < 200 such that
the sum (a + b) + (a — b) + ab + a/b is a square of a number.

This question has been deleted.

. In an acute-angled triangle ABC', points D, FE, and F' are the feet of the perpen-

diculars from A, B, and C onto BC, AC and AB, respectively. Suppose sin A = %
and BC = 39, find the length of AH, where H is the intersection AD with BF.

Let O be the centre of the circumcircle of AABC, P and () the midpoints of AO
and BC, respectively. Suppose /CBA = 4/0PQ and ZACB = 6Z0PQ. Find
the size of ZOP(@ in degrees.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

In AABC, AC > AB, the internal angle bisector of ZA meets BC at D, and E
is the foot of the perpendicular from B onto AD. Suppose AB = 5, BE =4 and

_ ; : AC+AB
AFE = 3. Find the value of the expression (AG—AB) ED.

Find the value of

45
] [ tan(2k —1)°.
k=1

Find the radius of the circle inscribed in a triangle of side lengths 50,120, 130.

Suppose that 0 < a < b < ¢ < d = 2a and

a? b? c?
b—a*c—b_d—c> =(a+b+o)

(@-a)(

Find bed/a®.

Let f be a function so that
1./1
fa) = 5£(2) =loga
for all > 0, where log denotes logarithm base 10. Find f(1000).

Let O be an interior point of AABC. Extend AO to meet the side BC at D.
Similarly, extend BO and CO to meet CA and AB respectively at £ and F'. If
AO =30, FO = 20, BO =60, DO =10 and CO = 20, find EO.

For each positive integer n, let a,, denote the number of n-digit integers formed by
some or all of the digits 0, 1, 2, and 3 which contain neither a block of 12 nor a
block of 21. Evaluate ag.

Let S be any nonempty set of k integers. Find the smallest value of k£ for which
there always exist two distinct integers z and y in S such that x +y or x — y is
divisible by 2007.

Let P be a 40-sided convex polygon. Find the number of triangles S formed by the
vertices of P such that any two vertices of S are separated by at least two other
vertices of P.
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Ans: 21

If A is the set of multiples of 5 in {1,2,3,---,100}, then |A| = 20 and |a —b| > 5 for
every two numbers in A. Thus, if |A| = 20, the existence such two numbers cannot
be guaranteed. However, if |A| = 21, by the pigeonhole principle, there must be two
numbers a, b in one of the following twenty sets:

{1,2,3,4,5},{6,7,8,9,10},- - -,{96,97, 98,99, 100},

and so |a — b| < 4. Thus the answer is 21.

Ans: 24068
In such a binary sequence, 0’s either appear singly or in blocks of 2. If the sequence
has exactly m blocks of double 0’s, then there are 10 — 2m single 0’s. The number

of such binary sequences is
11 11—-m
X .
m 10 — 2m

°L /11 11—
3 % ) = 24068,
m 10 — 2m

m=0

Thus the answer is

Ans: 5036
Consider such a figure as a plane graph G. Then the answer is equal to the number
of interior faces of G. The number of vertices in G is 20 + (20). The sum of all

4
degrees is
20 x 2144 x <240>

and so the number of edges in G is
20
10 x 21 + 2 x 4

Hence the number of interior faces, by Euler’s formula, is

2
(40>+10><2120+1:5036.
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Second Solution: Let P,, be the number of such regions with n points on the circum-
ference. Then P, =1, P, = 2 and in general, forn > 2, P11 = Pn-i—n-i—Z?:_f i(n—
i). This can be obtained as follows. Suppose there are n + 1 points ay,...,a, in
that order on the circumference. The chords formed by ay, ..., a, create P, regions.
The chord aga; adds one region. The chord aga; adds 1 + 1 x (n — 2) regions as
this chord intersects the existing chords in 1 x (n — 2) points. Similarly, the chord
apa adds 1+ 2 x (n — 3) regions, etc. From this, it is easy to show that

O Py R Py R
() () 1) ()
om e (o (55 )1+ ()0
Thus Py =1+ (%) + (%) = 5036.

Ans: 2844
If only one digit appears, then there are 9 such numbers. If the two digits that
appear are both nonzero, then the number of such numbers is

1)) -

If one of two digits that appear is 0, then the number of such numbers is

(D))= (1) =

Hence the answer is 9 4+ 2520 + 315 = 2844.

Ans: 20791
Let

Ag={k€A:6|k}; Ay={k€A:2|k6tk}; As={keA:3|k 61k}

Note that

2 6
1000 1000
A = | —]— | —] =
| As| l 3 J \‘ 6 J 167.
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For the product a x b to be divisible by 6, either (i) one or both of them are in Ag
or (ii) one is in A, and the other is in As. Hence

1
m = ( 26) + 166 x (1000 — 166) + 334 x 167 = 207917.

Ans: 10626
Letv=20— (x+y+2z+u). Thenv >0ifandonly if z + y + 2z + u < 20. Hence
the answer is equal to the number of non-negative integer solutions of the following
equation:

r+y+z+ut+ov=20

and the answer is (244) = 10626.

Ans: 16800
Either one student receives three prizes; or two students are each awarded two prizes.

Thus the answer is
7 7 5 1
' —_— ' —
<3> x ol + <2> X <2> X 5 x 51 = 16800.
Ans: 77

Assume that [CEF] = 1. Then, [AFC| = k and [BF'C] = 11. Since AD = 7DB,
k =[AFC] = 7[BFC] = T7.

A

10

Ans: 6544
Fori=0,1,2, let
A ={1<Ek<50:3|(k—1)}.

Then |Ag| = 16, |A1| = 17 and |A3| = 17. It can be shown that 3 | (a+ b+ ¢) if and
only if either {a,b,c} C A; for some i or {a,b,c} N A; # 0 for all i = 1,2,3. Thus

the answer is
b -+ I -+ i 16 x 17 x 17 = 6544
3 3 3 n '
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10.

11.

12.

13.

14

15.

Ans: 56841

We may assume 71 < 29 < --- < 79970. For 1 < z; < z; with 4 < j, we have
T3+ :vf <az?+ r? +3(zj —x;)(zj+ 2, — 1) = (7, — 1)® + (z; + 1), Thus when
1 =Ty = -+ = ZT1969 = 1 and x1979 = 38, the expression T‘I’ + CL‘% + -+ I?g‘—o

attains its maximum value of 1969 + 382 = 56841.

Ans: 9

Substituting the first equation bc = a® — 8a + 7 into the second equation. we have
(b+¢)? = (a —1)? so that b+ ¢ = +(a — 1). That means b and c are roots of
the quadratic equation 2z = (a — 1)z + (a? — 8a + 7) = 0. Thus its discriminant
A =[F(a—1)]?—4(a® —8a +7) > 0, or equivalently, 1 < a < 9. For b =c = 4,
a = 9 satisfies the two equations. Thus the largest value of a is 9.

Ans: 1506 , ,

Let a; = [i?/2007|. Note that {’;&}; ~ 2007 = 22’(‘)?;71 < 1if and only if n <
2006/2 = 1003. Since, a; = 0, and ajgo3 = 501, we see that aq,...,a1003 assume
all the values from 0 to 501. We also conclude that ajgga,. .., a2007 are mutually

distinct integers. Therefore, the answer is 502 + 1004 = 1506.

Ans: 112

Since the number (a +b) + (a —b) + ab + a/b = (a/b)(b+ 1)? is a perfect square
with b and b + 1 relatively prime, the number a/b must be a perfect square. Let
a/b=n?% As a > b, the number n > 2 so that a = bn? < 200. From this, a can
be determined once b and n are chosen. Hence, it suffices to count the number of
pairs of (b,n) satisfying bn? < 200 with b > 1 and n > 2. Hence the answer is
[200/2%| + --- + [200/142| = 112.

. This question has been deleted.

Ans: 52

First we know that AE = ABcos A and AF = AC cos A. By cosine rule, EF? =
AE? + AF? — 2AE x AF cos A = cos? A(AB? + AC? — 2AB x ACcos A) =
BC?cos? A. Therefore EF = BCcosA. It is easy to see that A, E, H, F lie
on a circle with diameter AH. Thus AH = ££ = BCcot A =39 x 2 = 52.

sin A 3=
A
F,
E
H
B D C
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16.

17.

18.

Ans: 12

Let R be the midpoint of OC. Then PO = RO = RQ. Let ZOPQ = z. Then
ZPOR =2/B =8x and Z/ZBOA =2/C = 12z. Also, ZROQ = ZA = 180° — 10z.

It follows that ZPQO = 180° —z —8x — (180° — 10x) = x and therefore PO = OQ.
Thus AOQR is equilateral, so ZROQ = 180° — 10z = 60° and = = 12°.

Ans: 3
Let DE =2, AC =a >5and CD = u. Then BD = +/42 + 22 and cos ZCAD =
cos/BAD = 3/5. By the cosine rule applied to AADC, we have u? = (3 + z)? +

a? —2a(3+ )(3/5). Using the angle bisector theorem, we have fo;g = ‘5‘—2 Thus
25((3 + )% + a? — 2a(3 + x)(3/5)] = a?(16 + z2).

This can be simplified to (a? — 25)z% + 30(a — 5)z — 9(a — 5)2 = 0. Since a > 5,
we can cancel a common factor (@ — 5) to get (a + 5)z% 4+ 30z — 9(a — 5) = 0, or
equivalently (z + 3)((ea +5)z — 3(a —5)) = 0. Thus z = 3(a — 5)/(a + 5). From

this, we obtain (ﬁgtﬁg) ED = ()2 =3.

Ans: 1

Note that tan(90° —6) = 1/tan@ for 0° < § < 90°and that the product is positive.
Setting j = 46 — k,

45 45 1
tan(2k —1)° = | | tan(90 — (25 — 1))° = . = 1.
lc1;[1 E [1;2, tan(2j — 1)°
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19.

20.

21.

22.

Ans: 20

The triangle is a right triangle with area A = 5 x 120/2 = 300. The semiperimeter

is s =1 x (50 + 120 + 130) = 150. Hence the inradius is A/s = 20.

Ans: 4
Set

u=(vVb—a,Vec—b,vd—rc)

b
and v = <\/ba— a’ vVe—1b \/dc— c).

Then u - v = ||ul|||v] and hence u = av for some oz > 0. Thus

Hence b/a = ¢/b =d/c, i.e., a, b, c,d is a geometric progression a, ra, r
Now bed/a® =8 = (r3)? = 4.

Ans: 2
Putting 1/x in place of x in the given equation yields

f(l) lf(:b‘) = —logx.

z/ 2

Solving for f(x), we obtain f(z)= % logx. Hence f(1000) = 2.

Ans: 20
We have
OD B [BOC] OF B [AOC] OF B [AOB]
AD ~ [ABC)” BE [ABC)’ CF [ABC]
Thus

OD OE OF _

_ OE = 20.
D " BETCE-! T 0
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23.

24.

25.

Ans: 53808

For n > 3, among the a,, such integers, let b,, denote the number of those that
end with 1. By symmetry, the number of those that end with 2 is also equal to
b,,. Also the number of those that end with 0 or 3 are both a,,_;. Thus

ap = 205,—1 + 2b,.

Among the b,, integers that end with 1, the number of those that end with 11 is
b,—1 while the number of those that end with 01 or 31 are both a,,_2. Thus

bn — bn_l + 2(171__2.

‘Solving, we get a,, = 3a,,—1+2a,_o. Since a; = 3 and ay = 10, we get ag = 73368.

Ans: 1005
Partition all the possible remainders when divided by 2006 as follows:

(0), (1,2006), (2,3005), ..., (1003, 1004).

Suppose S has 1005 elements. If S has two elements with their difference divisible
by 2007, we are done. Otherwise the elements of S have distinct remainders when
divided by 2007. By the pigeonhole principle, S has two integers whose sum is
divisible by 2007. The set {1,2,...,1004} does not have 2 elements, x, y such that
x4+ yor x - y is divisible by 2007.

Ans: 7040

For better understanding, we consider the general case when P has n vertices,
where n > 9. We first count the number of such triangles S having a particular
vertex A. The number is (”;7) (This can be obtained as follows. Let the triangle
be ABC ordered clockwise. Then B has a “left” neighbour and C' has a “right”
neighbour. The location of of B and C' are uniquely determined by their neigh-
bours. Besides A, B, C' and the two vertices to the left and two vertices to the
right of A, the two neighbours can be chosen from the remaining n - 7 vertices.
Thus the required answer is % (",7) = 7040.
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Instructions to contestants

1.

Answer ALL 5 questions.

2. Show all the steps in your working.
3.
4. No calculators are allowed.

Fach question carries 10 mark.

. Let a1, as,...,a, be n real numbers whose squares sum to 1. Prove that for any

integer £ > 2, there exists n integers x1, xo, ..., Z,, each with absolute value < k£—1

and not all 0, such that
-1
|za r < BV

. If a1, ag, ...a, are distinct integers, prove that (z — a1)(x —az)...(x —a,) — 1

cannot be expressed as a product of two polynomials, each with integer coefticients
and of degree at least 1.

Let Ay, By be two points on the base AB of an isosceles triangle ABC', with ZC >
60°, such that ZA;CB; = ZABC. A circle externally tangent to the circumcircle
of AA,;B,C is tangent to the rays CA and C'B at points As and Bs, respectively.
Prove that A;By = 2AB.

Let N be the set of positive integers, i.e., N = {1,2,...}. Find all functions f: N —
N such that
f(f(m)+ f(n)) =m+n for all m,n € N.

Find the largest positive integer x such that z is divisible by all the positive integers

< Vz.

48



1.

N

Singapore Mathematical Society
Singapore Mathematical Olympiad (SMQO) 2007
(Open Section, Round 2 Solutions)

Without loss of generality, we may assume that all the a; are positive, else we just
change the sign of z;. Since

fi— 2
n n

2

(Z?:l ai) & E?:] a‘&?
we have Y . a; < \/n. There are k™ integer sequences (t1,ts,...,t,) satisfying
0 <t; < k— 1 and for each such sequence we have 0 < Y, a;t; < (k—1)y/n. Now
divide the interval [0, (k—1)y/n] into k™ —1 equal parts. By the pigeonhole principle,
there must exist 2 nonnegative Sequences (y1,Y2,..-,yn) and (21, 22,...,2,) such

that ’ i Qi — g aizi| < (kknl Vi Set g, = y; — 2; to satisfy the condition.

Suppose to the contrary that (r—a;)(x —ag)---(x—a,)—1=
polynomials f(x) and g(x) with integer coeflicients and deg (f(x)),deg (g(x)) > 1.
Then f(a;)g9(a;) = —1 for i« = 1,2,...,n implies that f(a;) = 1 and g(a;) = —1
or f(a;) = —1 and g(a;) = 1. Therefore, if we set h(z) = f(z)+ g(z), then
h(a;) = 0 for all i = 1,2,...,n. As deg(h(z)) < max(deg(f(z)),deg(g(x))) < n,
the polynomial equation h(x) = 0 cannot have n distinct roots. It follows that h(x)
must be the zero polynomial. Thus f(z) = —g(z), and therefore

f(z)g(x) for some
)
1

(z—a)(z—a)...(z—an) —1=—(g())* <0

for all real values of . But this leads to a contradiction since we can choose a value
for x large enough so that (x — a;)(z —az)...(x — a,) — 1 is positive.

2nd solution: We start off as in the first solution. Then instead of defining h(zx), we
proceed as follows. Let f(a;) =1,1<i <k and f(a;) = -1, k+1 <4 < n. Then,
g(a;) = —-1,1 <i<kandg(a;)) =1, k+1 <i<n. Therefore deg (f(z) — 1) =
deg f(z) > max(k,n — k) > k_+(1;;k) = 5. Similarly degg(z) > 3. However
deg f(z)+deg g(x) = n, and thus n is even with deg f(z) = degg(x) = k = 2. Thus
flz)—=1=by{z—a1)(xr—az) - (x—ax), and g(x)+1 = be(x—ay)(x —az) - - (:c ak)
for some by, by € Z. Together we get f(z)g(x)+ f(x) —g(x) —1 = bibo[(x —ay)(x —
az)---(x — ax)]?. By comparing coefficient of the ™ term, byby = 1. This give us
f(x) =1 =g(x)+ 1. Similarly, we have f(z)+ 1= g(z) — 1, a contradiction.
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3. Let the point of contact of the two circles be P. First we show that A;, P and
By are collinear. Let the common tangent at P meet CA at D and CB at E. Let
/ABC =b=/CAB = /A,CB,, ZACB = ¢, ZA,CP = z and ZB;CP = y.
Then x + y = b and 2b+ ¢ = 180°. We have /PB1A =z, /B, PE = y. Therefore,
by considering PB1BE, /BEP = 2x. Hence /ZEPB; = x and consequently,
/B1PBy; = x +y = b. This implies that A;, P and By are collinear. Similarly
Ay, P and Bj are collinear. Then AA;BC ~ ANA{CB;, and ACAB; ~ ANA;CB;q,
whence AAlBC e ACABl Thus AC/ABl = AIB/BC and 302 = AIB : ABl,
since AC = BC. Also NAA;By ~ ABA;By. Thus AB,/AA; = BBy/A; B and
whence AA2 = A;B- AB;. Thus B is the midpoint of CBs. Since AB || A3 Bs, we
have A3By; = 2AB as required.

2nd solution: Let I'y be the circumcircle of AA;B{C and its centre be Oy, let
the other circle I'; has center O3, and the point of contact of the two circles be
P. Now since C'A; and CBj are tangent to ', we have C Ay = C'By. Together
with CA = CB, we have AA; = BB;. This implies that ACAB ~ ACA3B,
and AB || A2B2. Now ZA302B; = 180° — ZACB = 2/CAB = 2/A4,CB; =
ZA101B;. Thus, isosceles triangles A;O1 B, and A;O3 B, are similar. Since AB ||
A9 By, A10; || O3Bs, also note that O1 PO is a straight line. Therefore, we have
QZAlBlp = LAlOlP = APOQBQ = QZPAQBQ This implies that BlpAg is a
straight line. Similarly, A;PB; is a straight line. Now we let I'; intersects C' A
and CB at D and E respectively, and let DA; intersects EB; at G. By Pascal’s
Theorem on I'y and the hexagons CEB;PA,D, we have Ay, G and B; collinear.
Using the fact that NANACB; ~ ACA1B; ~ B1A,C, wehave /GA1B; = /DA A =
/DCB; = Z/CA1B,. Similarly, /GB1A; = ZCByA;. This implies that G is the
image of C' under reflection of line AB. Since G is on A3Bjy, A3Bs is twice as far
as AB from C. Thus, A, By, = 2AB.
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3rd solution: Let Iy be the circumcircle of AA;B,C and its centre be Oy, let the
other circle I'; has center O,. Now since CA; and C' By are tangent to [, we have
CAy = CBy. This implies that ACAB ~ NACA3B;. Let us perform inversion
with center C' and radius C'A. Let the image of A;, A, By, By under this inversion
be A}, A, B, B respectively. A, B and C remain invariant. The inversion keeps
every line that passes through C' invariant. Now the image of the line AA, BB
is the circumcircle of ACAB, let it be '3, and the image of I'; is the line A B;.
Thus the image of I'y is tangent to A;B;, AC and BC and is thus the incircle
of AABC and touches the sides AC and BC at A5 and Bj, respectively. Thus
C A, CB) 1

—4+ = =5 = 3, which implies that %";12 = %%2 = 2. Hence A and B are the

midpoints of AyC' and B;C, respectively. Thus A; By = 2AB.

We show that f is the identity function. First we observe that f is an injective
function:

fm)+ f(n) = f(n)+ f(n)
F(fm)+ f(n)) = f(f(n) + f(n))

m+n=n+n

Lyl

m=n
Let k& > 1 be arbitrary. From the original equation, we have the equations
FFR+AD)+f(k=1)) = (k+1)+(k—1) =2k, and f(f(k)+[f(k))=k+k =2k
Since f is injective, we have

flk+1)+ f(k=1)=f(k)+ f(k) or [flk+1)—[f(k)=[f(k)—f(k-1).

This characterizes f as an arithmetic progression, so we may write f(n) = b+
(n — 1)t where b = f(1) and ¢ is the common difference. The original equation
becomes b+ [(b+ (m — 1)t) + (b+ (n — 1)t) — 1]t = m + n, which simplifies to
(3b =2t — 1) + (m + n)t = m + n. Comparing coeflicients, we conclude that ¢t = 1
and b = 1. Thus f(n) = n, as claimed. Clearly, this function satisfies the original
functional equation.
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5. The answer is 2 = 420.

Let p1, pa.ps, ... be all the primes arranged in increasing order. By Bertrand's Postulate,
we have p; < piy < 2p; for all i € N, thus we have ppoy < 2pp < 4pp 1 < 8p 2 which
implies that 64dpepr 1Pk 2 > Ph s L

Let pr. < Va < ppy1 for some & € N. Note that p; | o for i = 1,2,..., k. Suppose
b > 5, then ¢/x > ps = 11. Since 11 > 2% and 11 > 32, we have 2°3% | . Since
k=5, ged(prpr_1pr 2-2°3%) = 1 and thus 2°3%p,pr_1pr—s | «. This means we have

x> T20epk ph—s > 6dprpe_1pr 2 > pryt. implying prpo < . which is a contra-
diction.Thus & < 5 and consequently, ¢ < 11 or o < 1331.

Next. we notice that the integer 420 is divisible by all positive integers < /420, thus
r > 420 = Ya > 7. It then follows that x is divisible by 22357 = 420.

Finally. suppose /7 > 9. We then have 2% -32.5.7 | v, i 2 > 2%.32.5.7 = 2520,
which is a contradiction since r < 1331. Thus /r < 9.= or x < 729. Since 420 | 2 and
r < 729, we have x = 420.

Alternatively, since = < 1331 and 420 | 2, we ounly need to check the cases r =
420. 840.1260.
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Important:

Answer ALL 35 questions.
Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answers on the answer sheet by shading the
bubble containing the letter (A, B, C, D or E) corresponding to the correct answer.

For the other short questions, write your answer in the answer sheet and shade the
appropriate bubble below your answer.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO.



Multiple Choice Questions

1

How many zeroes does the product of 25°, 150* and 2008> end with?

A 5

B) 9

) 10

D) 12

(E) 13

Given that\/ 2x+3 + A/ x¥*=9 =0, find the value(s) of y — x.
A -9

B) -6

©) —9or9

(D) —3or3

(E)  None of the above

The number of integers between 208 and 2008 ending with 1 is

(A) 101
(B) 163
C) 179
(D) 180
(E) 200

The remainder when 72°% + 92°% ig divided by 64 is

(A) 2
(B) 4
C) 8
(D) 16
(E) 32

John has two 20 cent coins and three 50 cent coins in his pocket. He takes two
coins out of his pocket, at random, one after the other without replacement. What
is the probability that the total value of the two coins taken out is 70 cents?

Rk
® =
© 5
) 3

® 5



In the following sum, O represent the digit 0. 4, B, X and Y each represents
distinct digit. How many possible digits can 4 be?

AOOBAOOB
+ BOOABOOA

XXOXYX0XX
(A) 6
B) 7
© 8
@) 9
(E) 10

The least integer that is greater than (2 +1/3 )’ is

A) 13
B) 14
<© 15
D) 16
(E) 17

Let x, y and z be non-negative numbers.ﬂ Suppose x + y =10 and y + z = 8. Let
S = x + z. What is the sum of the maximum and the minimum value of S?

(A) 16
(B) 18
(C) 20
(D) 24
(E) 26

How many integer solutions (x, y, z) are there to the equation xyz = 2008?

(A) 30
(B) 60
C) 90
D) 120
(E) 150

The last two digits of 92008 jg

(A) 01
(B) 21
C) 41
(D) 61
(E) 81



Short Questions

11 Find the remainder when x*** + 2008x + 2008 is divided byx+ 1.

12 Find the maximum value of A/ x — 144 + /722 —x .

13 Five identical rectangles of area 8 cm?’ are arranged into a large rectangle as
shown. '

Find the perimeter of this large rectangle.

14 60 students were interviewed. Of these, 33 liked swimming and 36 liked soccer.
Find the greatest possible number of students who neither liked swimming nor
soccer.

15 As shown in the picture, the knight can move to any of the indicated squares of

the 8 x 8 chessboard in 1 move. If the knight starts from the position shown, find
the number of possible landing positions after 20 consecutive moves.

7,724, 7

%, %

N
N
N
N\

- b

N
N
N

Z
7

SN

R/ /x\&\\%

\

-
~

Vi

L~

N\

16 Given that oo+ 3 =17 and o3 = 70, find the value of lo— B .

17 Evaluate (in simplest form)

\/ 2008 + 2007 \/ 2008 + 2007 \/ 2008 + 2007\ ... .

18 Find the sum of all the positive integers less than 999 that are divisible by 15.

4



19

20

21

22

23

24

25

26

]

A brand of orange juice is available in shop 4 and shop B at an original price of
$2.00 per bottle. Shop A provides the "buy 4 get 1 free" promotion and shop B
provides 15% discount if one buys 4 bottles or more. Find the minimum cost (in
cents) if one wants to buy 13 bottles of the orange juice.

Anna randomly picked five integers from the following list
53, 62, 66, 68, 71, 82, 89
and discover that the average value of the five integers she picked is still an

integer. If two of the integers she picked were 62 and 89, find the sum of the
remaining three integers.

Suppose the equation ! |x —al - b ‘ = 2008 has 3 distinct real roots and a # 0.
Find the value of 4.

Find the value of the integer » for the following pair of simultaneous equations to
have no solution.

2x = 1 + ny,
nx =1+ 2y.
There are 88 numbers aj, az, as, ..., ags and each of them is either equals to —3 or

—1. Given that ;> + a@,* + ... + ass* = 280, find the value of a,* + a,* + ... + ass”.

111111 11 1
. 273 475 6 7 2004 — 2005 2006 ~ 2007
Flndthevalueof1 X7 71 X 11 X o X T T X T T

374 576 778 2005 ~ 2006 2007 — 2008

An integer is chosen from the set {1, 2, 3, ..., 499, 500}. The probability that this

integer is divisible by 7 or 11 is S, nits lowest terms. Find the value of m + n.

The diagram shows a sector OAB of a circle, centre O and radius § cm, in which
ZAOB = 120°. Another circle of radius » cm is to be drawn through the points O,
A and B. Find the value of 7.

A

8 cm

120°




27

28

29

30

31

32

33

34

35

The difference between the highest common factor and the lowest common
multiple of x and 18 is 120. Find the value of x.

Let o and B be the roots of x* — 4x + ¢ = 0, where ¢ is a real number. If —¢ is a
root of x* + 4x — ¢ = 0, find the value of & .

Let m, n be integers such that 1 <m < n. Define

fim, n) = (l_ﬁl‘x’) x {1_1?111) X (I_m_l'vg) o X(l_é)'

If § =£(2, 2008) + f(3, 2008) + f(4, 2008) + ... + f(2008, 2008), find the value of
28.

Let a and b be the roots of x2 + 2000x + 1 = 0 and let ¢ and d be the roots of
x?—2008x + 1 =0. Find the value of (a + ¢)(b + ¢)(a — d)(b — d).

4 black balls, 4 white balls and 2 red balls are arranged in a row. Find the total
number of ways this can be done if all the balls of the same colour do not appear
in a consecutive block.

Given that » is a ten-digit number in the form 2007x2008y where x and y can be
any of the digits 0, 1, 2, ... , 9. How many such numbers » are there that are
divisible by 33?

In triangle ABC, AB = (b* — 1) cm, BC = a* cm and AC = 2a cm, where a and b are
positive integers greater than 1..Find the value of a — b.

2
e n -7 .
How many positive integers », where 10 < » < 100, are there such that g7 15

fraction in its lowest terms?

Let n be a positive integer such that n> + 19n + 48 is a perfect square. Find the
value of ».



Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2008

(Junior Section Solutions)

Answer: (E)
25° =51 150" = 2% x 3* x 5% and 2008> = 2° x 251°. So the product contains
factors 2" and 5'®, which produce 10",

Answer: (C)
Fory/2x+y +\x* -9 =0, 2x+y =0and~/x*—9 =0. So we have x =3
or—3andy=-2x=-6o0r6 =y—-x=-9or9.

Answer: (D)
The first integer is 211 and the last is 2001. So 211 + (r —1)10 =2001 = » = 180.
Answer: (A)
72008 = (8 — 1)%%%® = 64k, + 1 for some integers k;. Similarly, we have

92008 _ (8 + 1)2008 = 64k, + 1 for some integers k,. Hence the remainder is 2.

Answer: (D)
32,2 3 3
5%475%4%5

Answer: (A) .
Itisclearthat X=1.SoA+B=11=Y=2.HenceA+Bcanbe3 +8or4 + 7 or
S+6o0r6+5Sor7+4or8+3.

Answer: (B)

(2+43) =4+2/3+3=7+2/3 and (2-/3) =7-21/3.50(2+/3 )’
+(2-43)=14.Since 0 <2 —-/3<1,0< (2 -+/3) <1 = the least integer
that is greater than (2 +4/3 )’ is 14.

Answer: (C)

S S S
x+y+z=9+§. Sox=1+§,y=9—§andz=—l+§. Since x, y,z 2> 0, we
have2 < S<18.

Answer: (D)
2008 = 2° x 251. Consider |x|=27"x 2517, |y|=22x 251" and |z|= 2" x

2517, Then p; + p2 + p3 =3 and g1 + g2 + g3 = 1, so the number of positive integer
solutions is °C; x >C;, = 30. Together with the 4 possible distributions of the signs:




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

(+ + +), (& = =), (= + —), (= —, +), the equation has 30 x 4 = 120 integer
solutions.

Answer: (B)

Here we try to find 92°% (mod 100). We see that the 9? (mod 100) = 81,
9* (mod 100) = 61, 9° (mod 100) = 41, 9% (mod 100) = 21 and 9'° (mod 100) = 01.
Hence 9°9% = 98 (mod 100) = 21.

Answer: 1
The remainder is (-1)*°%® + 2008(-1) + 2008 = 1.

Answer: 34

From AM-GM : \/a_b <2 ; b, we have\/; +\/—b < +/2(a+ b). Hence| x — 144

+ 722 -x <+[2(722 - 144) =34,

Answer: 28

Let width of each rectangle = b, then length = 2b. So 2b* = 8 = b = 2. Hence
perimeter = 145 = 28.

Answer: 24

Let A = {students who liked swimming} and B = {students who liked soccer}.
The greatest possible number of students who neither liked swimming nor soccer
occurs when 4 — B, hence 60 — 36 = 24.

Answer: 32 .

The knight can move to any squares on the chessboard within 20 moves (in fact 4
moves are enough). Note that the knight starts from a white square, so after 20
consecutive moves it can be in any of the 64 + 2 = 32 white squares.

Answer: 3
Note that o and B are the roots of the equation x* — 17x + 70 = 0. Solving we have
x="7or 10. Hence ‘on—Bi =3.

Answer: 2008

Let x = '\/ 2008 + 2007 \[2008 +2007 ) 2008 + 20074/ ... , which is-clearly

positive. Now x* = 2008 + 2007x = (x — 2008)(x + 1) = 0. Hence the only
solution is x = 2008.

Answer: 33165
The required sum is 15+ 30 +45+ ... + 990 = 15(2211) = 33165.

Ans: 2160
In order to get the best price, the number of bottles bought in shop A4 should be a
multiple of 4. We see that in the 3 cases:



20.

21,

22.

23.

24.

25.

(1) 0 fromshop 4 and 13 from shop B: 2600 x 85% = 2210,
(i) 4 fromshop 4 and 8 from shop B: 800 + 1600 x 85% = 2160,
(ii1) 8 from shop 4 and 3 fromshop B: 1600 + 600 = 2200,

the lowest price is 2160.

Answer: 219
If we take modulo 5, the seven integers 53, 62, 66, 68, 71, 82, 89 give 3,2, 1, 3, 1,
2, 4. Hence the remaining three integers can only be 66, 71 and 82.

Answer: 2008
The equation is equivalent to | x — a| = b £ 2008.

Case 1: If b < 2008, then |x —a| = b — 2008 has no real root since b — 2008 < 0,
and |x—al = b+ 2008 has at most 2 real roots.

Case 2: If b > 2008, then both |x — al = b — 2008 and |x — al = b + 2008 has 2
real roots, which gives 4 distinct real roots a + (b — 2008) and a + (b + 2008),
sincea+ b+2008 >a+bH-2008>a—b+ 2008 >a—b—2008.

Case 3: If b = 2008, then |x —al =b - 2008 = 0 has only 1 real root x = g, and
|x—al =b+2008 =4016 has 2 real roots x = a = 4016.

Hence b =2008.

Answer: -2
Adding the 2 equations and simplifying gives (n + 2)(x — y) = 2. Hence if n = -2,
we get 0 =2 which is impossible.

Answer: 2008
Let m of them be —3 and » of them be —1. Then m + n =88 and (=3)*m + (—=1)*n
= 280. Solving, m = 24, n = 64. Hence (=3Y'm + (=1)*n = 2008.

Answer: 1004
1 1 1 1

n"n+l  n+l) So the numerator =3 x3x4x5x%...x2006x 2007 and the
: _ 1 ... 2008
denominator = 37 e 5007 x 2008 Which gives T = 1004.

Answer: 61
There are 71 multiples of 7, 45 multiples of 11 and 6 multiples of 77 that are less

than 500. So there are 71 + 45 — 6 = 110 numbers in the set which are multiples of

110 11
7 or 11. Hence probability = 500" 50"



27.

28.

29.

30.

26. Answer: 8
Consider the line OP such that ABOP is equilateral. Similarly, AAOP is

equilateral. Hence P4 = PO = PB = P is the centre of the circle that passes
through the points O, 4 and B. Clearly, » = OP = 8 cm.

A/\P

60°

Answer: 42

Let the HCF of x & 18 be k and let x = ka, 18 = kb where ged (a, b) = 1. We have
LCM of x & 18 = kab. From information given, kab — k = 120. Clearly gcd (ab —
1,b)=1, so ged (kab — k, kb) =k = gcd (120, 18) =k = k=6. Hence b =3 and
x=42.

Answer: 0 .

a is a root of the equation x> — 4x + ¢ =050 @* — 4a+ ¢ =0 and —« is a root of
the equation x* + 4x — ¢ = 0 50 (—a)? + 4(—a) — ¢ =0. We have 2c =0 = ap = ¢
=0.

Answer: 2007
m-—1 m m+1 n—l)_m-l
f(ms”)—( " )X(m+1)x[m+2]x...x( 7 == -

= f2,n)+fB,n)+fA n)+ ... +f(n,n)= 1+2+3+n___+(n_1):n;1

2007 _

= f(2,2008) +£(3, 2008) + f(4, 2008) + ... + (2008, 2008) = —5— = .

Answer: 32064
Note thatab=cd =1, a + b =-2000 and ¢ + d=2008. So we have

(@a+c)b+c)a—d)b—d) = [ab+ (a+b)c+c[ab—(a+ b)d+d’]
= (1-2000c + ¢*)(1 + 2000d + d?)
= (8¢)(40084)
= 32064.

10



31.

32.

33.

34.

35.

Answer: 2376

10! 7!
Using the Principle of Inclusion and Exclusion, number of ways = 214101 ~ 2 a0
9! 6! 4!
_M+2Z_'+5_3! =3150-210-630+60+ 12 -6 =2376.
Answer: 3

33=3x11.So3mustdivide2 +7+x+2+8+y =19 +x+y=3k. 11 must
divide (7+2+y)-2+x+8) = y—-x-1=11lkkh=-10<11h<8=k=0.S0
y=x+1=20+2x=3k.Whenk; =8, x=2and y=3. When k; = 10, x =5 and
y=6.Whenk; =12, x=8andy=09.

Answer: 0

Using Triangle Inequality, a* + 2a > b*— 1 = (a+ 1 = b)(@+ 1 + b) > 0. Since a +
1+b>0=a+1-b>0=a-b>0. Using Triangle Inequality again, 2a + b* —
1>a>=(a-1-b)a-1+b)<0.Sincea-1+b>0=>a-1-b<0=>a->b
<0.Hencea—-5b=0.

Answer: 46

ged -9 -7=1> ged (n2 -9, 2) = 1. Hence #* — 9 must be an odd
: 00-10

number = # is even. Since 10 < n < 100, there are ™ 5+ 1 = 46 possible

positive integers 7.

Answer: 33

n® + 19n + 48 = (n + 3)(n + 16). If n + 3 = 13k for some integer k, then n + 16 =
13(k + 1). However, (n+ 3)(n + 16) = 169k(k + 1) cannot be a square. So 13 must
not divide n + 3 = ged (n + 3, n + 16) = 1 = they should be both perfect squares.
Letn+3=m" Sincen+162m+ 1 =m*+2m+1=n+3+2m+ 1, we have
m < 6. Checkingm=2,3,4,5and 6, n + 16 = m*+13 = 17, 22, 29, 38 and 49
respectively. Hence m = 6 and n = 33.

11
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Instructions to contestants

e o =~

Answer ALL 5 questions.
Show all the steps in your working.

FEach question carries 10 mark.

No calculators are allowed.

In AABC, ZACB = 90°, D is the foot of the altitude from C to AB and £ is the point
on the side BC such that CE = BD/2. Prove that AD + CE = AE.

Let a, b, c,d be positive real numbers such that cd = 1. Prove that there is an integer n
such that ab < n? < (a+¢)(b+d).

In the quadrilateral PQRS, A, B, C and D are the midpoints of the sides PQ, QR, RS
and SP respectively, and M is the midpoint of C'D. Suppose H is the point on the line
AM such that HC = BC'. Prove that ZBHM = 90°.

Six distinct positive integers a,b, c.d,e, f are given. Jack and Jill calculated the sums of
each pair of these numbers. Jack claims that he has 10 prime numbers while Jill claims
that she has 9 prime numbers among the sums. Who has the correct claim?

Determine all primes p such that
5 +4.p°

is a perfect square, i.e., the square of an integer.

12
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1. Let AD =¢q, BD =p. Then CE =p/2 and p + q¢ = AB = c¢. By similar triangles, we
also have CA = b = ,/cq. Let I’ be the point on AF so that EF = CFE. From ANACE,

we have
AE? = CA? + CE?, ie., (AF +p/2)?>=cq+p*/4=(p+a)q+p?/4

Therefore
AF(AF +p) = q(g+p)-

From here it follows that AF" = ¢ and we are done.

2. We need to prove that vab+1 < v/ (a+¢)(b+d). By squaring both sides and simplify,
this is equivalent to Vab < (bc + ad)/2. Since (bc + ad)/2 > Vabed = Vab, the proof
is complete.

3. First observe that ABCD is a parallelogram by Varignon's theorem. Let the extensions
of AM and BC meet at N. Since AD is parallel to CN, ZMAD = /ZMNC. Since
LAMD = ZNMC and MD = MC, AMAD and AMNC are congruent, so that
CN =DA=CB = HC. Thus H lies on the circle centred at C' with diameter BN.
Hence /BHM = 90°.

4. Suppose k of the 6 numbers are even. Since the sum of two even or two odd numbers are
even, and the sum of two distinct positive positive integers is > 2, the only even prime,
we see that the number of primes among the sums is at most k(6 — k). By checking for
k=0,1,...,6, we see that the maximum value of k(6 — k) is 9 attained when k = 3.
Thus Jack’s answer is definitely wrong. Jill's answer is correct because 9 primes can be
obtained from the following 6 numbers: 2, 4, 8, 3, 15, 39.

13



5. Let 5 +4 - p* = ¢%. Then
57 = (g - 2p%)(q + 2%).

Thus
g—2p*=5° q+2p°=5" where0<s<tands+t=p

Eliminating g, we get 4p? = 5%(5'=° — 1). If s > 0, then 5 | 4p%. Thus p = 5 and the
given expression is indeed a square. If s = 0, then t = p and we have 5P = 4p? + 1.
We shall prove by induction that 5% > 4k2 + 1 for every integer k > 2. The inequality
certainly holds for £ = 2. So we assume that it holds for some & > 2. Note that

4k+1)°+1  4k2+1 8k

- <1+141<5 fork>2
4k2 + 1 J N R Ry | + o=

Therefore
5F+1 = 5.5%F > 5(4k® +1) > 4(k+1)* + 1.

14
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Important:

Answer ALL 35 questions.

Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answer on the answer sheet by
shading the bubble containing the letter (A B, C, D or E) corresponding to

the correct answer.

For the other short questions, write your answer on the answer sheet and
shade the appropriate bubble below your answer.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO

15



Multiple Choice Questions

1+3+5+7+...+99

1. Find the value of .
2+44+6+8+...+100
48
A .
@) 49
49
B 7
B) s
50
C bt
(©) =
98
D 7°
(D) %9
100
E e
®) 101
2. Suppose that x and y are real numbers that satisfy all the following three
conditions: 3x—2y=4—p; 4x-3y=2+ p; x>y . What are the possible values
of p?
A p>-1
B) p<l
< p<-1
D) p>1

(E) p can be any real number

3. If f(x)=x"++1-x" where —1<x<1, find the range of f(x).

A) %Sf(x)ﬁ

®) ISf(x)S%

©) 1<f()< ”j‘/g
(D) if— < f()<1
GEEEEVISE g

16



If aandb are integers and /7 — 44/3 is one of the roots of the equation
x2+ax+b=0, find the value of a + b.

Aa) -3
B) -2
€ 0
D) 2
E) 3

A bag contains 30 balls that are numbered 1, 2, ..., 30. Two balls are randomly
chosen from the bag. Find the probability that the sum of the two numbers is
divisible by 3.

@ 3
® 3
© =
o
® =

ABCD is a square with AB = @, and AEFG is a rectangle such that E lies on side
BC and D lies on side FG. If AE = b, what is the length of side EF?

b
A - B E C
a
® O
2b .
4q° “ b
C IR
(©) 3
V2 a2
(D) p A _ D
2
a
E _
(E) ;
G

17



7. Find the value of sin® % +sin® 27 4 sin® 2% 4 gin* 2%
a) 1
3
B =
(B) 5
7
C z
(©) ,
D) 2
5
E hat
(E) 5
8. A circle with radius x cm 1s inscribed inside a triangle ABC, where £/ ACB is a
right angle. If AB =9 cm and the area of the triangle ABC is 36 cm’, find the
value of x. B
A) 22
B) 26
< 3
(D) 34
(E) 38
A /C
9. How many positive integers # are there such that 7» + 1 is a perfect square and
3n+1<2008?
(A) 6
B) 9
< 12
(D) 15
(E) 18

10.  Find the minimum value of (a + b)(l + %j , where a and b range over all positive
a

real numbers.

A 3
B 6
© 9
(D) 12
(E) 15

18



Short Questions

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Find the smallest integer # such that n(w’“ﬁ -10) > 1.

Given that x and y are positive real numbers such that (x + y)* = 2500 and
xy =500, find the exact value of x° + y3 .

Find the smallest positive integer N such that 2” > »n* for every integer # in
{NNN+I,N+2,N+3, N+4}.

The lengths of the sides of a quadrilateral are 2006 cm, 2007 cm, 2008 cm and
x cm. If x is an integer, find the largest possible value of x.

Find the number of positive integers x that satisfy the inequality ' 3+log, % } < g

Two bullets are placed in two consecutive chambers of a 6-chamber pistol. The
cylinder is then spun. The pistol is fired but the first shot is a blank. Let p denote
the probability that the second shot is also a blank if the cylinder is spun after the
first shot and let q denote the probability that the second shot is also a blank if the
cylinder is not spun after the first shot. Find the smallest integer N such that

N> IOOp'

q

Find the value of (log 5 (c0820%) +log 5 (cos40”) + log 5 (cos 80 ))2 :

Find the number of ways for 5 persons to be seated at a rectangular table with 6
seats, 2 each on the longer sides and 1 each on the shorter sides. The seats are not
numbered.

Find the remainder when (x — 1)'% + (x — 2)** is divided by x* — 3x + 2.

Suppose that ABC is a triangle and D is a point on side AB with AD =BD = CD.
If ZACB= x°, find the value of x.

19



21.

22.

23.

24.

25.

26.

27.

If x, y and z are positive integers such that 27x + 28y + 29z = 363, find the value
of 10(x +y + 2).

tan40° tan60° tan 80°

Find the value of .
tan40° + tan60° + tan 80°

In the figure below, ADE is a triangle with £/ AED =120°, and B and C are points
on side AD such that BCE is an equilateral triangle. If AB =4 cm, CD = 16 cm
and BC = x cm, find the value of x.

E

/

A B C D

Suppose that x and y are positive integers such that x + 2y = 2008 and xy has the
maximum value. Find the value of x —y.

Js

If cos(24) = 5 find the value of 6sin® 4+ 6cos® 4.

Let N be the positive integer for which the sum of its two smallest factors is 4 and
the sum of its two largest factors is 204. Find the value of V.

99 k+1
(=D .
IfS= 2 , find the value of 1000S.
= Jk(k+1) Nk +1-+k)

20



28.

29.

30.

31

A teacher wrote down three positive integers on the whiteboard: 1125, 2925, N,
and asked her class to compute the least common multiple of the three numbers.
One student misread 1125 as 1725 and computed the least common multiple of
1725, 2925 and N instead. The answer he obtained was the same as the correct
answer. Find the least possible value of N.

The figure below shows a triangle ABC where AB = AC. D and E are points on
sides AB and AC, respectively, such that AB =4DB and AC = 4AE. If the area of
the quadrilateral BCED is 52 cm? and the area of the triangle ADE is x cm®, find x.

A

The figure below shows two circles with centres A and B, and a line L which is a
tangent to the circles at X and Y. Suppose that XY =40 cm, AB =41 cm and the
area of the quadrilateral ABYX is 300 cm®. If @ and b denote the areas of the

. . . . b
circles with centre A and centre B respectively, find the value of —.
a

Find the maximum value of 3 sin(x + %) +5 sin(x + 4?72'} , where x ranges over all

real numbers.

21



32.

33.

34.

35.

Find the number of 11-digit positive integers such that the digits from left to right
are non-decreasing. (For example, 12345678999, 55555555555, 23345557889.)

Find the largest positive integer # such that v/n —100 ++/%+100 is a rational
number.

LetS=1{1,2,3,...,20 } be the set of all positive integers from 1 to 20. Suppose
that V is the smallest positive integer such that exactly eighteen numbers from S
are factors of V, and the only two numbers from S that are not factors of NV are
consecutive integers. Find the sum of the digits of V.

Let a,, a,, a,, ... be the sequence of all positive integers that are relatively
prime to 75, where a, < a, <a, <---. (The first five terms of the sequence are:

a,=1,a,=2,a,=4,a,="7,a;=8.) Find the value of a,,.

22
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Answer: (C)
Since the numbers of terms in the numerator and denominator are the same, we
1+3+5+7+---+99 100 _ 50

have = =—.
2+4+6+8+---+100 102 S1

Answer: (D)

Solving the simultaneous equations 3x — 2y =4 — p and 4x — 3y =2 + p, we obtain
x=8-5p,y=10-7p.Sincex>y,8-5p>10—-"Tp,sop > 1.

Answer: (B)

Let x> ++/1—x* =M. Then (x* — M)* =1—x?, which leads to

x* —=(2M -1x* + M?* —1=0. For real x, we must have

(2M —1)* —4(M?* —1) > 0, which gives M < %

Note that f(-1)= f(0)=f(1)=1. Assun&e that f(x) <1 for some x #—1,0,1.

Then x? ++/1—x* <1, or Y1—x* <1 —x?, which is not possible since
—1<x<1.Thus f(x)=>1, and hence lsf(x)S%.

Answer: (A)

Note that \/7 —44/3 = \/(2 - \/5)2 —2—/3 . Since /7 —4+/3 is aroot of the
equation x> +ax+b =0, we have (7—4~/3)+(2 —~/3)a+b = 0. Rearranging the

terms, we obtain (7 +2a+b) — (4 + a)/3 =0. This implies that 7+ 2a + 5 =0
and4 + a =0, which givea=—-4and b= 1. Thus a + b =-3.

Answer: (B)
LetSi={1,4,7,...,28}, $2={2,5,8,...,29}, $5={3,6,9,...,30 }. Note
that each of the three sets has 10 elements. Now for any two distinct numbers a
and bin { 1,2, 3, ..., 28, 29, 30 }, their sum a + b is divisible by 3 if and only if
one of the following conditions holds:

(1) the two numbers a and b belongs to S} and S, respectively;

(i1) both numbers a and b belong to Ss.

C,+"°C,"°C,  45+100 1

o, (1529 3

Therefore the required probability =
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Answer: (E)

Note that
area of AABD = area of AAED
= area of AAEF.

Therefore

a* = area of square ABCD
=2 x area of AABD
=2 x area of AAEF
= area of rectangle AEFG.

2

Hence EF = % .

Answer: (B)

a4 3r 4 S5t .,
sin” —+sin” —+sin” = +sin* —
8 8 8 8

= 2(sin4 7 4 sin* 3”) = 2(sin4 7 +cos* ”)
8 8 8 8
=2 (sin2 Z 4 cos? ZJ —2sin? Zeos? X
8 8 8 8

=2[1—lsin2 5}:3
27 4) 2

Answer: (C)

C

Note that area of AABC = (AB)x + x°. Thus we obtain 36 = 9x + x%, or
x? +9x—36=0. Solving the equation gives x = 3 or x = —12, so the radius is 3cm.

Answer: (E)

First note that 3»+ 1 <2008 implies that n < 669.

m* —1

Since 7n + 1 is a perfect square, we let 7n + 1= m*. Then n = , which is an

integer. Thus 7 is a factor of m* —1= (m—1)(m+1). Since 7 is a prime number,
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10.

11.

12.

13.

14.

15.

this implies that 7 is a factor of m— 1 or m + 1; thatis, m =7k—1 or 7k + 1 for
some integer k.

m’ -1 49k* —14k
7 7
Tk* =2k < 669, which implies thatk=1, 2, ..., 9.

e . 21 49k*
Similarly, if m = 7k + 1, then n=m7 _® ;14k=7k2+2k<669,sowe

obtaink=1,2,3, ..., 0.
Hence there are 18 such positive integers.

If m=7k-1, then n= =T7k* =2k . As n < 669, this gives

Answer: (C)

2 2 2 2
(a+b)[l+ij:1+4+?-+4—a:5+b—+4—a. Letm:M.Thenwe
a b a b ab ab

have 4a* — mba +b* = 0. This implies that for any positive values of m and b,

m*b? —16b>>0. Thus we have m*> —=16>0, or m>4.

Therefore (a + b)(l + %) =5+m 29. Hence the minimum value is 9.
a

Answer: 21
Solving the inequality #7(+¥101 —10) > 1, we obtain

1 \/101+10:\/ﬁ+10

n> =
V101 -10 1

As nis an integer and 10 <+/101 <11,we have n > 21.

Answer: 50000
X4y’ =+ —+ ) =+ )(x+ )’ -30]
=50[2500-3(500)] = 50000.

Answer: 5
Using guess and check, we obtain N = 5.

Answer: 6020
By triangle inequality, x <2006 + 2007 + 2008 = 6021. Since x is an integer, it
follows that the largest possible value of x is 6020. -

Answer: 25

We have —§<3+10gxl<§
3 33
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16.

17.

18.

19.

17 1 1

- <
3 log, x 3

3
—<log.x<3
17 g5

37 « x <27.

As 1<3%"7 <2, we see that integer solutions of the last inequality are x =2,
3,...,26. Hence there are 25 of them.

Answer: 89
p = Prob(2™ shot blank | cylinder spun again) = 4/6, and
g = Prob(2™ shot blank | cylinder not spun again) = 3/4.

100p 800

Therefore T ~ 88.8, and hence the smallest N = &9.
q

Answer: 36
We have

log 5 (cos20°) + logﬁ(cos 40°) + log f; (cos 80°)
=log ;(cos20" -cos 40° - cos 80°)

1
=log (cos 20° -5(005120" +cos 40°)j
1 .1 . .
=log —Zcos20 +ECOS4O cos 20

= logﬁ(—%cos 20° +%(cos 60° + cos 20°)j

1 log, 8
82 8 log,(2"?)

Hence the answer is (=6)* = 36.

Answer: 360

The empty seat can be considered to be a person. Now the number of ways of
sitting at a round table is (6 — 1)! = 120. Note that each arrangement at a round
table can be matched to 3 different arrangements at the rectangular table. Thus the
number of ways of sitting at the rectangular table is 3 x 120 = 360.

Answer: 1
By the division algorithm, we have

(x=D"+ (x=2)*" = (x* =3x+2)g(x) +ax+b,
where ¢(x) is the quotient, and ax + & is the remainder with constants a and b.
Note that x* —3x+2 = (x—1)(x—2). Therefore

(x=1)" + (x = 2)%* = (x = )(x = 2)g(x) + ax + b,
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20.

21.

22.

Putting x = 1, we obtain
(1-2)*"=ag+b,ora+b=1.
Putting x = 2, we obtain
2-D)'"=2a+b, or2a+b=1.
Solving the two equations givesa=0and b = 1.

Answer: 90

A C

First note that since ADAC and ADBC are isosceles triangles, we have
£ZDAC = £ZDCA and £ZDBC = ZDCB. Now by considering the sum of angles in
AABC, we have
Z/DAC + ZDBC + £ZDCA + ZDCB =180’,
2/DCA +2/DCB = 180’ .
Therefore Z/ACB = Z/DCA + Z/DCB=90'".

Answer: 130
Since x, y and z are positive, we have
2N(x+y+z)<27x+28y+29z2<29(x +y + z).
Thatis, 27(x +y +z) <363 <29(x +y + z).
Therefore it follows that
x+y+z<134 and x+y +z>12.5.
Since x, y and z are integers, we obtain x + y +z = 13. Hence 10(x + y + z) = 130.

Answer: 1
We show that more generally, if AABC is acute-angled, then
tan4-tanB-tanC

tand +tanB+tanC

We have
tanA+tan B +tanC

=tan 4 +tan B + tan(180° — (A4 + B))
=tan 4 +tan B —tan(4 + B)

= tanA+tanB—M
l—-tan Atan B
=(tan4A+tanB) 1 - ! ]
l-tanA4-tan B

27



23.

24,

25.

—tan 4-tan B
= (tan A +tan B) —anatanp
1-tan 4-tan B
_ (tan A-tan B) _M)
l—-tan 4-tan B

=tan A4 -tan B-tan(180° — (A4+ B))

=tanA4-tan B-tanC,
so the result follows.

Answer: 8.

A B C D
We have
ZABE=180"-60"=120"= ZECD and
ZAEB =180"- (ZBAE +120") = ZCDE.
Therefore AABE is similar to AECD, and it follows that AB:BE = EC:CD.
Hence BC?= (BE)(EC) = (AB)(CD) = 64 cm®, so BC = § cm.

Answer: 502
Since x + 2y = 2008, x2y has the maximum value if and only if

x=2y= % =1004. Note that 2xp has the maximum value if and only if xy

does. Thus x —y = 1004 — 502 = 502.
Answer: 4
Using the identity (@’ +b°) = (a+b)(a® —ab+b*) with a =sin* 4 and

b =cos® 4, we have
sin® 4+ cos® 4= (sin” 4+ cos® A)((sin® A+ cos® A)* —3sin* Acos’ A)

=1-3sin® Acos’ 4 =l—%sin2 24

=1—§(1—cos22A)=1—§(1—§J=3.
4 4\ 9) 3

Hence 6sin® 4+ 6cos’® 4 = 4.
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26.

27.

28.

29.

Answer: 153
Note that 1 is certainly the smallest factor of NV, so 1 and 3 are the two smallest

factors of N. Consequently, N and % are the two largest factors of N. Thus we

obtain the equation N + ];7 = 204. Solving the equation gives N = 153.

Answer: 1100
V24T _B+V2 Ja+d3 41004499

S = ..
V1x2 V2x3 V3x4 V99 %100

:[L+_1_J_£L+L]JL+L]_...+( L1 )
A )\ BB 7 \V99 100

V100 10 10

Hence 1000S = 1100.

Answer: 2875
We look at the prime factorizations of 1125, 2925 and 1725. We have
1125=3% x5, 2925=3%x52x 13,1725 =3 x 5° x 23,
Since
LCM(3® x 5%, 3% x 52 x 13, N) = LCM(3 x 5% x 23, 32 x 5% x 13, N),
we see that the least possible value of Nis 5° x 23 = 2875.

Answer: 12

Consider AADE and ACDE. Since CE = 3AE, we see that
area of ACDE = 3 x area of AADE = 3x cm?.
Similarly, we have

area of ABCD = % x area of AACD.
Now area of AACD = area of AADE + area of ACDE = 4x cm?, so

area of ABCD = 4% cm?.

Thus we obtain the equation 3x + i;i =52, which gives x = 12.
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30. Answer: 16

Let the radii of the circles with centres A and B be x cm and y cm respectively,
and let C be the point on the line segment BY such that AC is parallel to XY.
Then AC =40 cm and BC = (y — x) cm. Since AABC is a right-angled triangle, we

have (y—x)* +40? = 41? by Pythagorean theorem, so
y—x=09.

Now consider the trapezium ABYX. We have 300 = ? (x+y), which gives

x+y=15.
Solving the two simultaneous equations, we obtain x = 3 and y = 12. Hence

2
L[Ej _16.
a 3
31. Answer: 7
3sin(x+';j+551n(¥+—]
=3sin(x+?rj+55m[x+ +ﬂ:j
9 3
j T
T

. T . T T ks .
=3s8in| x+— |+ 5sin| x +— cos—+5005(x+—jsm~—
9 9 3 9 3
11 . ( 5\3 ( 71']
=—sin| x+— |+ ——cos| x+— |.
2 9 2 9

2 2
Hence the maximum value is \/ [1—21] + (—SL/E] =7.

2

32. Answer: 75582
We note that each 19-digit binary sequence containing exactly eight ‘0’s and
eleven ‘1’s can be matched uniquely to such an 11-digit positive integer in the
following way: Each ‘1 will be replaced by a digit from 1 to 9, and one more

than the number of ‘0’s to the left of a particular ‘1’ indicates the value of the
digit. For example, 0110000010101111111 is matched to 22789999999, and
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33.

34.

35.

1110000000011111111 is matched to 11199999999. 1t follows that the required
19
number is (8 J =75582.

Answer: 2501

First we note that if v/n —100 + v +100 is a rational number, then both

Jn—=100 and +/n+100 are rational. Since n is a positive integer, this implies that
vn—100 and +/n+100 are integers. Let V»—100 =k and vn+100 =2¢.

Squaring both sides of the equations, we obtain 7 — 100 = &* and n + 100 = ¢2.
This gives

200= 07 k> =(L=k)L+k). --—(1)
Now for # to be the largest positive integer for which V=100 ++/n+100 is
rational, / —k =/n+100 —~/n—100 should be as small as possible. We rule out

/—k =1 since it leads to / and & being non-integers from equation (1). Thus we
have ¢/ —k =2, and it follows from equation (1) that /+k =100. Hence ¢ =51

and k=49, and n=k* +100=49% +100=2501.

Answer: 36
We first find out which two consecutive humbers from S are not factors of V.
Clearly 1 is a factor of N. Note that if an integer £ is not a factor of N, then 2k is
not a factor of N either. Therefore for 2 < k£ <10, since 2k is in S, k£ must be a
factor of V, for otherwise, there would be at least three numbers from S (the two
consecutive numbers including k, and 2k) that are not factors of N. Hence 2, 3, ...,
10 are factors of V. Then it follows that 12=3 x 4,14 =2x7,15=3 x5,18=2
x 9,20 =4 x 5 are also factors of N. Consequently, since the two numbers from S
that are not factors of V are consecutive, we deduce that 11, 13, and 19 are factors
of N as well. Thus we conclude that 16 and 17 are the only two consecutive
numbers from S that are not factors of N. Hence

N=2>x32x5x7x11x 13 x 19 = 6846840,
so the sum of digits of N =2 x (6 + 8 + 4) = 36.

Answer: 3764
Let U={1,2,3,...,74, 75} be the set of integers from 1 to 75. We first find the
number of integers in U that are relatively prime to 75 =3 x 5%, Let A= {neU: 3
is a factor of n} and B= {ne U : 5 is a factor of n}. Then 4 U B is the set of
integers in U that are not relatively prime to 75. Note that |[4] = 25, |B| = 15 and
ANB|=|{neU: 15 is a factor of n}| = 5. By the principle of inclusion-exclusion,
| AU B| = |A| + |B| -|4 n B| = 35. Therefore the number of integers in U that are
relatively prime to 75 is |[U| — | AW B| =75 — 35 = 40. Thus

a=lLa =2a,=4a,=7,a,=8,...,a,=74.
Now by division algorithm, any non-negative integer can be written uniquely in
the form 75k + » for some integers k and r, where £ > 0 and 0 < » < 74. Note that
gcd(75k +r,75) =1 if and only if ged(r, 75) = 1. Therefore the sequence {a,} >

31



can be written in the form a,, = 75k + a;, where k> 0 and 1 <i <40. Indeed, k is

given by k = L:?—OJ and 7 is the remainder when # is divided by 40. Thus for n=

2008, k = F:]—gﬁJ =50 and i = 8. Hence

axos="75 % 50 + ag = 3750 + 14 = 3764.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2008

(Senior Section, Round 2)

Saturday, 28 June 2008 0930-1230

Instructions to contestants

.. Answer ALL 5 questions.
. Show all the steps in your working.

1
2
3.
4

Each question carries 10 mark.

. No calculators are allowed.

Let ABCD be a trapezium with AD || BC. Suppose K and L are, respectively, points
on the sides AB and CD such that ZBAL=/CDK. Prove that /BLA = /CKD.

Determine all primes p such that
5P + 4. pt

is a perfect square, i.e., the square of an integer.

Find all functions f : R — R so that

(i) f2u) = flu+v)flv—u)+ f(u—v)f(—u—wv) for all u,v € R, and
(ii) f(u) >0 for all u € R.

There are 11 committees in a club. Each committee has 5 members and every two
committees have a member in common. Show that there is a member who belongs to 4
committees.

Let a,b,c > 0. Prove that

(14+a®)(1+6H)(1+ )
(1+a)1+b)(1+¢)
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2008

(Senior Section, Round 2 Solutions)

It's clear that ABLK is cyclic. Thus ZADL +
/AKL = 180°. Therefore /BKL + /BCL =
(180°—LAKL)+(180°—£ADL) = 180°, so that
BCLK is also cyclic. Hence ZABL = ZDCK
and /BLA =180° — ZABL — ZBAL = 180° —
/DCK — /CDK = LCKD.

Let 52 + 4 -p* = ¢°. Then

Thus
g—2p° =55 q+2p°=5" where0<s<tands+i=p

Eliminating g, we get 4p? = 55(5!=% —1). If s > 0, then 5 | 4p®>. Thus p = 5 and the

given expression is indeed a square. If & = 0, then ¢ = p and we have 57 = 4p? + 1.

We shall prove by induction that 5% > 4k2 + 1 for every integer k& > 2. The inequality

certainly holds for £ = 2. So we assume that it holds for some k& > 2. Note that
Ak+1)2+1 4k 4+1 8k 1

- | b ci4141<5 fork>2.
21 921 w2yl el S ork=

Thus .
SRl = 5.5 > 5(4k? +1) > 4(k+1)% + 1.

f is either constantly 0 or constantly 1/2.
Clearly, either of the constant functions above satisfies the requirements. Conversely,
suppose the given conditions hold. Setting u = v, we have

f(2u) = f(2u)£(0) + F(0)f(—2u).

Case 1. f(0) =0.
Then f(2u) =0 for all u € R and hence f is constantly 0.

Case 2. f(0)=c#0.
Then .
f(=2u) = ch(Qu) forall u € R.

Setting u = 0, we have in particular ¢ = 1 — ¢. Hence ¢ = 1/2. It follows that
f(—u) = f(u) for all u € R. Therefore,

f2u) = fluto)f(u—v)+ flu—v)f(u+v)=2f(u+v)f(u—0)

Setting u = 0, we have 1/2 = f(0) = 2f(v) f(—v) = 2(f(v))?. Thus f(v) = 1/2 for all
v € R since f(v) > 0.



4. Form an incidence matrix A where the rows are indexed by the committees and the
columns are indexed by the members and where the (¢, ) entry, a;; = 1 if member j is
in committee ¢. Then there are five 1's in each row and for each 7, j, there exists k& such
that a;r = a;ix = 1. Thus there are fifty five 1's in A. We need to prove that there is
column with four 1's. Without loss of generality, assume that a;; =1 fori =1,....,5.
Consider the submatrix B formed by the first five columns and the last ten rows. Each
row of B has at least one 1. Hence B has ten 1's. If there is a column with three 1's,
then A has a column with four 1's and we are done. If not, then every column has two
1's and thus each of the corresponding columns in A has three 1's. By consider all the
other rows, we see that if no column has four 1's, then every column must have exactly
three 1's. But this is impossible as there are fifty five 1's in A but 3 1 55.

5. First, for any real number ¢, we have
21+ = (1+)(1+t)P + 1 =tH(1 - )3 > 1+t (1 + 1),
with equality if and only if ¢ = 1. In particular, for nonnegative ¢,

1+1¢2

1
23
1+t

3 1
> (1+1t°)53,
with equality if and only if t = 1. Thus

(14+a®)(1+0%)(1+2)
(1+a)(14+b)(1+c¢)

1

14 a®)3(1+b3)3 (1 + c%)5

A\

(

(1+a®+0%+ & +a®0® + b3 + 3a® + a®h3c?)3
1

(1 + 3abc + 3a2b%c + a®b3c3)3

1

>
> 1+ abe.

Equality holds if and only ifa = b =c = 1.
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Wednesday, 28 May 2008 0930-1200

Instructions to contestants

e

[

Answer ALL 25 questions.

Write your answers in the answer sheet provided and shade the appropriate bubbles below your
answers.

No steps are needed to justify your answers.

FEach question carries 1 mark.

No calculators are allowed.

Determine the number of three-element subsets of the set {1,2,3,4,...,120} for which
the sum of the three elements is a multiple of 3.

There are 10 students taking part in a mathematics competition. After the competition,
they discover that each of them solves exactly 3 problems and any 2 of them solve at
least | common problem. What is the minimum number of students who solve a common
problem which is solved by most students?
Evaluate the sum

6237

> Lloga(n)],

n=1

where || denotes the greatest integer less than or equal to .

849999

Determine the number of positive integer divisors of 99 that are not the divisors of

99849998.

Let p(x) be a polynomial with real coefficients such that for all real x,
2(1 4 pl(2)) = pla — 1) + pla +1)

and p(0) = 8, p(2) = 32. Determine the value of p(40).

In the triangle ABC', AC =2BC, ZC = 90° and D is the foot of the altitude from C
onto AB. A circle with diameter AD intersects the segment AC at E. Find AE : EC.

In the triangle ABC, AB = 8,BC =7 and CA = 6. Let E be the point on BC such
that /BAE = 3/EAC. Find 4AE>.

In the triangle ABC, the bisectors of ZA and /B meet at the incentre I, the extension of
Al meets the circumcircle of triangle ABC at D. Let P be the foot of the perpendicular
from B onto AD, and @) a point on the extension of AD such that /D = D(Q. Determine
the value of (BQ x IB)/(BP x ID).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

In a convex quadrilateral ABCD, /BAC = ZCAD, ZABC = ZACD, the extensions
of AD and BC meet at E, and the extensions of AB and DC meet at F'. Determine

the value of
AB-DE

BC-CE’

For any positive integer n, let N,, be the set of integers from 1 to n, ie., N, =
{1,2,3,--- ,n}. Now assume that n > 10. Determine the maximum value of n such that
the following inequality

in
a,bEA
a#b

holds for each A C N,, with |A| > 10.

la— b < 10

How many four-digit numbers greater than 5000 can be formed from the digits 0, 1, 2,
3,4,5 6,7, 8,9 if only the digit 4 may be repeated?

Three girls A, B and C, and nine boys are to be lined up in a row. Let n be the number
of ways this can be done if B must lie between A and C, and A, B must be separated by
exactly 4 boys. Determine |n/7!|.

Determine the number of 4-element subsets {a,b,c,d} of {1,2,3,4,---,20} such that
a+ b+ c+dis divisible by 3.

Find how many three digit numbers, lying between 100 and 999 inclusive, have two and
only two consecutive digits identical.

Find the maximum natural number which are divisible by 30 and have exactly 30 different
positive divisors.

Determine the number of 0's at the end of the value of the product 1 x2x3 x4 x - --x2008.

Let «;. be the coefficient of ¥ in the expansion of (14 2z)!%, where 0 < k < 100. Find
the number of integers r : 0 < ;» < 99 such that a, < ar41.

Let a) be the coefficient of =¥ in the expansion of
(+D)+@+12+(@+1)3+ @+ + + (x4 1)".
Determine the value of |a4/a3].

Let a,b.c,d, e be five numbers satisfying the following conditions:
a+b+c+d+e=0, and
abc + abd + abe + acd + ace + ade + bed + bee 4+ bde + cde = 2008.
Find the value of a® + b3 + ¢* + d* + €%

Let ai,as9,... be a sequence of rational numbers such that a; = 2 and forn > 1
1+ a,
Ap41 = - .
1 —ay

Determine 30 x asgos-

37



21.

22.

23.

24.

25.

Find the number of eight-digit integers comprising the eight digits from 1 to 8 such that
(i + 1) does not immediately follow i for all i that runs from 1 to 7.

Let f(z) = ag + ar1x + asx? + aszr® + agx? where ag,a1,a2,a3 and a4 are constants
with ag # 0. When divided by  — 2003, z — 2004, x — 2005,  — 2006 and = — 2007,
respectively, f(x) leaves a remainder of 24, —6,4, —6 and 24. Find the value of f(2008).

Find the number of 10-letter permutations comprising 4 a's, 3 b's, 3 ¢'s such that no two
adjacent letters are identical.

Let f(2) = 2® + 3z + 1, where z is a real number. Given that the inverse function of f
exists and is given by

fHx) = <£L‘—a+ Ve bx+c>1/3+ <£1" —a—Va? - b:1:+c>1/3
= = o

2

where a, b and ¢ are positive constants, find the value of a + 10b + 100c.

Between 1 and 8000 inclusive, find the number of integers which are divisible by neither
14 nor 21 but divisible by either 4 or 6.
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1. Answer: 93640.

Fori =0,1,2, let A, ={z |1 <z <120 and =i (od3) }. Then |A4;| = 40. If
{a,b,c} is a 3-element subset of the given set, then 3 divides a + b + ¢ if and only if
exactly one of the following conditions holds: (i) all a.b,c¢ are in Ay, or in A; or in Ag,
(ii) one of the a,b.c is in Ay, another in Aj, and the third one in A2. The number of
3-element subsets of A; is (430). For each choice of a in Ap, bin A and ¢ in Ay, we get
a 3-element subset such that 3 divides a + b 4 ¢. Thus the total number of 3-element
subsets {a.b, ¢} such that 3 divides a + b + ¢ is equal to 3(%) + 40° = 93640.

2. Answer: 5.

Without loss of generality, we may assume that every problem is solved by some student.
Let A be one of the students. By assumption each of the 9 other students solves at least
one common problem as A. By the pigeonhole principle, there are at least 3 students who
solve a common problem which is also solved by A. Therefore the minimum number of
students who solve a common problem which is solved by most students is at least 4. If
the minimum number is exactly 4, then each problem is solved by exactly 4 students. If
there are n problems in the competition, then 4n = 30. But this is a contradiction since
4 does not divide 30. Hence the minimum number of students who solve a problem which
is solved by most students is at least 5. We shall show that 5 is in fact the minimum in
the following example, where we write (123) to mean that a student solves problems 1,2
and 3:

3. Answer: 66666.

Note that |log,(1)] = 0, and [logy(n)| = k if 2& < n < 21 Since 6237 = 212 42141,
we have |logy(n)| = 12 for 2!2 < n < 6237, and there are 2142 such n's. Thus

S92  logy(n)] = 04 1(22 —2) +2(2% — 22) + -+ 11(2'2 — 21) 4 (12)(2142)
= (11)2"2 — (2422 +--- +211) + (12)(2142)
= (11)2'% —2(2!" — 1) +(12)(2142)
= (20)2 4 (12)(2142) + 2 = 66666.

4. Answer: 99999,

Note that 998 = 2 x 499, and 499 is a prime. Any divisor of 99849999 has the form
d = 29499, where a and b are positive integers between 0 and 49999. This divisor d
does not divide 99847998 only in two cases which are either a = 49999 or b = 49999. In
the first case, d can be 249999 249999499 9499994992 , 2499994994999 |y the second
case, d can be 49949999 499499999 4991999992 '~ 49949999949999 | each case, there are
50000 possible values, but the number 2499994994999 s counted twice. Thus the total
number of required divisors is 2 x 50000 — 1 = 99999.
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5. Answer: 2008.

Let p(x) = g(x) + x> Substituting this into the given functional equation, we get
q(x)—q(x—1) =q(x+1) —q(z) for all real x. Since ¢(z) is a polynomial, we must have
g(x) —q(x—1) = b, where b is a real constant. (The polynomial Q(z) = g(x) — q(z —1)
can't take the same value at an infinite number of distinct points as it is eventually
monotonic, unless it is a constant polynomial.) Next let ¢(x) = r(zx) + bx. Substituting
this into ¢(2) —g(z — 1) = b, we get r(x) = r(x — 1) so that r(x) = ¢, where ¢ is a real
constant. Therefore, p(z) = 2% + bz + c. It can be easily verified that any polynomial
p(z) = 2 + bz + c satisfies the given function equation. Using p(0) = 8 and p(2) = 32,
we get p(z) = 2 + 10z + 8. Thus p(40) = 2008.

6. Answer: 4.
Since AD is a diameter, we have ZAED = 90° so that DE is parallel to BC.

As AADC is similar to AACB, we have AC/AD = AB/AC so that AC? = AD x AB.
Similarly, BC? = AB x BD. Thus AE/EC = AD/BD = (AC/BC)? = 4.

7. Answer: 135.

In general, we let AB = ¢, AC = b and BC = a. Let AD be the bisector of ZA. Using
the angle-bisector theorem, BD/CD = ¢/b. Thus BD = ac/(b+c) and CD = ab/(b+c).
By Stewart's theorem,

ab
b+ c

ac
b+ c

abe o2
(b+e)?

( )e? 4 ( )b? = aAD? +

which after solving for AD? gives
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10.

Substituting the values of a = 7.0 = 6,¢ = 8, we get AD = 6. Thus AACD is isosceles
and the bisector AE of ZCAD is perpendicular to BC and E is the midpoint of C'D. As
DC =3, we have EC = 3/2. Using Pythagoras' theorem, we get AE? = AC? — EC? =
62 — (3)? = 135/4. Therefore, 4AE? = 135.

Answer: 2.

Let's prove that ABPQ is similar to AT BQ.

First Z/IAB = /CAD = /ZC'BD. As /IBA = /IBC, we have /IAB + /IBA =
/CBD + ZIBC so that /DIB = Z/DBI, thus DI = DB = DQ. This means Al BQ
is a right-angled triangle with ZIBQ = 90°. As Z(@) is a common angle, we thus have
ABPQ is similar to AIBQ. Hence, BQ/BP = IQ/IB = 2ID/IB. Consequently,
(BQ x IB)/(BP x ID) = 2.

Answer: 1.

F

Since ZACEFE is an exterior angle for the triangle ABC, we have ZACE = ZABC +
£ZBAC, hence ZACE = LACD + ZCAD. It follows that ZCAD = ZDCE, so
the triangles CED and AEC are similar. For this, we obtain CE/AE = DE/CE.
But /BAC = ZCAE, so we get BC/CE = AB/AEFE. Using these equalities, we get
(AB-DFE)/(BC -CFE) = 1.

Answer: 99.

First assume that n > 100. Consider the following set A:

A={1+11i:i=0,1,2,---,9}.
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11.

12.

Note that |A| =10, A C N,, and
in |a—>bl=11.
a,be A
azxh

Hence the answer is not larger than 99.

Now consider the case that n < 99. Fori=1,2,3,---,9,
P={11(i—-1)+7:1<j <11}

Note that
NS | P

1<i<9

Now assume that A is any subset of N,, with |[A| > 10. By Pigeonhole Principle, |ANF;| >
2forsome1:1<1<9. Letcy,co € ANF;. Thus

in la —b] <|ep —eo] < (11(i — 1)+ 11) — (11(s — 1) + 1) = 10.
"kt

Answer: 2645.

Let abed represent the integer a x 103 + b x 102 + ¢ x 10 + d.

Note that abed > 5000 iff @ > 5 and b,c,d are not all 0. a must be a number in
{5,6,7,8,9}. Suppose that a is selected from {5,6,7,8,9}.

If 4 is not repeated, then the number of ways to choose b,c,d is 9 x 8 x 7;
If 4 appears exactly twice, then the number of ways to choose b, ¢, d is (g’) X 8;
If 4 appears exactly three times, then the number of ways to choose b, ¢, d is 1.

Hence the answer is

5x(9x8x7+<§)x8+1)=2645.

Answer: 3024.

Let ® be the set of arrangements of these girls and boys under the condition that A, B
must be separated by exactly 4 boys. Form a block P with A, B at the two ends and
exactly 4 boys between them. The number of ways to form such a block P is

Then we have

|®| =2 x (Z) x 4! x 71

as we can consider such a block P as one item, and there are still 5 boys and one girl

(ie., C).

Note that in any arrangement in ®, C' is outside the block between A and B. In exactly
half of the arrangements of ®, B is between A and C. Hence

n=|®|/2= (Z) x 4! x 7.

Hence the answer is (Z) x 4! = 3024.
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13.

14.

15.

Answer: 11901.
Fori=20,1,2, let
A;={j:1<7j<20,5=1 (od3) }.
Note that |Ag| = 6, |A1| =7 and |A2| = 7.
It can be shown that for a,b,c,d € {1,2,3,4,---,20}, a4+ b+ ¢+ d is divisible by 3 iff
(i) {a,b,e,d} N Al =2 for all i = 1,2; or
(ii) {a,b,c,d} N Aol =1 and [{a,b,c,d} N A;| = 3 for some i: 1 <i<2; or
(i) [{a,b,c,d} N Ag| = 2 and |{a,b,c,d} N A;| =1 for all i = 1,2; or
(iv) [{a,b,c,d} N Ag| = 4.

Thus the number of 4-element subsets {a, b, ¢, d} of {1,2,3,4,---,20} such that a +b+
¢+ d is divisible by 3 is

(0 )30 (2)(5) () w3
o ) om

There are two possible formats for three digit numbers to have two and only two consec-
utive digits identical:

Answer: 162.

(i) @ac where a # 0 and ¢ # a, or
(ii) abb where a # 0 and a # b.

Thus the number of such integers is

I9x 949 x9=162.

Answer: 11250.
Let a be a natural number divisible by 30. Thus a can be expressed as
a = 2"23"s5M H pf‘,
1<i<r

where 7 > 0, k; > 0, and no, n3, ng are positive integers. The number of positive divisors
of ais
(n2+1)(ns+ ) (ns+1) J] (ki +1).

1<i<r
Since 30 =2 x 3 x 5, we have r =0 if

(n2 +1)(n3+ 1)(ns +1) J] (ki +1) = 30.

1<i<r

Hence 30|a and a has exactly 30 positive divisors iff a = 2"23"35™ and (ny + 1)(n3 +
1)(ns+1) = 30, where ngy, n3, ns are all positive. Further, (no+1)(n3+1)(ns+1) = 30,
where ny, n3, ns are all positive, iff {ng,n3,ns} = {1,2,4}.

The maximum value of such a is a = 2 x 32 x 5% = 11250.
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16. Answer: 500.

Let . be the maximum integer such that 2™ is a factor of 1 x 2 x 3 x 4 x --- x 2008,
and n the maximum integer such that 5" is a factor of 1 x 2 x 3 x 4 x --- x 2008.

Then the number of 0's at the end of 1 x 2 x 3 x4 x --- x 2008 is equal to i n {m, n}.
It is obvious that m > n.

Observe that 2008 < 5°. For 1 < k < 4, the number, denoted by ay, of integers in
{1,2.3,4,---,2008}, denoted by A, divisible by 5" is
ar = |2008/5" .
So a; =401, ay = 80, ay = 16, ay = 3. Thus, there are exactly 3 numbers in A divisible
by 5%;
exactly 16 — 3 = 13 numbers in A divisible by 5% but not by 5%;
exactly 80 — 16 = 64 numbers in A divisible by 5% but not by 5%;
exactly 401 — 80 = 321 numbers in A divisible by 5 but not by 52.

Hence, the maximum integer n such that 5™ is a factor of 1 x 2 x 3 x4 x --- x 2008 is

n=4x3+3x13+2x64+1x 321 =500.

17. Answer: 67.

Let ay, be the coefficient of 2* in the expansion of (14 22)09 Then

(100
= 28 .
Q. < k >
Qrey 5 100 100\  2(100 —r)
a,  \r+1 r ] r4+1

2(100 — )
r+1
gives the solution » < 199/3. It implies that

Thus

Solving the inequality
>0

ap < ay <+ < ags < agy > agg =+ 2 A100-
Hence the answer is 67.

18. Answer: 19.
Note that

)-(2)

Thus

Thus the answer is 19.
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19.

20.

21.

22.

23.

Answer: 6024.

Note that (a+b+c+d+e)® = a®+ b3+ +d> +e? +3a(b+c+d+e)+3b*(c+d+e+
a)+3c3(d+e+a+b)+3d*(e+a+b+c)+3e*(a+b+c+d)+6(abe+abd+abe+---).
Sincca+b+c+d+e=0b+c+d+e= —a, so3a’b+c+d+e) = —3a
Similarly, we get —3b3, —3¢?®, —3d® and —3e3. Thus, we have 2(a3+b3+c3 + 3 +e3) =
6(abe + abd + abe + -+ - ), so a® +b* 4+ ¢ + d* + €3 = 3 x 2008 = 6024.

Answer: 10.
We have
an+1 = %%ﬁ: .
l+an
Un+2 = 1—tz:: = —Titjii — _i
e
An+4q — (L,,,l4 5 = On-
Thus aggos = ass =+ = ag = 3

Answer: 16687.

We may proceed by using the principle of inclusion and exclusion as follows. Let the
universal set S be the set of 8-digit integers comprising the 8 digits from 1 to 8. Let
Pi(1 < i < 7) be the property that (i + 1) immediately follows i in an element of S.
Hence W(0) = 8!, W’(z’) = (7)(8— i)! for 1 < i < 7. Then the answer = E(0) =
W) —-W(@1)+W(2)—---—W(7) = 16687. The answer can also be obtained from
either one of the two expressions, namely, ng or Dg + D7 where Dn is the number of
derangements of the integers from 1 to n and D,, = n![1 — —, + ), - 5! +o (=D

n!

Answer: 274.

fla) = (2—2004) (2 —2005) (z—2006) (x—2007)(24)
= —D(=2(=3)(-4) ,
(2—2003) (z—2005)(x—2006)(x—2007) (—6)
+ M(-1)(—2)(-3 S
(2—2003)(z— 2004 ) (z—2006 Rru'zuunm)
B )
 (2=2003) (2= 2004)(1 2005) (2 —2007)(—6)
@R M=1) :
(x—2003)(r—2004)(z—2005)(x—2006)(24)
+ @0 :

4+

Therefore f(2008) = 274.

Answer: 248.

We shall use the RP hex function (where RP stands for Roger Poh) to deal with this
question. Let #(p, q,r) denote the number of permutations of p copies of A, ¢ copies
of B and r copies of C such that no two adjacent letters are identical. Among these
#(p,q,r) such permutations, let #(p;q,r) denote the number of those permutations
which do not begin with A. Hence, we have

#(p.q,r) = #p—1q,7)+#@— Lpr)+#(r—1;pq and
#(piq,r) = #(g—1;p,r) +#(r—1;p,q).
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For this question, we are required to evaluate #(4, 3, 3).

#(4,3,3) = #(3:3,3) +2#(2:4,3)

#(3;3,3) = 2#(2;3,3) = 4#(2;2,3) = 116

#(2:2,3) = #(1;2.3) + #(2;2,2) =9+ 20 = 29

#(1;2,3) = #(1;1,3)+ #(2;1,2) =2+7=9

#(1:1,3) = #(1,3) + #(21,1) = #(2;1,1) = 2

#(2;1,1) = 2#(2,1) =2

#(2:1,2) = #2,2)+ #1321 =2+ #(1;2,1) =

#(1;2,1) = #(1;1,1)+#(1,2) =2#(1,1) +1 =

#(2;2,2) = 2#(1;2,2) = 4#(1;2,1) =20

#(2;4,3) = #(3;2,3) + #(2;4,2) = 45+ 21 = 66

#(3:2,3) = #(133,3) + #(2;3,2) = 2#(2,1,3) + #(2:3,2)

#(2:1,3) = #(2,3)+#(2;1,2)=1+7=

#(3;2,3) = 16+ 29 =45

#(2:4,2) = #(3;2,2) + #(1;2,4) = 2#(1;3,2) + #(1;2,4)
= 18+ #(1;2,4) =18+ 3 =21

#(4;3,3) = 116 + 2(66) = 248.

24. Answer: 521.
Let y =23 +3x+ 1. Then2® + 32+ (1 —y) = 0. Let A, B be constants such that
(z* + A* + B®) —34Bz = 2° + 3z + (1 ~ y).

Hence
A+ B =1-y (1)
—3AB =3 2)
By (2), we have B = —1/A. Substitute this into (1) and simplify,

A y-1a-1=0.

Hence

oo Loy VETIPEA 1-ys P s

2 2
Therefore B = (Jﬂ;‘i:@)l/g

. Hence

_A_B:<£ﬁﬁE§Eym+<£t¢&ﬁﬂym
2

2

<y—«+\/m>”3 i <W>1/3
2 ——

Il

2

Thusa=1,b=2,¢=>5 and a + 10b 4+ 100c = 521.
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25. Answer: 2287.

Let S={1,...,8000}, A={reS:4|x}, B={xeS:6|z},C={xeS:14]|x},
D={xeS:21|x}.

[((Au B)n (CUDY|
= |[AUB|-|(AUB)N(CUD)|
|Al+|B| = |ANB|-|ANC)U(BNC)U(AND)U (BN D)
|A|+|B|-|ANB|-|ANC|—-|BNC|-|AND|-|BnND|
+ANBNC|+[ANCND|+|ANBNCND|+|ANBNCND|
+BNCND|+|ANnBND|—-|ANBNCND|-|ANBNCND|
—|[ANnBNCND|-|ANBNCND|+|ANBNCND|
= [8000/4] + [8000/6] — |8000/12] — |8000/28] — [8000/42| — |8000/84]
—|8000/42] + 3 x [8000/84] + [8000/42] — [8000,/84]
= 2287.

Il
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2008

(Open Section, Round 2)

Saturday, 5 July 2008 0900-1330

Instructions to contestants

S

Answer ALL 5 questions.
Show all the steps in your working.
FEach question carries 10 mark.

No calculators are allowed.

Find all pairs of positive integers (n. k) so that (n + 1)F — 1 = nl.

In the acute triangle ABC', M is a point in the interior of the segment AC and N is a
point on the extension of the segment AC such that M N = AC. Let D and E be the
feet of the perpendiculars from M and N onto the lines BC' and AB respectively. Prove
that the orthocentre of AABC lies on the cicumcircle of ABED.

Let n,m be positive integers with m > n > 5 and with m depending on n. Consider the
sequence ai, as, . .., d;, where

a; = 1 fori=1,....n
Qnt+j; = azj+azj—1+asj—2 fory=1,....,m—n
with m —3(m —n) = 1 or 2, ie, am = Gm—g + Qm—k—-1 + Am—k-2 Where & =1

or 2. (Thus if n = 5, the sequence is 1,2,3,4,5,6,15 and if n = 8, the sequence is
1,2,3,4,5,6,7,8,6,15,21.) Find S = a1 +as + - -+ + a,, if (i) n = 2007, (ii) n = 2008.

Let 0 < a,b < /2. Show that

5 .
) 57 = 27cosa+ 36sina.
asin bcos= b

+
cosa  sin®
Consider a 2008 x 2008 chess board. Let M be the smallest number of rectangles that
can be drawn on the chess board so that the sides of every cell of the board is contained
in the sides of one of the rectangles. Find the value of M. (For example, for the 2 x 3
chess board, the value of M is 3.)
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2008

(Open Section, Round 2 Solutions)

If pis a prime factor of n+ 1, it is also a factor of n! + 1. However, none of the numbers
1,...,nis a factor of n! + 1. So we must have p = n+ 1, i.e., n + 1 must be prime.
Forn+ 1= 2,3,5, we have solutions (n,k) = (1,1),(2,1) and (4,2). Let us show that
there are no other solutions. Indeed, suppose that n + 1 is a prime number > 7. Then
n=2m, m>2. Now 2 < m < n and thus n?> = 2mn divides n!. Thus n? divides

Kk —1)

(n+1DF—1=nf+rn*14... 4 5 n® 4+ nk.

Thus n? | kn and, in particular k > n. It follows that
| — k k n |
n!'=(n+1) 1>n">n">nl

a contradiction.

Let K be the point of intersection of M D and NE. It is easy to see that the circle with
diameter BK is the circumcircle of ABED. As AH is parallel to M K and CH is parallel
to NK, we have ZHAC = ZKMN and ZACH = ZMNK. Since AC = MN, we
thus have AAHC is congruent to AMKN.

Therefore the distance from K onto AC equals to the distance from H onto AC. But
H and K are on the same side with respect to the line AC, it follows that H K is parallel
to AC. Therefore HK is perpendicular to BH and H lies on the circle with diameter
BK circumscribing about ABED.

We shall solve the problem for general n. Initially, let ai,as,...,a, be the active se-
quence. An operation removes the first three terms and append their sum as the last term
of the sequence. Thus after one operation on the initial sequence, the active sequence is
a4,0s, - ..,an+1. Such operations will stop when the active sequence is of length at most
2. In this case, the last term of the active sequence is a,,. The following observations
are obvious.
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1. After each operation, the length of the active sequence decreases by 2 and the sum
of its terms is preserved.

2. If the length of an active sequence is 3% and the last term is a,, then after k
operations, the length of the active sequence is k and the first term is ap.1.

To compute .S, we have two cases:

Case (i). n odd. Let & and r be integers such that n = 3k 2r <3kl e 0< < 3k
Note that 37 < n. The first 3r terms, a;..... az, is called the first block and the sum
of itstermsis M = 1+2+--- 4+ 3r = 3r(3r+1)/2. Now apply the above observations.
The sum of the terms of any active sequence is N = 1+ 2+ -+ +n = n(n+1)/2.
After  operations, the length of the active sequence is 3% and its first term is as..;.
This active sequence is called the sccond block. After 34~1 operations, the length of the
active sequence is 3* 1. This active sequence is called the third block. Repeat this until
the length of the active sequence is 1. This is now the (k 4+ 2)"! block. Thus we have a
block whose sum is M and ik + 1 blocks whose sum is N. Hence S = M + (kK + 1)N.
Since 3" = 729, n = 2007 = 35 + 2(639), we have S = 15943599.

Case (ii). n even. Let & and r be integers such that n = 2(3%) + 2r < 2(3**1) e,
0 < < 2(3%). Note that 31 < n. The first 3, terms, «,.....as3, is called the first block
and the sum of its terms is A/. As in case i, after r operations, the length of the active
sequence is 2(3%) and its first term is a3,.;. This active sequence is called the second
block. After 2(3k=1 operations, the length of the active sequence is 2(3K=1). This active
sequence is called the third block. Repeat this until the length of the active sequence is 2.
This is now the (k+ 2)"! block. Thus we have a block whose sum is M/ and k + 1 blocks
whose sum is V. Hence S = A/ + (k 4+ 1)N. Since 3% = 729, 2008 = 2(3Y) + 2(275).
Thus r =275 and & = 6 and so .S = 14159977.

First note that by AM-GM,

5 o,
Ccos” u sin” o 2

P R . p) = - '
sin“ asin“bcos?d  cos?a — sinbcosbh

Thus

LHS

( R : ) ((‘052 a + sin? @)

COR= @1 sin= a sin® becos< b
2

2 R~ o
_ R [=3 COS™ «a SIm- a 3]
S5+5 e Al el 1) [T .
(smz >

. S i T
asin® beos? b cos? a sin“ becos= b

\
<

5+ st + s > 5 (1+ )2

AU PR . _
sinbcosb sin“bcos2h — sinbcos b

5 (1 + —"’-,})H > 45 > 2T cosa + 36sina.

sin 2

(v

[V

The last inequality follows because if sinz = 3/5, then cosz = 4/5 and 1 > sin(a+x) =
sinx cosa + cosxsina.
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5. The answer is A/ = 2009. All the horizontal sides can be covered by 1004 pieces of
1 x 2008 rectangles except the boundary of the chess board which can be covered by
the boundary rectangle. The remaining vertical sides can be covered by 1004 pieces of
2008 x 1 rectangles. Thus A < 2009.

Now suppose that the chess board has been covered by M rectangles in the desired way.
Let a of the rectangles have their top and bottom on the top and bottom of the board,
b of the rectangles have their top on the top of the board, ¢ of the rectangles have their
bottom on the bottom of the board and d of the rectangles have neither their top nor
bottom on the top or bottom of the board.

Since there are 2007 internal horizontal lines, we have b + ¢ + 2d > 2007 Since there are
2009 vertical lines intersecting the top of the board, we have 2a+2b > 2009 or a+b >
1005. Similarly, a + ¢ > 1005. Thus 2a + b + ¢ > 2010. Hence 2(a + b+ ¢ + d) >
4017 ie.. M =a+b+ ¢+ d > 2009.
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Important:

Answer ALL 35 questions.
Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answers on the answer sheet by shading the
bubble containing the letter (A, B, C, D or E) corresponding to the correct answer.

For the other short questions, write your answer in the answer sheet and shade the
appropriate bubble below your answer.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO.



Multiple Choice Questions

1 Let C; and C; be distinct circles of radius 7 cm that are in the same plane and
tangent to each other. Find the number of circles of radius 26 cm in this plane that
are tangent to both C; and C;.

@) 2
B) 4
C 6
D) 8
(E)  none of the above
2 In the diagram below, the radius of quadrant OAD is 4 and the radius of quadrant

OBC is 8. Given that ZCOD = 30°, find the area of the shaded region ABCD.

(A) 12=n
B) 13=m
(C) I5=m
(D) l6=n
(E)  none of the above
3 Let k& be a real number. Find the maximum value of k£ such that the following
inequality holds:
Nx=2 +\7-x > k.
@) s
B 3
© 2 +43
(D) + 10
(E) 20/3



Three circles of radius 20 are arranged with their respective centres 4, B and C in
arow. If the line WZ is tangent to the third circle, find the length of X7.

VA
Y
X
W -
A B C

(A) 30

B) 32

<€) 34

(D) 36

(E) 38

. .. . . 10x

Given that x and y are both negative integers satisfying the equation y = T0o—x

find the maximum value of y.

(A)  -10
@ -9
<€) -6
M) -5

(E)  None of the above

The sequence a, satisfy a,=a, -1+ n* and ag = 2009. Find asp.

(A) 42434
(B) 42925
(C) 44934
(D) 45029
(E) 45359



Coins of the same size are arranged on a very large table (the infinite plane) such
that each coin touches six other coins. Find the percentage of the plane that is
covered by the coins.

B) WTC %
©) 16J31%
D) 17\[37n%
E) 1&/31%

Given that x and y are real numbers satisfying the following equations:
x+xy+y=2+é\/7 and x> +y° =6,

find the value of |x+y+l|.

(A) 1++/3
B) 2-33
(C) 2+4/3
D) 3-42
€ 3+2

Given that y = (x — 16) (x — 14) (x + 14) (x + 16), find the minimum value of y.

(A) —896
(B) -897
(C) —898
D) —899
(E)  —900



10

1 1 1 1
The number of positive integral solutions (a, b, ¢, d) satisfying PR tg= 1

with the condition thata< b <c <dis

A) 6
B) 7
<€ 8
@ 9
(E) 10

Short Questions

11

12

There are two models of LCD television on sale. One is a 20 inch' standard model
while the other is a 20 inch' widescreen model. The ratio of the length to the
height of the standard model is 4 : 3, while that of the widescreen model is 16 : 9.
Television screens are measured by the length of their diagonals, so both models
have the same diagonal length of 20 inches. If the ratio of the area of the standard
model to that of the widescreen model is 4 : 300, find the value of 4.

The diagram below shows a pentagon (made up of region A and region B) and a
rectangle (made up of region B and region C) that overlaps. The overlapped

2
region B is 1% of the pentagon and 9 of the rectangle. If the ratio of region 4 of

the pentagon to region C of the rectangle is , inits lowest term, find the value of

m+n.




13

14

15

16

17

18

19

2009 students are taking a test which comprises ten true or false questions. Find
the minimum number of answer scripts required to guarantee two scripts with at
least nine identical answers.

The number of ways to arrange 5 boys and 6 girls in a row such that girls can be

adjacent to other girls but boys cannot be adjacent to other boys is 6! x k. Find the
value of k.

ABC is a right-angled triangle with /BAC = 90°. A square is constructed on the
side 4B and BC as shown. The area of the square 4BDE is 8 cm” and the area of
the square BCFG is 26 cm?. Find the area of triangle DBG in cm’.

1 1 1 1 1 .
2x3x4  3x4x5 4x5x6T T 13x14x15 14x15x16 S

The sum of

S, in its lowest terms. Find the value of m + n.

1 =b+—“l“'—2anda—b+2¢0,ﬁndthevalueofab—a+b.
a+1 b-1

Given that g +

If [x|+x+5y=2and |y|—-y+x=7,ﬁndthevalueofx+y+2009.

Let p and g represent two consecutive prime numbers. For some fixed integer »,
the set {n — 1, 3n — 19, 38 — 5n, 7Tn — 45} represents {p, 2p, g, 2q}, but not
necessarily in that order. Find the value of ».



20

21

22

23

24

Find the number of ordered pairs of positive integers (x, y) that satisfy the
equation

x\[y + y[x +[2009xy — A[2009x — /2009y —2009 = 0.

Find the integer part of

1
] ] ] ] ] ] ]
2003 72004 72005 T 2006 T 2007 T 2008 T 2009

The diagram below shows a rectangle ABLJ, where the area of ACD, BCEF, DEIJ
and FGH are 22 cm®, 500 cm’, 482 cm” and 22 cm® respectively. Find the area of
HIK in cm®.

A B
C
D
E
F
- G
H
I
J K L

Evaluate A/ 7720~/ 13 + 3/ 77+20~/ 13 .

Find the number of integers in the set {1, 2, 3, ..., 2009} whose sum of the digits
is 11.



25 Given that
x+(1+x2+0+xP+ .+ (1 +x)" =ap+a1x+a, X + ... + a, x",
where each a, is an integer, »=0, 1, 2, ..., n.
nn+1)
5 -

Find the value of w suchthat qp + a» +az +as + ... + an—2+ an—1 = 60 —

26 In the diagram, OA4B is a triangle with ZAOB =90° and OB =13cm. P & Q are 2
points on 4B such that 264P = 22PQ = 110B. If the vertical height of PO =4 cm,
find the area of the triangle OPQ in cm’.

A

13 cm

27 Let x1, x2, x3, x4 denote the four roots of the equation
x* + kx* + 90x — 2009 = 0.
If x;x, = 49, find the value of k.

28  Three sides OAB, OAC and OBC of a tetrahedron OABC are right-angled triangles,
i.e. ZAOB = ZAOC = ZBOC = 90°. Given that O4 =7, OB =2 and OC = 6, find
the value of

(Area of AOAB)* + (Area of AOAC)? + (Area of AOBC)?* + (Area of AABC)?.

I9n+11

29 Find the least positive integer » for which is a non-zero reducible

fraction.



30

31

32

33

34

35

Find the value of the smallest positive integer m such that the equation
x> +2(m+5)x+(100m +9) =0

has only integer solutions.

In a triangle ABC, the length of the altitudes AD and BE are 4 and 12 respectively.
Find the largest possible integer value for the length of the third altitude CF'.

A four digit number consists of two distinct pairs of repeated digits (for example
2211, 2626 and 7007). Find the total number of such possible numbers that are
divisible by 7 or 101 but not both.

m and »n are two positive integers satisfying 1 < m < n < 40. Find the number of
pairs of (m, n) such that their product mn is divisible by 33.

Using the digits 0, 1, 2, 3 and 4, find the number of 13-digit sequences that can be
written so that the difference between any two consecutive digits is 1.

Examples of such 13-digit sequences are 0123432123432, 2323432321234 and
3210101234323.

m and n are two positive integers of reverse order (for example 123 and 321) such
that mn = 1446921630. Find the value of m + n.
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Answer: (C)

As seen from the diagram below, there are 6 circles that are tangent to both C,
and C,.

Answer: (A)

Rotate AOAB 90° anticlockwise about the point O to overlap with AODC.

C

L] 4

.. Shaded area = % (64n — 16m) = 12m.

10



Answer: (D)

(Nx-2 +y7-x )2 =542 (x—2)(7T-x) = 5+21/6.25— (x—4.5)".

Hence maximum value of £ = \f 5+2(2.5) =4/ 10.

Answer: (B)

Let P be the midpoint of X1 and Q be the point where the line WZ meets the third
circle.

zZ

. PB 20
Then by similar As, 6—§= 100 = PB=12.Hence XY =2XP =2 207 - 12°=32.

Answer: (D)

10x 100 100
YET0—s = X" 10—er lO<0,soy+10>10:‘>—10<y<(),

Since both x and y are integers, y + 10 is a factor of 100, i.e. y = -9, -8, -6, -5.
The maximum value of y is —5.

Answer: (C)

5 50 50 5 20
Letby=an—ar1=n". 2 by = X n* =755 (50X51)(101) = 42925.
n=1 n=1

50
On the other hand, > b, =aso—ao = aso = 42925 + ao = 44934.

n=1

11
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11

Answer: (B)

&

Consider the equilateral triangle formed by joining the centres of 3 adjacent coins.
It is easy to see that the required percentage is given by the percentage of the

triangle covered by these three coins.
2

2 ¥

50
—_—— 0f = 0,
We have 5 2% 100% 0l % .

Answer: (E)

=6 (x+1)2=20+6. So2x+ { (x+1)? =61 +2r=22+32)
= @+ 420+ +1=11+6(2 = +r+ 1P =@+~ 2)%

Answer: (E)

y= (2 - 16%) (2 — 14%) = x* — 4522 + 50176 = (+* — 226)° — 900.
So minimum value of y = — 900.

Answer: (A)

(a,b,c,d)=1(2,3,7,42), (2,3,8,24), (2,3,9,18), (2,3,10,15), (2,4,5,20), (2,4,6,12).

Answer: (337)

16 16x
12
m N 9x
Standard Widescreen

Area of Standard ~ (16)(12) _ 337
Area of Widescreen  (16x)(9x) ~ 300"

(16x)* + (9x)* =20 = 337x*=400. ..

12



12

13

14

15

16

Answer: (47)

Let the area of the pentagon and the rectangle be P and R respectively.

2

m 13

Wehave“s—P=—R. So =77

16 9

Answer: (513)

n 16

P+

7
9

26

Minimum number of answer scripts is 2° + 1 = 513.

Answer: (2520)

First we arrange the 6 girls in 6! ways. Next, there are 7 spaces between the 6

girls to insert the 5 boys. Hence k = "Cs x 5! = 2520.

Answer: (6)

We rotate ABAC 90° anticlockwise about the point B to get ABC'G.

C'G=BC=4/26-8 =+[18.

1 1
*. The area of ADBG =7 x DB x C'G=5~/ 81/ 18 =6 cm’.

Answer: (173)

Note that

Hence

1

2

(

1

G -

nx(n+1)x(m+2)

1

1

i

1

C

1

R=ﬁ =>m+n=47.

1

nx(m+1) (m+1D)x(n+2)

1

1 1

13

2x3 15x16

)

=160 -

13

1

).

2x3x4 1 3x4x5 ax5x6 " T 13x14x15 " 14x15x 16



17

18

19

20

21

22

Answer: (2)

1 1 1 1
Letx=a+1,y=b—l(x—y¢0),thenx—1+;=y+1+)‘)—2:>x+;=y+;

1 )
— (x—y)(l _5)=0:>xy= l1=ab-—a+b=2.
Answer: (2012)

Suppose y = 0. From \y|—y+x=7wehavex=7andfrom |xl+x+5y=2we
12
havey=—?<0(—><—). Soy<0.
2
Suppose x < 0. From |x|+x+5y=2wehavey=g>0(—)(—).Sox>0.

13 4
Hence the two equations become -2y +x =7 and 2x + S5y =2 =>x = 3,Y=-3

Answer: (7)
Since 3p+3g=6n—-27,p+q=2n-9 whichisodd. Sop=2,g=3 andn="7.

Answer: (6)

Note that x/y + ¥/ x + 1/ 2009xy — +[2009x — /2009y — 2009

=[x +\y - V2009 1 —+/2009), so xy = 2009.

o (x, ) =(1, 2009), (7, 287), (41, 49), (49, 41), (287, 7), (2009, 1).
Answer: (286)

] ] ] ] ] ] ]
2003 72004 T 2005 * 2006 2007 T 2008 T 2009

LetL =

7 7 1 1
Clearly 2000 <L <3003 = 286 7<< 287.

Answer: (26)

Looking at half of the area of rectangle ABLJ, we have (ABK) = (4BD) + (DGJ)
— (4BC)+(BCEF) + (EFHI) + (HIK) = (A4BC) + (ACD) + (DELJ) + (EFHI) + (FGH)
= (BCEF) + (HIK) = (ACD) + (DEL)) + (FGH)

= 500 + (HIK) =22 + 482 + 22 = (HIK) = 26.

14



23

24

25

26

27

Answer: (7)

LetX=1/ 77-20~/ 13 , ¥ =1/ 77+20/13 and4=X+7.

Since X*+ Y3 =154, X7 =3[777 - 20%x13 =9, £ = (X + 7\’ =X’ + V> + 3XV(X+ Y)
S A=154+27TA= 4> -274-154=0=>(A-T)(A*+T4+22)=0=A4=".

Answer: (133)

We consider 3 sets of integers:

(a) 0001 ~ 0999. We count the number of nonnegative solutions ofa+ b +c=11.
Itis 11+3_1C3_1 = 13C2 = 78. Note that 11 should not be split as 0+0+11 nor 0+1+10.
So the number of solutions is 78 — 3 — 6 = 69.

(b) 1001 ~ 1999. We count the number of nonnegative solutions of a+ b + ¢ = 10.
It is 1%°7!Cs.; = 2C, = 66. Note that 10 should not be split as 0+0+10. So the
number of solutions is 66 — 3 = 63.

(c) 2001 ~ 2009. We see that only 2009 satisfies the property.

.. The total number of integers satisfying'the property is 69 + 63 + 1 = 133.

Answer: (5)

Letx=1,wehave ap+ a1+ as+...+an=1+22+23+ . +2"=2"1_3

n(n+1)

Also,a1=1+2+3+..+n= ) L a, =1,
so60—n(n2+ 1)+”("2Jr Dy oo 3 p=s
Answer: (26)

Note that area of AOPQ =':1'2' x 4 cm x 13 cm = 26 cm’,

Answer: (7)
From given equation, x; + x2 + x3 + x4 = 0, = x1 X2 (x3 + x4) + x3x4(x1 + x2) = —90

and x; x2 x3x4 =—-2009. Now x; x, =49 = x3x4=—-41. Sox) + x, = I,X3 +x4=-1.
Hence k=x1x;+x1x3+x1 x4+ X053+ X2 x4 +x3x3 =49+ (1) x (=1) - 41 ="7.

15



28

29

30

31

Answer: (1052)

Note that (Area of AOAB)*= (Area of AOAC)*+(Area of AOBC)*+(Area of AdBC).
So (Area of AOAB)* + (Area of AOAC)? + (Area of AOBC)? + (Area of A4BC)?
=2 x {(Area of AOAC)* + (Area of AOBC)* + (Area of AABC)*}

=2x {(1/2xTx6)*+(1/2x 7 x 20+ (1/2x 2 x 6)* } =1052.

Answer: (111)

. 9m+11 -
Consider e 9 + 101 CIf n—10 1s a non-zero reducible fraction,
- 10 n—10 On+11
101 . e
then - 10 is also a non-zero reducible fraction = Least positive integer n=111.

Answer: (90)

X2+ 20m+5)x + (100m + 9) = 0 = x = —(m + 5) £/ (m—45)> — 2009 . This
yields integer solutions if and only if (m — 45)* — 2009 is a perfect square, say .

Hence (m — 45)* — n* =2009 = 7> x 41 =

|m—45|+n=2009and |m—-45|-n=1,or
|m—45|+n=287and |m—45|-n=17,or
|m—45|+n=49and | m—45|-n=41.

Solving, n =45 £ 1005, 45 + 147, 45 £ 45 = The smallest positive # is 90.

Answer: (5)

. ! 1 1
Area of the tnanglelszxADxBC=§><AC><BE=§><AB>< CF.
SinceAD=4and BE=12,BC:AC=3:1.LetAC = x, then BC = 3x.

Using Triangle Inequality, AB < AC+ BCand BC < AB + AC = 2x < AB < 4x.

12x
From CF = 1B’ 3 < CF < 6 = The largest integer value for CF'is 5.

16



32

33

34

Answer: (97)

We let the 2 distinct digits be 4 and Bwith 1 <4<9,0<B<9and4 #B.

Case 1: ABAB =101 x AB. There are 9 x 9 = 81 possibilities.
However 4B must not be a multiple of 7 (12 possibilities excluding 07 and 77) =
There are 81 — 12 = 69.

Case 2: AABB =11 x (1004 + B). There are 11 possibilities that are factors of 7.
(4.B) =(1,5),(2.3), (3,1), (3.8), (4,6), (5.4), (6,2), (6,9), (7,0), (8.5), (9,3).

Case 3: ABBA =11 x (914 + 10B). B must be 0 or 7. There are 17 possibilities.

.. Total such possible number = 69 + 11 + 17 = 97.

Answer: (64)

Ifn=33,m=1,2,3, ..., 32, so there are 32 pairs.
If m=33,n=33, 34, ..., 40, so there are 8 pairs.

Ifn, m # 33, we have 2 cases:

Casel:m=3a,n=11b(a= 11 and b#3), thus 1 <3a<115<40.
Soifb=1,a=1,2,3 andifb=2,q= 1,2,3,..,7. There are 10 pairs.

Case2:m=1la,n=3b(az=3and b= 11), thus 1 < 11a<3b<40.

Soifa=1,b=4,5,6,7,8,9,10, 12,13 and ifa=2,5=8, 9, 10, 12, 13.
There are 9 + 5 = 14 pairs.

Hence we have altogether 32 + 8 + 10 + 14 = 64 pairs.

Answer: (3402)
We call a sequence that satisfy the condition a “good” sequence.

Let 4, denote the number of “good” sequence that end in either 0 or 4,
B, denote the number of “good” sequence that end in either 1 or 3,
C, denote the number of “good” sequence that end in 2.

We have

(1) A,+1= B, because each sequence in 4, . ; can be converted to a sequence
in B, by deleting its last digit.

17



35

2 B, +1 =4, + 2C, because each sequence in 4, can be converted into a
sequence in B, 1 by adding a 1 (if it ends with a 0) or a 3 (if it ends with a
4) to its end, and each sequence in C, can be converted into a sequence in
B,by adding a 1 or a 3 to it.

(3) C,+1= B, because each sequence in C, . ; can be converted to a sequence
in B, by deleting the 2 at its end.

Hence we can show that B, .1 =3B,_; forn>2.
Check that B; =2 and B, =4, s0 Bops1=2 x 3" and By =4 x 3" 71,
S0 A13 +Bis+ Ci3=2Bjy + Bj3=2x 4 x 3° + 2 x 3°=3402.

Answer: (79497)
Clearly, m and » are both 5-digit numbers.
Next, it would be helpful that we know mn =2 x 3° x 5 x 7 x 112 x 19 x 37.

Now since the last digit of mn is 0, we may assume 5 | m and 2| n. But the first
digit of mn is 1 = Last digit of m is 5 (not 0) and last digit of »is 2 (not 4, 6 or 8).

Also, 3° | mn, so 9 divides at least one of m and n. On the other hand, 9 \ m=9 \ n.
Similarly 11 |lm=11]n,

Set n = 198k. Then the last digit of k is 4 or 9.

Since the remaining factors 3, 7, 19, 37 are odd, the last digit of £ must be 9.
We have only the following combinations: k=7 x 37 or3 x 7 x 19 or 3 x 19 x 37.

Recall that the first digit of n is 5, so 50000 < 198k < 60000 = k=7 x 37.

Hence n=198k= 51282 and m = 28215 = m + n = 79497.

18
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. In AABC, /A =2/B. Let a,b,c be the lengths of its sides BC,CA, AB, respec-
tively. Prove that
a2 =b(b+c).

. The set of 2000-digit integers are divided into two sets: the set M consisting all
integers each of which can be represented as the product of two 1000-digit integers,
and the set N which contains the other integers. Which of the sets M and N
contains more elements?

. Suppose a1as - ..az009 is a 2009-digit integer such that for each i = 1,2,...,2007,
the 2-digit integer @;a;+1 contains 3 distinct prime factors. Find agqps. (Note:
Tyz... denotes an integer whose digits are z,y, z, . . ..)

. Let S be the set of integers that can be written in the form 50m + 3n where m and
n are non-negative integers. For example 3, 50, 53 are all in S. Find the sum of all

positive integers not in S.

. Let a,b be positive real numbers satisfying a + b = 1. Show that if z;,z2,..., 25
are positive real numbers such that ziz2...25 = 1, then

(az1 + b)(az2 +b)--- (axs +b) > 1.

19
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Let AD be the angle bisector of ZA. Then AABC ~ ADAC. Thus AB/DA =
= b/y = a/b. Thus

1.
AC/DC = BCJ/AC. Let BD = z and DC = y. Then c¢/z =
cb = az,b? = ay. Thus b? + cb = ax + ay and hence b(b + ¢) = a?

2. We solve the general case of 2n-digit integers where n > 2. There are 10%™ — 10?71
2n-digit integers. There are 10™ — 10™~! n-digit integers. Consider all the products of

pairs of n-digit integers. The total number P of such products satisfies
(10" — 10m~1)(10™ — 10"~ — 1)

P<10"—10"1 + 5
102n o 102n—1 _ (102n—1 o 102n—2 —10™ + 1071—1)

- 2

1027 — 10211.—1

AN

These products include all the numbers in M. Thus |M]| < |N].

3. Two-digit numbers which contain three distinct prime factors are:

30=2-3-5,42=2-3-7,60=4-3-5,66 =2-3-11,70 =2-5-7,78 =2-3-13,84 =4-3-7

From here, we conclude that a; =6 for ¢ = 1,2,...,2007 and a2qos is either 6 or 0.

20



4. If z is the smallest integer in S such that £ =4 (mod 3), then = + 3k € S and
z—3(k+1) ¢S for all £ > 0. We have 3 is the smallest multiple of 3 that is in S; 50
is smallest number in S that is =2 (mod 3) and 100 is the smallest number in S that
is — 1 (mod 3). Thus the positive numbers not in S are 1,4,...,97 and 2,5,...,47.
Their sum is

33(97+1) | 16(2+47)

= 2009.
5 5 09

5. The left hand side is

4
CL5£U1(L'2 ...I5+a b(m1m2x3x4 + 1222375 + - - + 232.T3£E4:U5)

+ a®b? (z1 2023 + 1202y + - - - + T3T4T5)
+ a?b®(z1z0 + 2123 + -+ +xgzs) +abd(zy o+ F25) +0°
> a® + 5a*b + 10a3b? + 10063 + 5ab* +b° = (a +b)° = 1.

The last is true since by AM-GM inequality,

T1TT3T4 + T1ToT3Ts + -+ + Tow3T4T5 2 5(T1T23Tazs) Y =5
T1Z2T3 + T1XT2T4 + -+ + T3T4T5 > 10(x1x2x3x4x5)6/10 =10
T1To + X123 + - + T4T5 2> 10(;r1172z3:r4g:5)4/10 =10

1+ x4+ x5 > 5(1711‘2.733274%'5)1/5 =5

(Note. For a proof of the general case, see Senior Q4)

21
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Important:

Answer ALL 35 questions.

Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answer on the answer sheet by
shading the bubble containing the letter (A, B, C, D or E) corresponding to

the correct answer.

For the other short questions, write your answer on the answer sheet and
shade the appropriate bubble below your answer.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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Multiple Choice Questions

1.

Suppose that 7 is a plane and 4 and B are two points on the plane n. If the
distance between 4 and B is 33 cm, how many lines are there in the plane

such that the distance between each line and 4 is 7 cm and the distance between
each line and B is 26 cm respectively?

NI
(B) 2
<€ 3
D) 4

(E) Infinitely many

Lety=(17-x)(19 —x)(19 + x)(17 + x), where x is a real number. Find the
smallest possible value of y.

(A) -1296
B) -1295
(C) -1294
(D) -1293
(E) -1292

If two real numbers a and b are randomly chosen from the interval (0, 1), find the
probability that the equation x* — Ja x+b=0has real roots.

@ <
®
© =
® 5
® 3

If x and y are real numbers for which |x| +x+5y=2 and ‘ y’ —y+x=7, find the

value of x + y.

a) 3
B) -l
© 1
D) 3
E) 5

23



In a triangle ABC, sin 4 = % and cos B = % Find the value of cos C.

(A) E or E
65 65
56

B ==

B) o5
16

C .

©) o

56

D _==

D) =

(E) ﬁ or —E
65 65

The area of a triangle ABC'is 40 cm?. Points D, E and F are on sides AB, BC and
CA respectively, as shown in the figure below. If 4D =3 cm, DB =5 cm, and the
area of triangle A BE is equal to the area of quadrilateral DBEF, find the area of
triangle AEC in cm®.

(A) 11 : ¢
(B) 12
C) 13 F
D) 14 E
(E) 15
A 5 B

4 22

Find the value of + +oeet .
142431 21431441 204+214+22!

1

(A) I_E
1 1

B) PR
1 1

© 5 991
1

D) 1—5
1 1

(E) > om

24



10.

There are eight envelopes numbered 1 to 8. Find the number of ways in which 4
identical red buttons and 4 identical blue buttons can be put in the envelopes such
that each envelope contains exactly one button, and the sum of the numbers on the
envelopes containing the red buttons is more than the sum of the numbers on the
envelopes containing the blue buttons.

(A) 35
(B) 34
C) 32
(D) 31
(E) 62

Determine the number of acute-angled triangles (i.e., all angles are less than 90")
in which all angles (in degrees) are positive integers and the largest angle is three
times the smallest angle.

a) 3
B) 4
© S
D) 6
€ 7

Let ABCD be a quadrilateral inscribed in a circle with diameter AC, and let E be
the foot of perpendicular from D onto 4B, as shown in the figure below. If AD =
DC and the area of quadrilateral 4BCD is 24 cm?, find the length of DE in cm.

D

B
(A) 32
B) 26
C) 247
D) 442
E o6

25



Short Questions

11.

12.

13.

14.

15.

16.

17.

18.

Find the number of positive divisors of (2008° + (3 x 2008 x 2009) + 1)*.

Suppose that a, b and c are real numbers greater than 1. Find the value of

1 1 |
+

=+ .
1+10gagb(£J 1+10gb26(%) 1+logcza(éj
a C

Find the remainder when (1! x 1) + (2! x 2) + (3! x3) + - + (286! x 286) is
divided by 2009.

/3 /3

Find the value of (25+10v5 )" +(25-10y5)

_ 1++/2009

Let a = Find the value of (a® —503a—500)"° .

In the figure below, ABC is a triangle and D is a point on side BC. Point E is on
side AB such that DE is the angle bisector of Z4DB, and point F' is on side AC

such that DF is the angle bisector of ZADC . Find the value of _;;1_11;: B0 gﬂ

A

Find the value of
(cot25° —1)(cot24° —1)(cot23° —1)(cot22° —1)(cot21° —1)(cot20° ~1).

Find the number of 2-element subsets {a, b} of {1,2,3,...,99,100} such that
ab + a + b is a multiple of 7.
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19.

20.

21.

22.

23.

) 1
Let x be a real number such that x*> —15x+1=0. Find the value of x* + — -
x

In the figure below, ABC is a triangle with AB = 10 cm and BC = 40 cm. Points D
and £ lie on side AC and point F on side BC such that EF’ is parallel to AB and DF
is parallel to £B. Given that BE is an angle bisector of Z/ABC and that

AD = 13.5 cm, find the length of CD in cm. B

Let S= {1, 2,3, ..., 64, 65}. Determine the number of ordered triples (x, v, z)
such that x,v,ze S, x<zandy<z.

. a
Given that a,,, = —>—, wheren=1,2, 3, ..., and g, =qa, =1, find the value
l+na, a,
1
of .
Qg9 Aapo

In the figure below, ABC is a triangle with4B =5 cm, BC =13 cm and
AC =10 cm. Points P and Q lie on sides AB and A C respectively such that

area of AAPQ _ l Given that the least possible length of PQ is k cm, find the
area of AABC 4
value of £.

A
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24.

25.

26.

27.

28.

29.

30.

31.

If x, y and z are real numbers such that x +y +z =9 and xy + yz + zx = 24, find
the largest possible value of z.

Find the number of 0 — 1 binary sequences formed by six 0’s and six 1’s such that
no three 0’s are together. For example, 110010100101 is such a sequence but
101011000101 and 110101100001 are not.

£ cos100°
1—4sin 25° cos 25° cos 50°

=tanx’, find x.

Find the number of positive integers x, where x # 9, such that
2
log . (x—j <6+ 10g3(2) .
9 3 X

Let n be the positive integer such that *
1

1 1 1 1
- - ot =—.
OVIT+113/9  11W13+ 1311 13415 +15413 mn+2+n+2)n 9

Find the value of n.

In the figure below, ABCD is a rectangle, E is the midpoint of AD and F' is the
midpoint of CE. If the area of triangle BDF is 12 cm?, find the area of rectangle
ABCD in cm’.

=

B C

In each of the following 6-digit positive integers: 555555, 555333, 818811,
300388, every digit in the number appears at least twice. Find the number of such
6-digit positive integers.

Let x and y be positive integers such that 27x + 35y < 945. Find the largest
possible value of xy.
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32.

33.

34.

35.

Determine the coefficient of x*° in the expansion of (1+x° +x’ +x”)"°.

Forn=1,2,3,...,leta, = n> +100, and let d, denote the greatest common

divisor of a, and a,,, . Find the maximum value of d, as n ranges over all

n+l *

positive integers.

Using the digits 1, 2, 3,4, 5,6, 7, 8, we can form 8! (=40320) 8-digit numbers in
which the eight digits are all distinct. For 1 < k£ <40320, let a, denote the ith
number if these numbers are arranged in increasing order:

12345678, 12345687, 12345768, ... , 87654321,
that is, a, =12345678, a, =12345687, ..., a,u, = 87654321, Find dy — G-

Let x be a positive integer, and write a = Llog10 x_l and b= {log10 @J . Here [_cJ
X

denotes the greatest integer less than or equal to c. Find the largest possible value
of 2a* —3b>.
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Answer: (C)

In the plane &, draw a circle of radius 7 cm centred at 4 and a circle of radius
26 cm centred at B.

If Zis a line on the plane =, and the distance between ¢ and 4 is 7 cm and the
distance between £ and B is 26 cm, then ¢ must be tangential to both circles.

Clearly, there are 3 lines in the plane that are tangential to both circles, as shown
in the figure above.

Answer: (A)
We have

y=(17* =x*)(19* —x?)
=x* = (17* +19%)x* +17% -19?
=x* —650x? +323°
= (x* —325)* +323* —325*
Hence the smallest possible value of y is 323% — 325 = (-2)(648) = —1296.

Answer: (A)
The discriminant of the equation is a — 4. a=4b
Thus the equation hasreal roots if and only if a > 45. “a /

The shaded part in the figure on the right are all the 1
points with coordinates (a, b) suchthat 0 < a, b < 1

and a > 4b. As the area of the shaded part is % ,

it follows that the required probability is % .
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Answer: (D)
If x <0, then |x| = —x, and we obtain from |x| + x + 5y =2 that y = % Thus y is

positive, so |y| —y +x =7 gives x =7, which is a contradiction since x < 0.
Therefore we must have x > 0. Consequently, |x| +x + 5y =2 gives the equation

2x+5y=2. (1)
Ify >0, then |y| —y +x =7 gives x = 7. Substituting x = 7 into |x| + x + 5y = 2, we
get y = —%, which contradicts y > 0. Hence we must have y < 0, and it follows

from the equation [y] —y +x =7 that
x-2y=". (2)

Solving equations (1) and (2) gives x = l;, y= —%. Therefore x + y = 3.

Answer: (C)
sind = 3 implies that cos 4= 4 or —i, and cosB = el implies that sin B = E,
5 5 5 13 13

since 0 < B < 180°.

4 . ) )
If cosA=—g, then sin( A4+ B) =sin Acos B + cos Asin B =§-i——i-£<0

513 513
which is not possible since 0 <4 + B < 180° in a triangle. Thus we must have

3

cosAd = % Consequently, since C = 180° — (4 + B), we have

cosC =—cos(A+ B)=-cosAcosB +sin Asin B
45 312 16

513 513 65

Answer: (E)

Since area of triangle 4BE is equal to
area of quadrilateral DBEF, we see that
area of ADEA = area of ADEF. This
implies that DF is parallel to AF.

Thus C—E = £= 2 Since
CB AB 8

areaof AdEC CE |
—————— =——_ it follows that
areaof AABC CB

area of AAEC = %x 40 =15cm>.
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Answer: (C)
First note that (n—2)!+(n—D!+nl=(n-2)[1+(n—-1)+n(n-1)]=r*(n-2)!.

Therefore the given series can be written as
22

,,Z3n 2(n-2)! Z:n(n 2)! Z“n(n 1)(n 2)!
22—
S-Sl

1 1
Summing the telescoping series, we obtain 5 - ﬁ

Answer: (D)
, 8
There are (4) =70 ways of putting 4 identical red buttons and 4 jdentical blue

buttons in the envelopes. Since 1 + 2 + 3 + -+ + 8 = 36, there are § cases where the
sum of the numbers on the envelopes containing the red buttons is equal to 18
(which is also equal to the sum of the numbers on the envelopes containing the
blue buttons), namely, (8, 7,2, 1), (8, 6, 3, 1), (8, 5,4, 1), (8, 5, 3, 2), (7, 6,4, 1),
(7,6,3,2),(7,5,4,2)and (6, 5, 4, 3). Hence it follows that the required number

_8:3L

of ways is

Answer: (B)

Let the angles of the acute-angled triangle be x°, y°, 3x°, where the smallest
angle is x°. Then we have x + y + 3x =180 and 0 <x <y < 3x <90. From the
inequalities x <y < 3x, we obtain 5x <x +y + 3x < 7x, and hence it follows from

the first equation that 1_59 < x <36. Since x is an integer and 3x <90, we deduce

that x = 26, 27, 28, 29. Hence there are 4 acute-angled triangles whose angles are
respectively (26°, 76°, 78°), (27°, 727, 81°), (28", 68°, 84" ) and
(29°,64°,87").
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10.

11.

Answer: (B)

Let » be the radius of the circle with centre O.
Since AD =DC and ZADC =90°, ZACD =45°. Thus LZABD =45°. As

ZDEB =90°, this implies that DE = BE. Let x = DE = BE. Since BC/ ED and

area of quadrilateral ABCD = area of AAED + area of AEBD + area of ABCD,
we have

1 1, 1 1
— _ (4B -x)x+-x*+=-BC-x=—(4B+BC)x. (1
24 > ( x)x 2x > 2( ) (1)

On the other hand, as OD is perpendicular to AC, and
area of quadrilateral ABCD = area’of AABC + area of AACD,
we have
1 1 1

24=5-AB-BC+EAC-OD:E-AB-BCJrrZ. ()
Now equation (2) and AB* + BC* = AC* = 4r* imply that

(AB+BC)* =4r* +2-AB-BC =4r* +4(24—r*) =96.
Therefore AB + BC = 4\/6 . Hence from equation (1), we obtain x = 2\/6 .

Answer: 91
Let a =2008. Then
(2008’ + (3 x 2008 x 2009) + 1)*= (&’ + 3a(a + 1) + 1)
=(@+3d* +3a+ 1)
=(a+1)°=2009°=7"-41°
Hence the number of positive divisors is (12 + 1)(6 + 1) =91.
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12.

13.

14.

15.

Answer: 3
1 1 1
+ + 5
c a
1+ 1ogazb [_a:) 1+ logbzc (Ej 1+ Iogcza[c-]
1 . 1 1
= + +
2 c 2 a 2 b
log ;,(a"b)+log .| — | log,, (b°c)+log,,, 3 log . (c"a)+log , | —
a c
1 1 1

= + +

log ., (abc) log ¥ (abc) logcza(abc)
= logabc (azb) + logabc (bzc) + logabc (Cz a)
=log_,,(abc)’ =3.

Answer: 2008
Observe that n! x n=n! x (n+1-1)=(n+ 1)! —n!. Therefore
(I'x 1)+ 2! x2)+ (3! x3)+ -+ (286! x 286)
=Q!-1)+ 3! =2+ (4! =3 + -+ (287! - 286!)
=287!—1.
Since 2009 =287 x 7,287! — 1 = -1 = 2008 (mod 2009). It follows that the
remainder is 2008.

Answer: 5
Let x=(25+10v5 )" +(25-10y5)". Then

2 = (2541035 +25-1045 )+ 3(25 —100(5))1’3[(25+10J§)1’3 +(25—10\/§)”3J,

which gives x* =50+15x, or (x —5)(x* +5x+10) = 0. This equation admits only
one real root x = 5.

Answer: 1024

,_ 1++/2009
2

gives (2a —1)* = 2009, which simplified to a* —a = 502. Now

(* =503a-500)" = (a(a® —a-502) + a* —a—500)"
= (a(a® - a=502) + (a* —a-502) + 2"
=(0+0+2)"° =1024.
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16.

17.

18.

Answer: 1

Since DE is the angle bisector of Z4ADB, we have AE = £ Similarly, since

DF is the angle bisector of ZADC, AF = —AB Hence AE BD CF =1.
CF DC EB DC FA
Answer: 8
First note that if 4+ B =45°, then 1 =tan(4+ B) = M, and so
1—tan Atan B

1 —tan 4 —tan B = tan 4 tan B . Consequently,

(cotA—T)(cotB—1) = l1-tan4 —tan B+tan 4tan B _ 2tan Atan B _a
tan Atan B tan Atan B

Hence
(cot25° —1)(cot24 —1)(cot 23" —I)(cot22° —1)(cot21° —1)(cot20° —1)
= (cot25° —1)(cot20° —1)(cot24° —1)(cot21° —1)(cot23° —1)(cot22° —1)
= 8.

Answer: 602

Note thatab +a +b=(a+ 1)(b+1)—1. Thus ab + a + b is a multiple of 7 if
and only if (a+1)(b+1)=1 (mod 7).

Letd={1,2,3,...,99,100},and let 4, = {x € 4: x =i (mod 7)} fori=0, 1,

2, ..., 6. Itis easy to verify that forany x € 4, and y € 4,, where 0 <i<j <6,
xy=1(mod7) ifandonlyif i=j e {1, 6}, ori=2andj=4,ori=3andj=>5.
Thus we consider three cases.

Case 1: a+1,b+1e 4, for i {l, 6}.

Then a, b e 4, for i {0, 5}. As |A0] = |A5‘ =14, the number of such subsets {q, b}

) 14
is 2( j: 182.
2

Case2:a+1and b + 1 are contained in 4, and 4, respectively, but not in the
same set.

Then a and b are contained in 4, and A, respectively, but not in the same set.
Since ]Al‘ =15 and ‘AJ =14, the number of such subsets {a, b} is 14 x 15 =210.

Case 3: g+ 1and b + 1 are contained in 4; and A respectively, but not in the

same set.
Then a and b are contained in 4, and 4, respectively, but not in the same set.

Note that ]Az‘ =15 and ‘A4‘ =14 . Thus the number of such subsets {a, b} is 14 x

15=210.
Hence the answer is 182 + 2 x 210 = 602.
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19. Answer: 49727

Since x* —15x+1=0, x+l =15. Therefore
x

4
x4+i4:[x+l —4[x2+%j—6
X x X

- 1 4 12
=[x+—j —4[x+—) +8-6
X X

=15% -4x15% +2=49727.

20. Answer: 24

¢ D E

Since BE bisects ZABC, we have AE : EC=AB : BC =1 : 4. Furthermore, since
EF/7AB and DF /7 EB, we see that DF bisects ZEFC. Hence DE : DC =1 : 4.
Let AE = x and DE =y. Then we have x + y = 13.5 and 4x = 5y. Solving the
equations yields x = 7.5 and y = 6. It follows that CD = 4y = 24.

21. Answer: 89440

The number of such ordered triples (x, v, z) withx =y is

(65j
=2080.
2

The number of such ordered triples (x, y, z) with x # y is

65
2x[ 2 )=87360.

Hence the answer is 2080 + 87360 = 89440.
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22.

23.

24.

Answer: 19901

1
First note that b1 = L+na,a, _ = n. Therefore
an-}-lan anan—l a?!—lan anan—l
199 199
) [, Sy CCLEL ST}
n=1 an+l an anan—l n=1 2

=1+19900 =19901.

Hence
Q3009199

Answer: 6

B C

AB* +4C*-BC* _5*+10°-13" _ 11
2(AB)(AC) "2(5)(10) 25°

Wehave cos 4 =

Let AP =xcmand AQ =y cm. Since area of AAPQ = —;—xy sin 4 and area of

AABC = L (4B)(AC)sin A = L (5)10)sin 4, we obtain -2 = L thatis, xy= >
2 2 50 4 2
Hence
25 11
PO? = x* +y* = 2xycos A =x*+| — —25(——
0 e 2x 25)
=x2+625+1122 2-if+11=25+11=36.

x
4x* N

Consequently, PQ > 6, with the equality attained when x = y = —.

Slt.n

Answer: 5

Sincex+y=9-z, xy=24—z(x+y)=24—-2z(9—z)= z> =9z +24. Now note
that x and y are roots of the quadratic equation * + (z —9) +(z* =9z +24) = 0.
As x and y are real, we have (z—9)> —4(z> —9z+24) > 0, which simplified to

z* —6z+5<0. Solving the inequality yields 1 <z< 5 Whenx =y =2,z=5.
Hence the largest possible value of z is 5.
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25. Answer: 357
First put the six 1’s in one sequence. Then there are 7 gaps before the first 1,
between two adjacent 1°s and after the last 1. For each such gap, we can put a
single 0 or double 0’s (that is, 00).
If there are exactly i double 0’s, then there are exactly 6 — 2i single 0’s, where i =
0, 1,2, 3. Therefore the number of such binary sequences with exactly i double

AR ' (TN T =i
0’s1is . Hence the answers is Z = 357.
i N6-2i =\i \6-2i

26. Answer: 95
cos100° B cos100° _ cos®50° —sin? 50°
1-4sin25° c0s25 cos50° 1—2sin50° cos50°  (cos50° —sin50°)>2
cos50° +sin50° 1+ tan50°
c0s50° —sin50° 1 —tan50°
tan45° + tan 50°

= =tan95".
1-tan45° tan50°

Hence x = 95.

27. Answer: 223

2
log . (x—j < 6+log, (2)
9 3 X
x? ﬁ
log{?j

& ———-<6+10g;9-log, x
X
s 3)

- log, x*> —log, 3

< 6+log, 9 —log, x.
log, x—log, 9

Let u = log, x. Then the inequality becomes < 8 —u, which is equivalent to

u—

u> —8u+15
u—

log; x <2 or 3<log, x<5. It follows that 0 <x <9 or 27 <x < 243. Hence there

are 223 such integers.

< 0. Solving the inequality gives u <2 or 3 <u <5, that s,
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28.

29.

Answer: 79
First observe that
1 1 [ 1 ]

Wx+2+(x+20Vx  Jxx+2 \Wx+dx+2
_ 1 x+2-4x
CJxdx+2 (x+2)-x
RIEI
_Z(ﬁ x+2)

Therefore

1 1

1
+ et
OVIT+114/9  11/13 +134/11 nmn+2+(n+2)n

11 1) 11 1 1( 1 1 11 1

== ==t | ==t | = —— = | = —|.
2[@ \/nj 2[\/11 \/13J 2(\/5 \/n+2J 2[ Jn+2
Now l[l— 1 J=-;-Yieldsn=?9.

2\3 n+2

Answer: 96

B C

Let S be the area of rectangle ABCD. Then we have

area of ACDlex area of ACDE = l><1S =l .
2 2 4 8
Next we have area of ABCFzéxarea of ABCE=%X%S=%S.

Now
12 = area of ABDF = area of ABCD — area of ABCF — area of ACDF
= lS_lS_lS=lS_
2 4 8 8
Hence the area of rectangle ABCD = 96 cm®.
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Answer: 11754

First note that if every digit in the 6-digit number appears at least twice, then there
cannot be four distinct digits in the number. In other words, the number can only
be formed by using one digit, two distinct digits or three distinct digits
respectively. Therefore we consider three cases.

Case 1: The 6-digit number is formed by only one digit.

Then the number -of such 6-digit numbers is clearly 9.

Case 2: The 6-digit number is formed by two distinct digits.

First, the number of such 6-digit numbers formed by two given digits 7 and J,
where 1 <i<;j<9,is

Pl

Next, the number of such 6-digit numbers formed by 0 and a given digit 7, where

1<i<9,is
5 5 5
+ - =25.

Therefore the total number of such 6-digit numbers formed by two distinct digits
is

9 -
[2j><50+9x 25=2025.

Case 3: The 6-digit number is formed by three distinct digits.
First, the number of such 6-digit numbers formed by three given digits 7, j and %,
where 1 <i <j<k<9,is

L)

Next, the number of such 6-digit numbers formed by 0 and two given digits i and
J>where 1 <i<j<9,is

o)

Therefore the total number of such 6-digit numbers formed by three distinct digits

1S

9) 9

x 90+ x60=9720.
3) 2

Hence the answer is 9 + 2025 + 9720 = 11754.
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31

32.

Answer: 234

45-27
Since 27x + 35y < 945, we have y < 9—5352—2 It follows that

2 2
 945x-27x° 2(35 2 (g} _(x_s_s) _
35 35(\ 2 2

2%, that is, if x > 20 or x < 15, then

27((35Y (5)
<2122 -2 |<231.4.
7 35[(2) (2”

945-27(16)
35

Therefore, if |x — £

Ifx =16, then y< <14.7. Thus y < 14, and xy < 224.

Similarly, ifx = 17, then y < 13, and xy < 221.

Ifx = 18, then y < 13, and xy < 234.

Ifx =19, then y <12, and xy <228.

In conclusion, the maximum value of xy is 234, which is attained at x =18 and y =
13.

Answer: 65520
Note that

6(16) . .
(1+x° +x7 +x°)' =Z(1_ st’(l-l—x2 +x*.
i

i=0
It is clear that if i > 5 or i < 4, then the coefficient of x* in the expansion of
x¥(1+x* +x*)" is 0. Note also that if i is even, then the coefficient of x* in the

expansion of x*'(1+x* +x*)" is also 0. Thus we only need to determine the
. 29 . 16 Si 2 4Ni .
coefficient of x“° in the expansion of | = |x”'(1+x" +x")" fori=>5.
l

When i = 5, we have

16 .. - (16
( ] jxs’(l+x2 +x4)’ =( 5szs(H-x2 +x4)5
i

( Wx Si[S}(x +x*)/

Jj=0 J

( ]Z[Sj (L4,
7=0 J
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33.

34.

(5 . :
It is clear that the coefficient of x* in the expansion of Z( .}rz] (1+x%) is

J=0

5 5 (16
) + 5 =15. Hence the answer is 5 x15=65520.

Answer: 401

Foreachrn=1,2,3, ..., since d, =gcd(a,,a,.,), wehave d, |a, and d, | a,,, .
Thus d, | a,,, —a,, thatis, d, | (n+1)* +100 — (»* +100), which gives d, | 2n+1.
Hence d, | 2(n* +100) — n(2n+1), and we obtain d, | 200— n. It follows that

d |2(200-n)+2n+1, thatis, d_ |401. Consequently, 1 <d_ <401 for all
positive integers #.

Now when 7z = 200, we have a, = a,,, =200> +100=401x100 and

a,., = a,, =201> +100=401x101. Therefore d,,, = gcd(a,>aq;) = 401. Hence

it follows that the maximum value of d, when » ranges over all positive integers
1s 401, which is attained at » = 200.

Answer: 441

First we determine a,,,; and a,,. Suppose that a,,, = x,x,x;X,Xs X, X; X, , where
the x,'s are distinct digits in {1,2,3,4,5,6,7,8} .

Let A={a, :k=12,...,40320}.

Since 7! = 5040 > 2008, we deduce that x, =1, as there are more than 2008
numbers in 4 such that the first digit is 1.

As 2 x 6! <2008 <3 x 6!, we have x, =4, as there are less than 2008 numbers in
A such that the first digit is 1 and the second digit is 2 or 3, but there are more
than 2008 numbers in 4 such that the first digit is 1 and the second digit is 2, 3 or
4. Similarly, since 2 x 6! +4 x 51 <2008 <2 x 6! + 5 x 5!, we see that the third
digit x, is 7. By repeating the argument and using the inequalities
2x6!+4x51+3x41<2008<2x6!+4x5!+4x4!and
2004=2x6!+4x51+3x41+2x31<2008<2x6!+4x51+3x4!+3x3!
we obtain x, =6, x; =5. Note also that among the numbers in 4 of the form

1476%*** the digit 5 first appears as the fifth digitin a,, if the numbers are

arranged in increasing order. Consequently, as the last three digits are 2, 3 and 8§,
we must have a,,; =14765238. It follows that a,,,, =14765283,

Aoy = 14765328, a0, =14765382, and a,y,, = 14765823, Hence
A0 — Aages = 14765823 -14765382 = 441.

42



35.

Answer: 24
. 100 .
Write u =log,, x. Then log,, —=2-wu. Since a= |_log10 x_J, we have
X

u=a+y forsome 0<y<l. (1
Similarly, since b = |_2 —uJ, we have
2—u=b+d forsome 0<5<1. 2)
Then0<y+06<2.Sincey+d=u—a+(2—-u—-b)=2-a-bis an integer, it
follows thaty +3=0ory+o6=1.
Casel:y+06=0.
Then y=0and 6 =0, since y> 0 and 8 > 0. Therefore
2a* —3b* =2u* =32 —u)?
= —u’+12u-12
= 24— (u—-6)* <24,
and the maximum value is attained when u = 6.
Case2:y+o6=1.
Then we must have 0 <y, 6 <1 by (1) and (2). Also, by (1) and (2), we have
b=[_2—u_|=|_2—a—yJ=1—a. Thus
2a* -3b* =24 —-3(1-a)*
=—a’+6a-3
=6-(a-3)*<6.
Hence the largest possible value of 2a° —3b7 is 24, when x =10°
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INSTRUCTIONS TO CONTESTANTS

1.

. Answer ALL 5 questions.
. Show all the steps in your working.

1
2
3.
4

Each question carries 10 mark.

. No calculators are allowed.

Let M and N be points on sides AB and AC' of triangle ABC respectively. If

BM CN _

sM  ON
MATNA T

show that M N passes through the centroid of ABC.

. Find all pairs of positive integers n,m that satisfy the equation 3-2™ + 1 = n?2.

. L et A be an n-element subset of {1,2,...,2009} with the property that the dif-

ference between any two numbers in A is not a prime number. Find the largest
possible value of n. Find a set with this number of elements. (Note: 1 is not a
prime number.)

Let a,b,c > 0 such that a + b+ ¢ = 1. Show that if if z1,x,...,z5 are positive
real numbers such that z125...2z5 = 1, then

(az? + bxy + c)(azs + by + ¢) -+ - (ax? + bzs + ¢) > 1.

. In an archery competition, there are 30 contestants. The target is divided in two

zones. A hit at zone 1 is awarded 10 points while a hit at zone 2 is awarded 5
points. No point is awarded for a miss. Each contestant shoots 16 arrows. At the
end of the competition statistics show that more than 50% of the arrows hit zone
2. The number of arrows that hit zone 1 and miss the target are equal. Prove that
there are two contestants with the same score.
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1. Let D be the midpoint of AC. Smce < 1, N lies in the segment C'D. Let G be
the intersection of BD and M N. By Menelaus Theorem applied to the line M N and

triangle ABD,
DG BM AN

GB MA ND

Thus

BG _BM AN_< _CN)_AN
GD MA ND NA/) ND
_NA-CN (2CD-CN)-CN

ND ND
2.

_2ND
= ND =
Therefore, G is the centroid of ABC.

2. We have n? =1 (mod 3). Thus n = 3k + 1 or 3k + 2 for some nonnegative integer
k.

(i) n = 3k + 1. After simplifying, we have 2™ = 3k? + 2k = k(3k +2). Thus k and
3k + 2 are both powers of 2. It is clear that £ = 2 is a solution and k& = 1 is not. If
k = 2P, where p > 2, then 3k +2 = 2(3 - 2P~ l—+—1) 1snota,powerof2as?> 2P~ 4 1is
odd. We have one solution: n =7,m = 4.

(ii) n = 3k +2: Again we have 2™ = 3k®* +4k+1 = (3k+1)(k+1) and both k+1
and 3k + 1 must be powers of 2. Both k = 0,1 are solutions. When k£ = 0, m = 0, which
is not admissible. For k > 1, we have 3k +1 = 2k + (k + 1) > 2k + 2 and therefore
4k+1)>3k+1>2(k+1). Hence if £+ 1 = 2P for some positive integer p, then
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2P+2 > 3k + 1 > 2P*! and we conclude that 3k + 1 cannot be a power of 2. Thus there
is one solution in this case: (n,m) = (5,3).

et A be an n-element subset of {1,2,...,2009} with the property that the difference
between any two numbers in A is not a prime number. Find the largest possible value
of n. Find a set with this number of elements. (Note: 1 is not a prime number.)

3. If n e A, thenn+i¢& A, i=23,57 Among n+ 1,n+ 4,n+ 6 at most one
can be in A. Thus among any 8 consecutive integers, at most 2 can be in S. Hence
|A| < 2[2009/8] = 504. Such a set is {4k +1:k=0,1,...,502}.

4. We give a proof of the general case. Consider the expansion of
(az? + bxy +c)(azi + by + ¢) - - - (az2 + bz, + ).
The term in a’t/c®, where i 4+ j + k =n is
'k [(zxa . . ) (Tip1Tigs . - igg) ]

There are altogether (7) ("3_1) terms in the summation. (We choose i factors from which

we take az?. From the remaining n — 4 factors, we choose j to take the terms bxs.)

By symmetry, the number of terms containing z? is a constant, as is the number of
terms containing the term x;. Thus, when the terms in the summation are multiplied
together, we get (z125...7,)? = 1 for some p. (For our purpose, it is not necessary to
compute p. In fact p = 2(%7)) ("% + ("2 (") = () (”j_z)) By the AM-GM

j j—1 % n 7
inequality, we have

a't’ Fl(z1ma . . ) (Tip1Tisn . . Tigy) + -] = @’ (?) (n 3_ 3)'

Hence

(az? +bzy +¢)--- (az2 + bzp +¢) > Z a't?ck ({:) (nj—z) =(a+b+c)" =1.
i+j+h=n

5. The number of arrows that that hit zone 1 is < 30 - 16/4 = 120. If contestant ¢
hits zone 1 a; times, zone 2 b; times and miss the target c; times, then the total score is
10a;+5b; = 5a;+5(a;+b;) = ba; +5(16 —¢;) = 80+5(a; —¢;). Suppose the scores are all
distinct, then the 30 numbers a; — ¢; must all be distinct. By the pigeonhole principle,
half of these 30 numbers are either positive or negative. We consider the “positive”
case. Without loss of generality, let a; —c; > 0 for ¢ = 1,...,15. Then a; — ¢; > 1.
Therefore a; > i. Hence a; + -+ 4+ a15 > 120. But a1 + - - -+ a3 < 120, and we have a
contradiction. The “negative” case is similar.
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Instructions to contestants

1.

2.

Answer ALL 25 questions.

Write your answers in the answer sheet provided and shade the appropriate bubbles below
YOur answers.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

The expression 1000 sin 10° cos 20° cos 30° cos 40° can be simplified as a sin °, where a and
b are positive integers with 0 < b <90. Find the value of 100a + b.

Let A}, Ay, A3, A4, As and A¢ be six points on a circle in this order such that A; A, = A, A5,
A3A, = A4As and AsAg = AgA4, where A1 A, denotes the arc length of the arc A{ 4, etc. Itis
also known that ©A;A;As = 72°. Find the size of LA,AgA, in degrees.

Let Py, Ps,...., P4, be 41 distinct points on the segment BC of a triangle ABC, where AB = AC
41
= 7. Evaluate the sum 3.~ (AP? + P;B- PC).

Determine the largest value of X for which

x2—11x+24'+

2x2+6x—56':

X2 +17x— 80}.

Letf(x)=ay+ax + ax +ax +axt+ax’ bea polynomial in x where ay, ay, a,, as, as are
constants and as = 7. When divided by x — 2004, x — 2005, x — 2006, x — 2007 and x — 2008,
f(x) leaves a remainder of 72, -30, 32, -24 and 24 respectively. Find the value of {(2009).

sin 80° 3

Find the value of — .
sin20° 2sin 80°
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Determine the number of 8-digit positive integers such that after deleting any one digit, the
remaining 7-digit number is divisible by 7.

It is given that \/; - \/Z = 20, where a and b are real numbers. Find the maximum possible

value of a — 5b.

Let ABC be a triangle with sides AB =7, BC =8 and AC =9. A unique circle can be drawn
touching the side AC and the lines BA produced and BC produced. Let D be the centre of
this circle. Find the value of BD’.

3
If xzé(@ 2009 — ],ﬁndthevalueof (x+\}1+x2) .

1
32009

LetS={1,2,3,........ , 30}. Determine the number of vectors (x, y, z, w) withx, y, z, w € S
such thatx <wandy <z <w.

Let f(n) be the number of 0’s in the decimal representation of the positive integer n. For
example, f(10001123) = 3 and f(1234567) = 0. Find the value of

f(1) + £(2) + £(3) + ...+ £(99999).

It is given that & is a positive integer not exceeding 99. There are no natural numbers x and y
such that x* — &y’ = 8. Find the difference between the maximum and minimum possible
values of k.

LetS={1,2,3,4,....., 16}. In each of the following subsets of .S,
{6}, {1,2,3}, {5,7,9, 10,11, 12}, {1,2,3,4,5,6,7, 8,9}

the sum of all the elements is a multiple of 3. Find the total number of non-empty subsets 4
of S such that the sum of all elements in A is a multiple of 3.

A function f: R > R satisfies the relation f(x)f(y) = f(2xy + 3) + 3f(x + y) — 3f(x) + 6x, where

x,y €R. Find the value of f(2009).

Let {a,} be a sequence of positive integers such that g, = 1, a,=2009 and forn > 1,

4993

a,Hay, _a’%+1 —a,41a, = 0. Determine the value of 000"
991

Determine the number of ways of tiling a 4x9 rectangle by tiles of size 1x2.

Find the number of 7-digit positive integers such that the digits from left to right are non-
increasing. (Examples of 7-digit non-increasing numbers are 9998766 and 5555555; An
example of a number that is NOT non-increasing is 7776556)
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19.

20.

21.

22.

23.

24.

Determine the largest prime number less than 5000 of the form a" — 1, where a and » are

positive integers, and » 1s greater than 1.

Determine the least constant M such that

X1 X2 X3 X2009
+ o RO < M
X1+x; Xo+X3 X3+X4 X2009+X1

for any positive real numbers xi, x3, X3,. .., X2000-

Six numbers are randomly selected from the integers 1 to 45 inclusive. Let p be the
probability that at least three of the numbers are consecutive. Find the value of LlOOOpJ.
(Note: [x] denotes the greatest integer less than or equal to x).

o0
Evaluate Z E tan_1 (;j .

k=0 ™ 2k +1)?

11
Determine the largest prime factor of the sum k.

k=1
Let {x, };OZI be a sequence of real numbers such that x; =3, xy =24 and

Xn+2 = an+1 +an

for every positive integers n. Determine the value of lim x,,.
n—>
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25.

A square piece of graph paper of side length 30 mm contains 900 smallest squares each of
side length Imm each. Its four rectangular corners, denoted by A, B, C, D in clockwise order,
are cut away from the square piece of graph paper. The resultant graph paper, which has the
shape of a cross, is shown in the figure below. Let N denote the total number of rectangles,
excluding all the squares which are contained in the resultant graph paper. Find the value of

—N.
10
6 mm 20 mm 4 mm
e T
4 mm E A B 4mm
20 mm 20 mm
6 mm D E 6 mm
C H
6 mm 20 mm 4 mm
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1. Answer: 12560

2s5in10°c0s10°c0s20°cos30°cos40°

. 0 0 0 0 _—
sin10”cos20”cos30%cos40” = 2c0s100

3 sin20°c0s20°co0s30°%cos40°
- 2c0s10°

3 sin40°cos40°cos30°
N 4c0s10°

sin80°cos30°
8c0s10°

c0s10°sin60°
8cos10°

Hence 1000sin10°c0s20°c0s30%cos40° = 125sin60°, showing that @ = 125 and b = 60.
So, 100a + b= 12560.

2. Answer: 54.

First, observe that ZA;AgAs = 180° — 72° = 108°. Hence LA AgA; = LA1AgAs —
LA AgAy — LA AgAs = 108° — LA,AgAs — ZA3AgA, = 108° — LA, AgA,. Thus,
2/A4AgA, = 1082, resulting in LA4AgA, = 54°.
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Answer: 2009

Construct a circle o centred at A with radius AB = AC = 7. The power of P; with respect to ®
is P,A% — 72, which is also equal to -BP;-P,C. Thus, P,A’ + BP; -P,C = 7° = 49. Therefore, the
sum equals 49 x 41 =20009.

Answer: 8

Since 2x% +6x—56— (x> —11x+24) = x* +17x—80, the given equation holds if and only if

(¢ - 11x+24)2x2 + 6x-56)<0,
Since |a — b| = |a| + || if and only if ab < 0. The above inequality reduces to
(x=3)(x—8)x—-4)(x+7)<0.
Since
x:(x=3)(x—8Kx—4)(x+7)< 0} =[-7,3]U[4.8]

we conclude that the largest value of x is 8.

Answer: 1742.

We have

__ (x=2005)(x—2006)(x—2007)(x—2008) (x—2004)(x—2006)(x—2007)(x—2008) _
fx) = (-1(-2)(-3)(-4) (72) + (1)(=1)(=2)(=3) (=30) +
(x—2004)(x—2005)(x—2007)(x—2008) (32) + (x—2004)(x—2005)(x—2006) (x—2008)
)W) (-1)(-2) 3)2)(1)(-1)
(x—2004)(x—2005)(x—2006)(x—2007)
24 — — — —
DD (24) + 7(x — 2004) (x — 2005)(x — 2006) (x
2007)(x — 2008),

(—24) +

So that f(2009) = 1742.
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Answer: 2

sin80° V3 sin80° sin60°

sin20° 2sin80° sin20° sin80°

sin” 80° —sin20° sin 60°  1-cos160° + cos80° —cos 40°
sin20°sin80° 25in 20° sin 80°

_ 1-c0s40° +cos80° —cos160°

25sin 20 sin 80°
B 2sin% 20° + 2sin120° sin 40° B 2sin% 20° + 2+/3 sin 20° cos 20°
25sin 20 sin 80° 25sin 207 sin 80°

sin20° ++/3 c0s20° _ 2sin(20° +60°)

sin 80° sin 80°

=2

Answer: 64

Let N = abcdef gh be such a number. By deleting a and b, we get bcdefgh and acdef gh
respectively. Both of them are divisible by 7, hence their difference 1000000 (b — a) is also
divisible by 7, therefore b — a is divisible by 7. By the similar argument,c— b, d—c¢, e —d, f—
e, g —f, h— g are divisible by 7. In other word, all the digits of N are congruent modulo 7. If
N contains digits that are greater than 7, then one can subtract 7 from each digit to get a new
number N°. Then N satisfies the requirements in the question if and only if N’ does. Since all
the digits are congruent modulo 7, it remains to consider numbers of the form pppppppp,
where p=0, 1,2, 3,4, 5, 6. By deleting a digit in this number, we get the number

ppppppp = 1111111p, which is divisible by 7 if and only if p is the digit 0 or 7. However,
the first two digits of N must be 7 since the number N has 8 digits and that any number we get
by deleting a digit in N has 7 digits. On the other hand, the remaining 6 digits can be
independently 0 or 7. Consequently, there are 2° = 64 choices of such numbers.
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10.

Answer: 500

\/—=x/5+20
a=b+400+40vb
a—5b=400+40/b — 4b
a—5b=400-4(\/b —5)> +100
a—5b<500.

Answer: 224

Let the circle with centre D and radius 7 touch the tangent lines AC, BA produced and BC
produced at the points E, F and G respectively. Then » = DE = DF = DF. Hence, triangles
BDF and BDG are congruent, and hence ZABD = ZCBD =" ZABC. We have

a?+c?-b%?  8%2+72-92 2 . B 1-cosB 5
cosB = = = -, and hence sin-= [——= |—.
2ac 2(8)(7) 7 2 2 14

To find r, we have

(ABD) + (BCD) — (ACD) = (ABC),

where (ABD) denotes the area of triangle ABD, etc.

8+9+7

> =12.

Hence %cr + %ar - %br = \/s(s —a)(s—b)(s —c), where s =

Solving, we get r = 4+/5. Considering, triangle BDF, we have BD = ITB = 4+/14. Thus, we

mn-
s 2

have BD? = 224.

Answer: 2009

1
Since x = E{\}s 2009 - ] , we have (3/2009 )2 ~2x3/2009 —1 =0 .We see that

1
32009

32009 is a root of the equation t* — 2xt — 1 = 0. Thus

32000 = 2X VAT +4 V4x? +4 _ x+yx?+1 or 32009 = ZJ‘—_‘EJEZ—M —x—Vx2+1 <o,
2 2

3
which is not possible. Thus (x +V1+x2 j =2009.
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11.

12.

13.

14.

Answer: 90335

There are two cases to consider: Case (1) x € {y, z} and Case (2): x ¢ {y, z}. For Case (1),
there are 2 (330) ways and for Case (2), there are 3 (30

4 ) ways. Hence, total number of ways
=90335.

Answer: 38889
LetS={l1,2,3,.....,99999}, and S; = {n € S: f(n) =i} fori > 0. Thus,

S = Uosiza Si-

For0<i<4, ifn € S, and » has exactly & digits in the decimal representation, then exactly
we have k — i digits are non-zero. Thus,

|Sll _ Zi=[+1 (k : 1) 9k—i_

Then, it is clear that

M=|Sy| +2ISy| + 3|S3| + 4|S4| = 38889.

Answer: 96

Note that 3% — 1x12 = 8 and 4° — 2x2? = 8. Suppose k =0 (mod 3) . Note that a* = 0,1 (mod 3)
for all natural numbers a. Thus, x* —ky* =0,1-0(mod3)=0,1(mod3) but 8=2(mod3).

Hence, there are no natural numbers x and y such that x* — ky* = 8 if k is a multiple of 3.
Therefore, max {k} — min{k} =99 — 3 =96.

Answer: 21855.

LetS; = {x € S: x=i(mod 3)} fori= 0,1, 2. Note that[So| =35, |Si| =6 and |S,| = 5. Let 0 be
the set of all subsets 4 of S such that }},¢5 x is a multiple of 3. Note that for any 4 S,

2

Zx=z Z Xx=|ANS| +2|ANS,| (mod3).

xX€EA i=0 x€EANS;

Thus, 4 € 0if and only if |4 N S)| = | ANS,| (mod 3). Thus, it is clear that
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15.

16.

6] = 215olm, where

m={(6)+ &)+ @HE) + G} +{(D)+ HER) + ()
HE)+ EHE) + ()} = e

Hence |0 = 2° x 683 = 21856. Since we want only non-empty subsets, we have 21855.

Answer: 4021
Given f(x)f(y) = f(2xy + 3) + 3f(x + y) — 3f(x) + 6x, so if interchanging x and y we have

fO)f(x) = f2xy + 3) + 3f(x + y) - 3f(y) + 6y .

Subtracting , we have —3f(x) + 6x= -3f(y) + 6y for all x, y €R, showing that f(x) — 2xisa
constant, let it be k. So, f(x) =2x + k.

Substitute back to the given functional equation, we have

(2x +k)(2y + k) = 2(2xp +3) + k + 3[2(x + y) + k] — 3(2x + k) + 6x

Axy + 2ox + 2ky + IF = 4xy + 6 + k + 6x + 6y + 3k — 6x — 3k + 6x
2k(x +y)—6(x+y) =k—Ik*+6
k=3)k+2)=2(x+y)3-k)

(k—3)k+2+2x+2y)=0 for allx,y eR.

Thus & = 3. Hence f(2009) = 2(2009) + 3 = 4021.

Answer: 89970

2
In+29 — %+l ~ 19 _ 0

2 _
Api2Qy — Ay —0p1Qy = 0 =
ay119,

a a a . ) . .
“nt2  “ntl 1 From here, we see that { ntl } is an arithmetic sequence with first term

a1 a a

n n

2009 and common difference 1. Thus Gnl _ n+ 2008, and that

a

9993 _ 992 +2008 =3000 and 999 _ 991+ 2008 =2999 . We therefore have
997 agg|

9993 _ 30(2999) = 89970.
100(1991
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17.

18.

19.

Answer: 6336

Let £, be the number of ways of tiling a 4 x n rectangle. Also, let g, be the number of ways of
tiling a 4 x n rectangle with the top or bottom two squares in the last column missing, and let
h, be the number of ways of tiling a 4 x » rectangle with the top and bottom squares in the last
column missing. Set up a system of recurrence relations involving f, , g, and A, by
considering the ways to cover the nth column of a 4 x n rectangle. If two vertical tiles are
used, then there are f,.; ways. If one vertical tile and two adjacent horizontal tiles are used,
then there are 2g,., ways. If one vertical tile and two non-adjacent horizontal tiles are used,
then there are A, ways. If four horizontal tiles are used, then there are f,, ways. Similarly,
one can establish the recurrence relations for g, and 4,. In conclusion, we obtain for n > 2,

fn = fn—l + fn—z +29n-1 +hy4
In = In-1+ fn-1
h, = hn_y + fn—l,

With initial conditions fy = f; = g, = h; = 1 and hy = 0. Solving f, recursively, we obtain fy =
6336.

Answer: 11439

Each 16-digit binary sequence containing exactly nine ‘0’s and seven ‘1’s can be matched
uniquely to such a 7-digit integer or 0000000 as follows: Each ‘1° will be replaced by a digit
from 0 to 9 in this way: the number of ‘0’s to the right of a particular ‘1’ indicates the value of
the digit. For example, 0110000010101101 ~ 8832110 and 1111000000000111 ~ 9999000.

16
Thus, required number = [ 7 j -1

Answer: 127

Sincea™—1=(a—1)(@a* ' +a" 2+ --+a+1)isaprime, thena=2. Suppose n = rs
is a composite, then 2™ — 1 = (2" — 1)(2“5‘1) +27672) 427 1), where each
factor on the right is greater than 1, contradicting the fact that a" — 1 is a prime. Therefore »
must be a prime. The largest prime # such that 2" — 1 <5000 is 11. However, 2'' — 1 =2047
=23 x 89, which is not a prime. Since 2" _1=127isa prime number, the answer to this
question is 127.
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20.

21.

Answer: 2008

X1

% x x x e
LetS=—2—4 —2- 424 ... 4 22009  Thepitis clear that § > —2—— +
Xytxy  XptXxz X3tXs Xz2009+X1 X1+tXz24. 432000
X2 X2009

— 4 ..+ —20° =11, Next, set
xX1+x5++X2009 X1HX24-4x2009

, X2009 X200 X2 X . ,
S’ = g 307 -« + —~— By the same reasoning, S’ >1.

X2009tX2008  X20081+X2007  X2007+X2006 X1+X2009

Note that S + §” =2009. We claim that § <2008. Suppose that .S > 2008, then we must have
2009 =S5+ S5">2008 + 1 =2009, which is absurd. Hence our claim that .S < 2008 is true.
We shall next show that M is the least possible bound for S. Consider the numbers x; = a,

2008 | a?°%® .
—— + —s—=—— When a is chosen
a+l = a?00841

to be arbitrarily close to 0, this expression gets arbitrarily close to 2008.

where /=1, 2, 3,...,2009. Direct computation yields § =

Answer: 56
The number of selections such that no two of the numbers are consecutive = The number of

binary sequences containing 6 ‘1’s and 34 ‘0’s = ( 6 j .

The number of selections such that exactly two of the numbers are consecutive = The number

540
of binary sequences containing a ‘11°,4 ‘I’s and 35 ‘0’s = (IJ( 5 ) .

The number of selections with exactly two sets of two consecutive numbers but no three
numbers are consecutive = The number of binary sequences containing 2 ‘11°s, 2 ‘1’s and 36

w33}

The number of selections with exactly three sets of two consecutive numbers but no three
numbers are consecutive = The number of binary sequences containing 3 ‘11’s and 37 ‘0’s =

§
s 5 () L L (5
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22.

23.

Answer: 1

“ 2
= lim z tan‘1

2k +1)2

n
i ng_l 2k+2-2k
n 1+ (2k)(2k +2)

= lim ig(tan“ (2k +2)—tan ! (2k))
T

= lim Ztan " 2n+2) =1,
n—oo T

Answer: 263

11
We consider the sum (6k5 +2k3 ) and observe that

k=1

11
(6k5 n 2k3)
k=1

= E 3(k+1)3—k3(k—1)3}

=113 x123.

Hence

>K°
k=1
13x123 2 U ;4
SELIS CINE )
6 6,5
2 2
=2x113x122—1[u}
3|7 4

=112 x12x(2x11x12-1))
=112 x12x263.

Finally. since ¥256 =16 and the numbers 2, 3, 5, 7, 11 and 13 do not divide 263, we

11
conclude that 263 is the largest prime factor of st.

k=1
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24,

25.

Answer: 15
For each positive integer n, we have

3
Xn42 ~Xn+l = _Z(xn+l _xn)

3 n—1 3 n—1
and so we have x,,| —x, = (_Z} (xp —x)= 21(_ZJ )

n—1 k-1
Therefore, x,, =x] +21)_ (— —) for all positive integers n>3. --- (1)
k=1

00 k-1
Now, we let n — oo in (1) to conclude that lim x,, =x; +21 ) (—2) =3+

4

n—w k=1

Answer: 14413

The number of rectangles (including squares)
=Q20+19+18+..+2+1)(30+29+28 +....+1)x2-(20+ 19+ 18 +.....
= 151200.

The number of squares

21
1+0.75

=(20x30+19x29+18x28+....+1x11)x2—-(20*+19*+18*+ ...+ 1%

=7070.
N = the number of rectangles less all squares = 151200 — 7070 = 144130.

Hence N/ 10 = 14413.
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INSTRUCTIONS TO CONTESTANTS

1.

. Answer ALL 5 questions.
. Show all the steps in your working.

1
2
3.
4

Each question carries 10 mark.

. No calculators are allowed.

Let O be the center of the circle inscribed in a rhombus ABCD. Points E, F,G, H
are chosen on sides AB, BC,CD and DA respectively so that FF and GH are
tangent to the inscribed circle. Show that EFH and F'G are parallel.

A palindromic number is a number which is unchanged when the order of its digits
is reversed. Prove that the arithmetic progression 18, 37, ... contains infinitely
many palindromic numbers.

For k a positive integer, define A,, forn =1,2,..., by

nA, +2(n +1)%*
n+ 2

An+l = ) Al = L

Prove that A,, is an integer for all n > 1, and A, is odd if and only if n =1 or 2
(mod 4).

Find the largest constant C such that

4 1
> (@mi+—)P>C
izl(asz + Ii) >

for all positive real numbers z1,- - -, x4 such that

CL'?+£E§+3CL‘1£E3=SL'2+I4=1.

Find all integers x,y and z with 2 < x < y < z such that

zy=1 (mod z), zz=1 (mody), yz=1 (mod z).
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1. The figure shows half of the rhombus (which is an isosceles triangle), where X, Y, Z
are points of tangency of the circle to the sides AB,C B and EF respectively. Note that

/XOFE =/FEOZ, /ZOF =/F0OY, ZAOX =/ZCOY.

In particular, a + b+ ¢ = 90°.

Thus
LAEO =90° —a=b+c= ZCOF.

Hence the triangles AOE and CFO are similar. It follows that AE - CF = AO?2.
Similarly, on the lower half of the rhombus, AO? = AH-CG. Then AE/AH = CG/CF
and hence the triangles AEFH and CGF are similar. Thus ZAFH = ZCGF'. Since AB
is parallel to CD, it follows that FH is parallel to FG.

2. Let a; = 18 +19:. We’ll show that there are infinitely many ¢ such that a; consists
of only the digit 1, i.e.

10k —1
a; =184+ 19i = 5

This yields 10¥ = 11 (mod 19). Thus any positive integer of the form 10;_1, where

10* = 11  (mod 19) is in the AP. Since 10 = 11 and 10'® = 1 (mod 19), we have
106 = 11 (mod 19) for any ¢t. Thus there are infinitely many palindromic num-
bers.

3. We have
(n+2)Ans1 —nA, =2(n+1)%*

(n+1)A, — (n—1)Ap_; = 2(n)*
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From these we get

(n+1)(n+2)Ans1 —n(n+1)A4, = 2(n + 1)+
n(n+1)A, — (n — 1)nA,_1 = 2(n)?*+?
(n+1)(n+2)Anp1 — (n—1)nAn_q = 2(n + 1)2k+1 £ 2(n)2k+1

Using this recurrence, we obtain

n:_—25(") where S(n) =1' 42"+ +n', t =2k + 1.
n(n+1)
Since n n
25(n) =Y (n—i)t +i*) =Y (n+1-4)" +)
i=0 =1

we see that n(n + 1) | 2S(n). Thus A, is an integer for all n.

(i) n =1or 2 (mod4). Then S(n) is odd since it has an odd number of odd
terms. Thus A,, is odd.

(ii) n=0 (mod 4). Then (n/2)* =0 (mod n). Thus

n/2

S(n) = Z (n—i)t +1*) — <g)t =0 (mod n).

1=0
Thus A,, is even.

(iii) n =3 (mod 4). Then ((n+1)/2)! =0 (mod n+ 1). Thus

_(n+1)/2 N n+ 1\t _
S(n) = z ((n+1—z)+z)—( 5 ):0 (mod n +1).

Thus A,, is even.

4. First note that

3 423+ 3mxs — 1 =28 + 28 — (1) - 3z123(-1)
= $1+ZE3—1($1+1}3 +(l‘1+$3)+1)—3$1$3(l‘1+l‘3—1)
(171 + x3 — 1)[(.1?1 - .773) (.Tl + 1)(333 + 1)]

It is equal to zero only when either 7y + 3 = 1 or 1 = 3 = —1. Thus we must have
1 + x3 = 1 as they are positive. It now suffixes to show that the following is sharp:

2
113

Z (yi 4 _) >125/4 when y; +y2 =1 and y1,y2 > 0.
Yi

i=1
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To this end, it is clear that the function f(z) = (z + 1/z)3 is convex. Thus,

flz)+ f(1—2)>2f(1/2) = 125/4.

5. The only solution is (z,y, 2) = (2,3,5).

First of all, observe that (z,y) = (z,2) = (y,2) = 1. Then 2 < z < y < 2, and
combining the three given congruences we can express it as

ry+zrz+yz—1=0 (mod z, y, 2).
Since z,y and z are pairwise coprime, we have
zy+zz+yz—1=0 (mod zyz).

It follows that zy + xz + yz — 1 = k(xyz) for some integer £ > 1. Dividing by zyz, we

obtain that
1 1 1 1
-4 -=—4k>1
z Yy T TYz

Since z < y < z, it follows that

11 1 3
I<—4+-4+-<-
T Yy z =z

and this gives x = 2 as the only value. In this case, the inequalities give

1 1 1 2

2 'y oz vy

which implies that y = 3. It follows that the only possible values of z are 4 and 5.
Hence, for 2 < x < y < z, the solutions are (z,y, 2) = (2,3,4) and (2, 3,5). Since 2 and
4 are not relatively prime, the only solution is (z,y,z) = (2, 3,5).
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Important:
Answer ALL 35 questions.
Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answer on the answer sheet by shading the bubble
containing the letter (A, B, C, D or E) corresponding to the correct answer.

For the other short questions, write your answer on the answer sheet and shade the appropriate
bubbles below your answer.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO.



Multiple Choice Questions

1. Among the five real numbers below, which one is the smallest?

2010 2009

2009’ E)

(A) *R2010; (B) *N/2009; (C)2010; (D) 2010°

2. Among the five integers below, which one is the largest?
(A) 20092°10;  (B)20092010%; (C)20102°%%; (D) 36%); (E)210 4 410 4 ... 42010,

3. Among the four statements on real numbers below, how many of them are correct?

“Ifa <banda,b # 0 then ; < 1”; “If @ < b then ac < bc™;
“Ifa<bthena+c<b+c”; “If a> < b*> then a < b”.

A)0; B)1L; ©)2 D)3 (B4

4. What is the largest integer less than or equal to \3/(2010)3 +3x(2010)2 + 4 x 2010+ 1?

(A)2009; (B)2010; (C)2011; (D)2012; (E) None of the above.

5. The conditions of the road between Town A and Town B can be classified as up slope,
horizontal or down slope and total length of each type of road is the same. A cyclist travels
from Town A to Town B with uniform speeds 8 km/h, 12 km/h and 24 km/h on the up slope,
horizontal and down slope road respectively. What is the average speed of his journey?

12km/h
o« = 2*’
% 'ﬁ%

e ~

Town A Town B

(A) 12km/h;  (B) § kmv/h;  (C) 16km/h; (D) 17 knvh;  (E) 18 kmy/h,



6. In the diagram, AABC and ACDE are equilateral triangles. Given that /ZEBD = 62° and
LAEB = x°, what is the value of x?

A
(l
B W ¢
D
(A) 100; (B)118; (C)120; (D)122; (E)135.

7. A carpenter wishes to cut a wooden 3 X 3 X 3 cube into twenty seven 1 X 1 X 1 cubes. He
can do this easily by making 6 cuts through the cube, keeping the pieces together in the cube
shape as shown:

What is the minimum number of cuts needed if he is allowed to rearrange the pieces after
each cut?

A)2; B)3 O4 DS B

8. What is the last digit of 7772

AL B)3; ©35 D7 (B)9.



9. Given that n is an odd integer less than 1000 and the product of all its digits is 252. How
many such integers are there ?

A3 B4 O35 D6 ([E)T.

10. What is the value of
(V11 + V5)% + (V11 - V5)%

(A) 451856; (B) 691962; (C)903712; (D) 1276392; (E) 1576392.

Short Questions

11. Let x and y be real numbers satisfying

_ \/2008x +2009 \/2008x +2009 00
Y= YV 2010x—2011 * V2011 = 2010x ‘
Find the value of y.
12. For integers a,...,a, € {1,2,3,...,9}, we use the notation aa; .. . @, to denote the number

10"'a; + 10" 2a, + - -+ + 10a,_; + a,. For example, whena = 2 and b = 0, ab denotes the
number 20. Given that ab = b? and acbc = (ba)?. Find the value of abc.

13. Given that (m — 2) is a positive integer and it is also a factor of 3m? — 2m + 10. Find the sum
of all such values of m.

14. In triangle ABC, AB = 32 cm, AC = 36 cm and BC = 44 cm. If M is the midpoint of BC,
find the length of AM in cm.




15.

16.

17.

18.

19.

Evaluate
678 + 690 + 702 + 714 + - -- + 1998 + 2010

3+49+4+15+21+---+327+333

Esther and Frida are supposed to fill a rectangular array of 16 columns and 10 rows, with
the numbers 1 to 160. Esther chose to do it row-wise so that the first row is numbered
1,2,...,16 and the second row is 17,18,...,32 and so on. Frida chose to do it column-
wise, so that her first column has 1,2,..., 10, and the second column has 11,12, ...,20 and
so on. Comparing Esther’s array with Frida’s array, we notice that some numbers occupy the
same position. Find the sum of the numbers in these positions.

1 2 3 |- -] 16 1 11 ({21 ]--- --- 1151

17 | 18 19 |-~ --- | 32 2 |12 (22 (- --- 1152

145 | 146 | 147 | --- --- | 160 10 {20 | 30.|--- --- | 160
Esther Frida

The sum of two integers A and B is 2010. If the lowest common multiple of A and B is
14807, write down the larger of the two integers A or B.

A sequence of polynomiais a,(x) are defined recursively by

ap(x) = 1,
a(x) = XP+x+1,
a,(x) = (X + Da,_1(x) — a,—»(x), forall n > 2.
For example,
amx) = C+DEP+x+D-1=x*+22+22% +x,
ax) = C+DEF+ 2428+ ) - (P +x+1)
= J+x0+2°+2x + 5+ 2 - 1.
Evaluate a2010(1).

A triangle ABC is inscribed in a semicircle of radius 5. If AB = 10, find the maximum value
of s where s = AC + BC.



20.

21.

22.

23.

24.

25.

26.

27.

Find the last two digits of 20112010°®),

Your national football coach brought a squad of 18 players to the 2010 World Cup, consisting
of 3 goalkeepers, 5 defenders, 5 midfielders and 5 strikers. Midfielders are versatile enough
to play as both defenders and midfielders, while the other players can only play in their
designated positions. How many possible teams of 1 goalkeeper, 4 defenders, 4 midfielders
and 2 strikers can the coach field?

Given that 169(157 — 77x)?> + 100(201 — 100x)? = 26(77x — 157)(1000x — 2010), find the
value of x.

Evaluate
(20202 — 20100)(20100? — 100?)(2000% + 20100)

20106 — 106

When 15 is added to a number x, it becomes a square number. When 74 is subtracted from
x, the result is again a square number. Find the number x.

Given that x and y are positive integers such that 56 < x + y < 59 and 0.9 < g 0.91, find
y

the value of y? - X2

Let AA’ and BB’ be two line segments which are perpendicular to A’ B’. The lengths of AA’,
BB’ and A’B’ are 680, 2000 and 2010 respectively. Find the minimal length of AX + XB

where X is a point between A’ and B'.

X

X 2000 —

> —— 680 —1

~

2010

The product 1 X 2 X 3 X --- X n is denoted by n!. For example 4! = 1 X2 X3 x4 = 24. Let
M=1!x2I'x3Ix4! x5! x6!x7!x8!x9!. How many factors of M are perfect squares?



28. Starting from any of the L’s, the word LEVEL can be spelled by moving either up, down, left
or right to an adjacent letter. If the same letter may be used twice in each spell, how many
different ways are there to spell the word LEVEL?

29. Let ABCD be a rectangle with AB = 10. Draw circles C; and C, with diameters AB and CD
respectively. Let P, Q be the intersection points of C; and C,. If the circle with diameter PQ
is tangent to AB and CD, then what is the area of the shaded region?

30. Find the least prime factor of

10000---00 1.
—_—
2010-many



31. Consider the identity 1 +2+---4+n = %n(n + 1). If we set P1(x) = %x(x + 1), then it is the
unique polynomial such that for all positive integer n, P1(n) = 1 +2 + - - - + n. In general, for
each positive integer k, there is a unique polynomial Pi(x) such that

Pin) =15 +25+3+...+n*F foreachn=1,2,....
Find the value of Pyy1o(—3).
32. Given that ABCD is a square. Points E and F lie on the side BC and CD respectively. such
that BE = CF = %AB. G is the intersection of BF and DE. If

Area of ABGD _m
Areaof ABCD n

is in its lowest term, find the value of m + n.

A B
GE
D F C

33. It is known that there is only one pair of positive integers a and b such that a < b and
a® + b* + 8ab = 2010. Find the value of a + b.

34. The digits of the number 123456789 can be rearranged to form a number that is divisible
by 11. For example, 123475869, 459267831 and 987453126. How many such numbers are

there?

35. Suppose the three sides of a triangular field are all integers, and its area equals the perimeter
(in numbers). What is the largest possible area of the field?
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. Ans: (E)

It is the only number less than 1.

. Ans: (D)

Other than (D), all numbers are less than 20102°1°, Now 37 > 2010. Thus 201021 < (37)¥ <
36" the result follows.

. Ans: (B)

Only the third statement is correct: a < b implies a + ¢ < b + c¢. For other statements,
counterexamples can be takenasa = —1,b = 1; ¢ =0 and a = 0,b = —1 respectively.

. Ans: (O)
Since (2010 + 1) = 2010% + 3 x 2010% + 3 x 2010 + 1. The result follows.

. Ans: (A)

Let the distance between Town A and Town B be 3s. The total time taken for up slope,

horizontal and down slope road are g, ;5 and 3; respectively. His average speed for the
— = 12 km/h.

s
+E+§Z

whole journey is

[e=] 1)

. Ans: (D)

Observe that ABCD is congruent to AACE (using SAS, BC = AC,CD = CE and L/ACE =
60° — LECB = (BCD). Thus LAEC = /BDC. We get

x* = 360° - LAEC - (BEC
= 360° - /BDC - /BEC
= (EBD + (ECD
= 62°+60° =122°

Thus x = 122.



10.

A
a
BWC
D

. Ans: (E)

There is no way to reduce the cuts to fewer than 6: Just consider the middle cube (the one
which has no exposed surfaces in the beginning), each of the its sides requires at least one
cut.

Ans: (B)
The last digit of 7% is 1,7,9, 3 respectively for k = 0,1,2,3 (mod 4).
Since 77 = (=1) =3 (mod 4), the last digit of 77" is 3.

Ans: (C)
252 =2 x 2% 3%x3x7. Wecan have: 667,497,479,947,749.

Ans: (C)

We only need a rough estimate to rule out the wrong answers. V11 ~ 3.3 and V5 ~ 2.2, so
the sum is ~ 5.5% + (1.1) = 5.5% = 30.25* = 30* ~ 810000. Thus (C). Of course the exact
answer can be obtained by calculations, for example,

8 8
> (f)( VIDI(V3) 7 + ) (f)( VID(- V5™
i=0 i=0

8
) Z (f)( VI1)i(V5)8

i even

478 . .
2y (2,-)(1 15y,

J=0

10



11.

12.

13.

14.

15.

16.

Ans: 2010.

Let
_2008x + 2009

= 2010x - 2011°
Then a > 0 and —a > O since they are under the square root. Hence a = 0. Thus y = 2010.

Ans: 369.

Ig_i_s easy to see that b = 5, ab =25 orb= 6,_51__ll= 36. Upon checking, b = 6, a = 3 and so
(ba)* = 63? = 3969. Therefore ¢ = 9. Hence abc = 369.

Ans: 51.

Since
3m? - 2m + 10 18
——————— =3m+4+
m-—2 m-—2
is an integer. Thus m —2 is a factorof 18. m -2 =1,2,3,6,9, 18, thus m = 3,4,5,8, 11, 20.

The required sum is 51.

Ans: 26.

2AB? + 2AC? — BC?
Using the Median Formula, AM? = 7 . Thus AM = 26 cm.
Ans: 16.

Note that both numerator and denominator are arithmetic progressions. Removing common
factors gives
113+ 115+ 117 +...+333 + 335
1+3+5+...+109+111

2x 12(335+113)
B(111+1)

Ans: 322.

The number in the 7-th row and c-th column has value 16(r — 1) + ¢ in Esther’s array and
value 10(c — 1) + r in Frida’s array. So we need to solve

16r—1)+c=10(c-1)+r = 5r=3c+2.
There are exactly four solutions

(r,c) =1{(1,1),(4,6),(7,11),(10, 16)} .

11



17.

18.

19.

20.

21.

Ans: 1139.

A direct way to solve the problem is to factor 14807 directly. Alternatively, one may hope
for A and B to have common factors to simplify the problem. This is a good strategy because
of the following fact:

“The greatest common divisor of A and B, equals the greatest common divisor of
A + B and lem(A, B).”

2010 is easily factored as 2 X 3 x 5 x 67. Checking that 67 is also a factor of 14807, we can
conclude that 67 is also a factor of A and B. The problem is reduced to finding a and b such

that 2010 14807
a+b=?7-—:30 and ab:7=221.

Since 221 can be factored easily, a and b must be 13 and 17. So the answeris 17x67 = 1139.

Ans: 4021.

a,(1) is the simple recurrence relation f, = 2f,-1 — f4—2, fo = 1 and /i = 3. Using standard
technique or simply guess and verify that f, = 2n + 1. So ax10(1) = fa010 = 2(2010) + 1.

Ans: 200.

ABC must be a right-angled triangle. Let x = AC and y = BC, by Pythagoras theorem
*+y* =102

s*=(x+y)? =x*+y* +2xy = 100 + 2 X area of ABC.

Maximum area occurs when x = y, i.e. ZCAB = 45°. So x = y = V/50.

Ans: 01.

Note that 2011 = 11 (mod 100) and 112 = 21,113 = 31 (mod 100) etc. So 110 = 1
(mod 100). Since 2010%%% is divisible by 10,

(2009

20112017 = 1109% ... x 11 =1 (mod 100).

Ans: 2250.

(?) X (g) X (Z) choices for goalkeepers, strikers and midfielders respectively. The remaining

midfielder and defenders can all play as defenders, hence total number of possibilities are

3><10x5><(2)=2250.

12



22.

23.

24.

25.

26.

27.

Ans: 31.
Leta =1001x — 2041 and b = 1000x — 2010.

Then the equation becomes a® + b? = 2ab. Thus (a — b)? = 0. The result follows.

Ans: 100.

Let x = 2010 and y = 10. The numerator becomes

[(x + )% = xy] - (Y =YD - [(x = y)* + xy]
4+ xy+¥°) Y x—E+y) - (F —xy+y%)
= Y -y)& +Y)

= Y-,

Hence the answer is 100.

Ans: 2010.

Let 15 +x = m? and x—74 = n?. We have m?>—n? = 89 = 1x89. m—n)(m+n) = 1x89. Let
m—n = 1and m+n = 89. Solving m = 45 and n = 44. Thus the number x is 45215 = 2010.

Ans: 177.

From 0.9y < x < 091y, we get 0.9y +y < x+y < 091y + y. Thus 0.9y + y < 59 and
0.91y + y > 56. It follows that y < 31.05 and y > 29.3. Thus y = 30 or 31. If y = 30, then
27 < x < 27.3, no integer value of x. If y = 31, then 27.9 < x < 2821, thus x = 28. Thus
y?* — x% = (31 + 28)(31 — 28) = 177.

Ans: 3350.

Take the reflection with respect to A’B’. Let A” be the image of A. Then the minimal length
is equal to the length of A”B = /20102 + (2000 + 680)* = 3350.

Ans: 672.

11 x2!'x3!Ix4! x5! x6!x7!x8!x9!
= Bx37x4°%x5° x6*°x7°x8x9
= 20 %33 %5 x73

<
I

A perfect square factor of M must be of the form 2%* x 3% x 5% x 72, where x, y, z and w are
whole numbers such that 2x < 30, 2y < 13, 2z < 5, 2w < 3. Hence, the number of perfect
square factors of M is 16 X 7 X 3 X2 = 672.

13



28. Ans: 144.

There are total 12 ways starting from any of the L’s to reach the middle V. Hence the total
number of ways to spell the word LEVEL is 122 = 144.

29. Ans: 25.
Let N be the midpoint of CD. Then ZPNQ = 90°. So PQ = 5V2.

A

D ' N C

oL (POY L 2
A= 2_[5n( - ) S(PNY? = Zn(PN) ]
sy o, 1 L)
-—2[57’[(——2——] +§5_Zﬂ5]_25

30. Ans: 11.

Clearly 11 is a factor and 2, 3 5 are not. We only need to rule out 7 102011 +1=4 (mod?7)
because 10> = -1 (mod 7).

31. Ans: 0.

Let k be a positive even number.

14



32.

Define f(x) = Pu(x) — Pi(x — 1). Then f(n) = n* for all integer n > 2. Note that f is a
polynomial. We must have f(x) = x*. In particular, for integers n > 2,
P(-n+1) = Pi(-n) = f(-n+1) = (n - 1),
Pu(-n+2)— Py(-n+1) = f(-n+2) = (n-2),

Py(0) - Pi(-1) = f(0) = 0,
Py(1) - P(0) = f(1) = 1%,

Summing these equalities, Py(1) — Py(—n) = 1¥ + 0F + 1¥ + - .. + (n — 1)*. That is,
Pk(—n) +Pi(n—1)=0.

Define g(x) = Pi(—x) + Pr(x — 1). Then g(n) = O for all integers n > 2. Since g is a
polynomial, g(x) = 0.

In particular, P(-3) + Pi(-3) =0, i.e., P(—3) = 0.
Ans: 23.

) DF
Join BD and CG and note that FC = 2.

A B
\
\
\
\
. \
D F C

Assume the length of AB is 1. Let the area of ABGE and AFGC be x and y respectively.
: . 1
Then the areas of AEGC and ADGF are 2x and 2y. Since the area of ABFC is 3’ we have

1 1 1 2
3x+y= E' Similarly, 3y + 2x = the area of ADEC = 3 Solve x = o) andy = o Thus

AreaofABGD_1 3x+y) = 1 E i
Area of ABCD ¥r= ‘

214

So m = 9 and n = 14. The result follows.

15



33.

34.

35.

Ans: 42.

Sincea > 1,2010 = a®>+b%*+8ab > 1+b*>+8b. b*+8b—2009 < 0. However b>+85—2009 = 0
has an integer solution 41. So @ = 1 and b = 41. The result follows.

Ans: 31680.

Let X and Y be the sum of the digits at even and odd positions respectively. Note that
1+2+3+.--+9=45. Wehave X + Y = 45 and 11 divides |X — Y|. It’seasy to see X = 17
and Y = 28; or X = 28 and Y = 17. Hence we split the digits into 2 sets whose sum is 17
and 28 respectively.

There are 9 ways for 4 digits to sum to 17: {9,5,2,1}, {9,4,3,1}, {8,6,2,1}, {8,5,3,1},
{8,4,3,2},{7,6,3,1},{7,5,4,1},{7,5,3,2}, {6, 5, 4, 2}. There are 2 ways for 4 digits to sum
to 28: {9, 8,7,4}, {9, 8, 6, 5}. Thus the total number of ways is 11 x 4! x 5! = 31680.

Ans. 60.
Let the three sides of the triangle be a, b, c respectively. Then

\/s(s—a)(s—b)(s—c)=a+b+c=2s,

a+b+c ) . . . .
where s = — Note that s is an integer; otherwise s(s —a)(s—b)(s—a) is a non-integer.

Letx=s—a,y=s—bandz=s—c. Then x,Yy,z are positive integers satisfying
xyz=4(x+y+2).

Assume that x > y > z. Then xyz < 12x,i.e.,yz < 12, and thus z < 3.

Ifz=1,xy =4(x+y+1)implies (x —4)(y—-4) =20=20-1=10-2 =5-4. So
(x,y) = (24,5),(14,6), (9, 8).

Ifz=2,2xy = 4(x+y+2) implies (x—2)(y—-2) =8 =8-1=4-2. So (x,y) = (10, 3), (6, 4).
Ifz = 3,3xy = 4(x + y + 3) implies (3x — 4)(3y — 4) = 52, which has no solution x >y > 3.
The area is 60, 42, 36, 30, 24, respectively; and the largest possible value is 60.

16
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Saturday, 25 June 2010 0930-1230

INSTRUCTIONS TO CONTESTANTS

1. Answer ALL 5 questions.

2. Show all the steps in your working.

3. FEach question carries 10 mark.

4. No calculators are allowed.

1. Let the diagonals of the square ABC'D intersect at S and let P be the midpoint of
AB. Let M be the intersection of AC' and PD and N the intersection of BD and
PC. A circle is incribed in the quadrilateral PMSN. Prove that the radius of the
circle is MP — MS.

2. Find the sum of all the 5-digit integers which are not multiples of 11 and whose
digits are 1, 3, 4, 7, 9.

3. Let aq, ag, ..., a, be positive integers, not necessarily distinct but with at least five
distinct values. Suppose that for any 1 < i < j < n, there exist k, £, both different
from ¢ and j such that a; + a; = ag + a,. What is the smallest possible value of
n?

4. A student divides an integer m by a positive integer n, where n < 100, and claims
that m

— =0-167a1a2---.
n
Show the student must be wrong.
5. The numbers %, %, ey ﬁ are written on a blackboard. A student chooses any

two of the numbers, say x,y, erases them and then writes down = + y + xy. He
continues to do this until only one number is left on the blackboard. What is this

number?

17
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1. Let O be the centre and r the radius of the circle. Let X,Y be its points of contact
with the sides PM, M S, respectively.

Since OY L MS and ZYSO = ZASP = 45°, SY = YO =r. Also ZOPX = /PDA
(since OP || DA) and ZOXP = /PAD = 90°. Therefore AOXP ~ APAD. Hence
OX/XP = PA/AD = 1/2. Hence PX = 2r. Therefore PM — MS = 2r + M X —

MY —r=r.
D c

2. First note that an integer is divisible by 11 if and only if the alternating sum of the
digits is divisible by 11. In our case, these are the integers where 1,4 and 7 are at the
odd positions. Let S be the sum of all the 5-digit integers formed by 1, 3, 4, 7, 9 and
let T be the sum of those which are multiples of 11. Then

S =41(1+3+4+7+9)(1+ 10+ 100 4 1000 + 10000)
= 6399936
T = 212!(1 4 4 4 7)(1 + 100 + 10000) + 3!(3 + 9)(10 + 1000) = 557568.

Thus the sum is 6399936 — 557568 = 5842368.

3. a1 Lag <--- < a,. Suppose x < y are the two smallest values. Then a; = x and
let s be the smallest index such that as = y. Now there are two other terms whose
sum is £ +y. Thus we have ag = = and as41 = y. Since a; + a2 = 2z, we must
have a3 = a4 = x. Similarly, by considering the largest two values w < z, we have
an = Qp_1 = Qyp_2 = ap_3 = z and another two terms equal to w. Since there is one
other value, there are at least 4 + 2 +4 + 2+ 1 = 13 terms. The following 13 numbers

18



satisfy the required property: 1,1,1,1,2,2,3,4,4,5, 5, 5,5. Thus the smallest possible
value of n is 13.

4. We have m
0-167 < o <0-168 = 167n <1000m < 168n.

Multiply by 6, we get
1002n < 6000m < 10087 = 6000m — 1000n < 8n < 800.

But 6000m — 1000n > 2n > 0. Thus 6000m — 1000n > 1000 since it is a multiple of
1000. We thus get a contradiction.

5. We shall prove by induction that if the original numbers are ay,...,a,, n > 2, then
the last number is (1 +a;)--- (1 +ay) — 1.

The assertion is certainly true for n = 2, the base case. Now suppose it is true for
n = k > 2. Consider k£ + 1 numbers aq,...,ax+1 written on the board. After one
operation, we are left with & numbers. Without loss of generality, we can assume that
the student erases ai, and agy1 and writes by = ax+ag4+1+arar+1 = (1+ag)(1+ags1)—1.
After a further k£ operations, we are left with the number

(I+a) - (I4+ae-1)(I+b) —1=1+a1) - (1+ar-1)(1+ar)(1l +ars1) — L.

This completes the proof of the inductive step. Thus the last number is

1+ D3) (1 ) 1=
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Tuesday, 1 June 2010 0930 — 1200 hrs

Important:

Answer ALL 35 questions.

Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answer on the answer sheet by
shading the bubble containing the letter (A, B, C, D or E) corresponding to

the correct answer.

For the other short questions, write your answer on the answer sheet and
shade the appropriate bubble below your answer.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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Multiple Choice Questions

(Ix2%x3)+(2x4x6)+(B3x6x9)+---+(335%x 670 x1005)

1. Find the value of .
(I1x3x6)+(2x6x12)+(3x9%x18) +---+(335x1005% 2010)

1
A bl
(A) 3
: 2
B z
(B) 3
1
C l
© p
1
D l
D) 5
4
E =
(E) 5
2. If a, b, ¢ and d are real numbers such that
b+c+d_a+c+d_a+b+d_a+b+c_r
a b c d ’
find the value of r.
A 3
@) 1
(S|
(D) 3orl
(B) 3or-1
3. If 0<x<E and sinx—cosx:zand tan x + 1 - , where a, b and ¢
4 tanx p—rx°

are positive integers, find the value of a + b + c.

A 8
B) 32
© 34
(D) 48
® 50
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Find the value of \/14° +15 +16° +---+24% +253.

(A) 104
(B) 224
©) 312
D) 336
(EB) 676

In the figure below, ABC is an isosceles triangle inscribed in a circle with centre
O and diameter AD, with AB = AC. AD intersects BC at E, and F is the midpoint

of OE. Given that BD is parallel to FC and BC = 2\/§ cm , find the length of CD
in cm.

35
@
®) 6
€ 243
@®) 7
E) 2J6

Find the number of ordered pairs (x, y), where x is an integer and y is a perfect
square, such that y = (x — 90)* — 4907.

A 0
®) 1
<€ 2
®) 3
B 4

LetS={1,23,...,9,10 }. A non-empty subset of S is considered “Good” if the
number of even integers in the subset is more than or equal to the number of odd
integers in the same subset. For example, the subsets {4, 8}, {3,4,7, 8} and
{1, 3,6, 8, 10} are “Good”. How many subsets of S are “Good”?

(A) 482
®) 507
©) 575
D) 637
(E) 667
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10.

If the graph of a quadratic function f(x)=ax>+bx+c (a # 0) passes through
two distinct points (7, k) and (s, k), whatis f(r+s)?

(A)
(B)
©
D)
B

2k

c

k—c

2k—c

None of the above

Find the number of positive integers k < 100 such that 2(3%")+k(2***') -1 is
divisible by 7 for any positive integer 7.

(A)
(B)
©)
D)
®

10
12
13
14
16

Let ABCD be a trapezium with AD parallel to BC and ZADC = 90°, as shown in

the figure below. Given that M is the midpoint of AB with CM = 1—2?30m and

BC + CD + DA = 17 cm, find the area of the trapezium ABCD in cm?.

(A)
(B)
©)
D)
E)

26
28
0 A D
33
35

B C
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Short Questions

11.  The area of a rectangle remains unchanged when either its length is increased by 6
units and width decreased by 2 units, or its length decreased by 12 units and its
width increased by 6 units. If the perimeter of the original rectangle is x units, find
the value of x.

12. Forr=1,2,3,...,let u, =1+2+3+...+r. Find the value of
1 2 3 100

+ + oot i
(1] (1 1) (1 1 1} (1 1 1]
— i e e
U, u u, u U, U U, U, Uy

13. If 2010!= M x10*, where M is an integer not divisible by 10, find the value of «.

14. If a>b>1 and + 1 =4/1229 , find the value of — 1 .
log,b log,a log,b log,a
15.  For any real number x, let |—x-| denote the smallest integer that is greater than or

equal to x and |_xJ denote the largest integer that is less than or equal to x (for
example, [1.23]=2 and [1.23|=1). Find the value of

2021:0 2010_[2010J
|k k)

2010
X

16. Let f(x)= [N (1 - x)2°1 5 - Find the value of

1 2 3 2010
f(zon}f(zou}rf(z’on}'“”(fn)‘

17.  If a, b and c are positive real numbers such that

ab+a+b=bc+b+c=ca+c+a=35,
find the value of (a + 1)(b + 1)(c + 1).
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18.

19.

20.

21.

22.

In the figure below, AB and CD are parallel chords of a circle with centre O and
radius r cm. It is given that AB = 46 cm, CD = 18 cm and ZAOB= 3 x ZCOD.
Find the value of r.

A

Find the number of ways that 2010 can be written as a sum of one or more
positive integers in non-decreasing order such that the difference between the last
term and the first term is at most 1.

Find the largest possible value of n such that there exist n consecutive positive
integers whose sum is equal to 2010.

Determine the number of pairs of positive integers # and m such that

1 +21 43+ +n! =m?

The figure below shows a circle with diameter AB. C and D are points on the
circle on the same side of AB such that BD bisects ZCBA. The chords AC and BD
intersect at E. It is given that AE = 169 cm and EC = 119 cm. If ED = x cm, find
the value of x.

D C




23.

24.

25.

26.

27.

28.

Find the number of ordered pairs (m, n) of positive integers m and n such that
m + n =190 and m and n are relatively prime.

Find the least possible value of f(x)= 2 + 25 , where x ranges
I+cos2x 1-—cos2x

over all real numbers for which f(x) is defined.

Find the number of ways of arranging 13 identical blue balls and 5 identical red
balls on a straight line such that between any 2 red balls there is at least 1 blue
ball.

Let S={1,2, 3, 4, ..., 100000}. Find the least possible value of k£ such that any
subset A of S with IAl = 2010 contains two distinct numbers a and b with
la—b| <k

Find the number of ways of traveling from A to B, as shown in the figure below, if
you are only allowed to walk east or north along the grid, and avoiding all the 4
points marked x.

B

North

T—' East

Two circles C; and C; of radii 10 cm and 8 cm respectively are tangent to each
other internally at a point A. AD is the diameter of C; and P and M are points on
C; and C; respectively such that PM is tangent to C,, as shown in the figure below.

If PM = \/% cm and ZPAD = x°, find the value of x.

P

C,
G
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29.

30.

31.

32.

33.

34.

Let a, b and c be integers with a > b > ¢ > 0. If b and c are relatively prime, b + ¢
is a multiple of a, and a + c is a multiple of b, determine the value of abc.

Find the number of subsets {a, b, ¢} of {1, 2, 3, 4, ..., 20} such that
a<b-1<c-3. '

Let f(n) denote the number of 0’s in the decimal representation of the positive
integer n. For example, f(10001123) =3 and f(1234567)=0. Let -

M= fD)x2'P + £(2)x2/@ + FB)x 27D +---+ £(99999) x 27999,
Find the value of M — 100000.

Determine the odd prime number p such that the sum of digits of the number
p* —5p? +13 is the smallest possible.

The figure below shows a trapezium ABCD in which AD // BC and BC =3AD. F
is the midpoint of AB and E lies on BC extended so that BC = 3CE. The line
segments EF and CD meet at the point G. It is given that the area of triangle GCE
is 15 cm” and the area of trapezium ABCD is k cm®. Find the value of k.

Let P(x)=a, +a,x+a,x* +---+a,x" be a polynomial in x where the coefficients
a,, a,, a,,..., a, are non-negative integers. If P(1) =25 and P(27)=1771769,
find the value of a, +2a, +3a, +---+(n+1a,.
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35.

Let three circles I}, I, I*'3 with centres A;, Ay, A3 and radii rq, r,, r3 respectively
be mutually tangent to each other externally. Suppose that the tangent to the
circumcircle of the triangle A;A>A; at Az and the two external common tangents
of I, and I, meet at a common point P, as shown in the figure below. Given that
r1 =18 cm, r, = 8 cm and r3 = k cm, find the value of k.
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Answer: (A)
(Ix2x3)+(2%x4%x6)+(3x6x9)+---+(335x 670 x1005)

(Ax3x6)+(2x6x12)+(3x9x18)+---+(335x1005 x 2010)
_(Ax2x3)[1° +2° +3 +-..+335%]
(Ax3x6)[1* +2° +3° +---+3357]

_ 1><2x3_l
" 1x3x6 3’
Answer: (E)

From the given equations, we obtain

a+b+c+d=a(r+1), a+b+c+d=b(r+1),
a+b+c+d=c(r+1), a+b+c+d=d(r+1).

Adding these four equations gives

4a+b+c+d)=(a+b+c+d)(r+1),
that is,
B-r)a+b+c+d)=0.

Thusr=3,0r a+b+c+d=0. If a+b+c+d =0, then we see from the original
given equations that r = —1. Hence the value of r is either 3 or —1.

Answer: (E)

2 16— 72

32

We have (sin x—cos x)2 = E , Which implies that sin xcos x =

Therefore we obtain
1 _sinx+cosx_ 1 32

tan x + - - = 5
tanx cosx Smmx SInxcosx 16—

Hencea+b+c=32+16+2=50.

Answer: (C)
First, we note that 4n°> = [n(n + 1)]* - [n(n — 1)]*. Thus

29



W (n(n+l)j2 _(n(n—l))2
= . > )
Therefore

14° +15° + ... +24° + 25°
_ 14015”13214

4 4
15°x167 14°x15>
4 4
24%x 252 23%x24°
a4
25° %262 24*x25°
4 4
_ 25°x26> 13*x14

. = (5 X134 13 X725 x13-13 x7)

= (32 x13)(18 x13) = 9 x 64 x 132

Thus 143 +15° +163 +...+ 243 +25° =3x8x13 =312,

Answer: (B)
Since the diameter AD perpendicularly bisects the chord BC,

BE=EC= /5.

Also, given that BD // FC, we have Z/DBE = Z/FCE. Thus ABDE is congruent
to ACFE, so DE = FE. As F is the midpoint of OF, we have OF = FE = ED.
Let OF = x. Then AE =5x.

Using Intersection Chord Theorem, we have

AEXED = BEXEC,
which leads to 5x* = 5. Consequently we obtain x = 1. Now CD* = CE* + ED?

gives CD = +/5+1 =6.

Answer: (E)
Lety= m® and (x — 90)* = k?, where m and k are positive integers. Then we obtain

k?* —m? =4907 =7x701 =1x4907, which gives
(k—m)(k+m)=7x701 or (k—m)(k+m)=1x4907.
It follows that
k—-m=7andk+m=701, or k—m=1andk+ m=4907.

Solving these two pairs of equations gives
(k, m) = (354, 347) and (k, m) = (2454, 2453).
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10.

Therefore the ordered pairs (x, y) that satisfy the given equation are:
(444, 347%), (=264, 347%), (2544, 2453%), (=2364, 2453%).
Hence the answer is 4.

Answer: (D)

Let the number of even integers in a “Good” subset of S be i, where i = 1, 2, 3, 4,
5, and the number of odd integers in that subset be j, where j=0, 1, 2, ... , i. Then
the number of “Good” subsets of S is

SCEE -0 66
LG5

=5(1+5)+10(1+5+10)+---+(1+5+10+10+5+1)
=30+ 160 + 260 + 155 +32 = 637.

Answer: (B)
Let g(x) =f(x) —k. Then g(r) =f(r) — k= k— k = 0. Similarly, g(s) = 0. Therefore
r and s are roots of the quadratic equation g(x) =ax” + bx+c—k =0, from which

b
we deduce that 7 + s =——. Hence
a

fo+9)=FED —a-2r vb-Dyre=c.
a a a

Answer: (D)
We have

203"+ k(2> —1=2(27*") + 2k(8") —1= 2(=1)*" + 2k(1*) —1 (mod 7)
=2k +1 (mod 7).
Thus, for any positive integer n, 2(3°")+ k(2***')—1 is divisible by 7 if and only
if 2k+1=0 (mod 7). As k < 100, it is clear that the congruence holds for k = 3,
10, 17, ..., 94. Thus the required number of positive integers k is 14.

Answer: (C)

E O
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11.

12.

13.

Extend DA and CM to meet at E as shown in the figure above. Since AM = MB,
LAEM = /BCM and ZAME = ZBMC, we conclude that AAEM is congruent

to ABCM . Therefore AE = BC and CM = EM. Thus CE = 2CM = 13.
Let the area of trapezium ABCD be S cm?®. Then § = %(DE)(DC), and we have

(DE+DC)* = DE* + DC? + 2(DE)(DC) = CE® +4S =13% + 45 =169+ 4S.
Now DE + DC = DA +AE + DC = DA + BC + DC = 17. Hence 17> =169+ 4S5,
and it follows that S = 30.

Answer: 132 .
Let the length and width of the original rectangle be L and W respectively. Then

LW =(L+6)(W—-2) and LW =(L-12)(W +6).
Simplifying the above equations, we obtain
L-2W =12 and 3W—-L=6.

Solving the simultaneous equations, we get L = 48 and W = 18. Hence the
perimeter of the rectangle is 132 units.

Answer: 2575
r(r+1)

Asu, =1+2+3+..+r= , we have

L1 g2 g2 2, 2 _
Z——Z,(,,H)—Z( )_2

Su, o “\r r+1 i+1 i+1°

Hence,

n

P L. :j@}i[z;):;(n<n2+l>+nj=g(n+3).
i=1 2;1: i=1 \ G+l i=1 :

In particular, S,,, =2575.

Answer: 501

The number % is the number of the factor 10 that occurs in 2010!. This number is
given by the number of pairs of prime factors 2 and 5 in 2010!.

Now between 1 and 2010, there are:

402 integers with 5 as a factor;
80 integers with 25 as a factor;
16 integers with 125 as a factor;
3 integers with 625 as a factor.
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Therefore the total number of prime factor 5 in 2010! is 402 + 80 + 16 + 3 = 501.
As there are clearly more than 501 prime factor 2 in 2010!, we obtain £ = 501.

14. Answer: 35

First note that since a>b>1, - 1 - L >0. Then

logab b logab a

i1
logabb logaba

=log, ab—log,, ab

=(log, a+1)—(log, b+1)
=log,a—-log, b
1 1
logb

log

2

\/ Oga logb ]
2

LR

logb log,b \log, a

= /1229 —4
\/ 225
=35.
15. Answer: 1994
Considerk=1,2, ...,2010. If k12010, thenx-%—[%J=0,so [x]=0.If

k } 2010, then O<y —2%9—[2%9J<1,30 |_y-|=1

Since the prime factorization of 20101is 2x3x5x 67, we see that 2010 has 16
distinct divisors. Hence

3| 20| B ) S STy

k=1 k12010 k12010

= number of non-divisor of 2010 among k
=2010-16 = 199%4.

16. Answer: 1005

2010 2010
Observe that f(x)+ f(1—-x)= d + (1 x)

x2010+(1_x)2010 ( _x)2010+x2010 -

It follows that

33



17.

18.

f(zolllj”(zozuj f(2311) +f[%0i)
z{f (20111)+ (2011}} { (2011) @gﬁj}Jr |
M)

= 1005.

Answer: 216
Adding 1 to both sides of the given equation ab + a + b = 35, we obtain

(@+1)®+1)=36.
Likewise, adding 1 to the other two given equations gives
b+ 1(c+1)=36 and (c + 1)(a+ 1) = 36.
Now multiplying the three resulting equations above leads to

[(@a+D)®+1)c+D]* =36 =6°.
Tt follows that (a+1)(b+1)(c+1)=6° =216.

Answer: 27 A
C
NN}
D
B

Let M and N be the midpoints of AB and CD respectively and let ZCON = x.
Then ZAON =3x and
23 AM rsm3x 3sin x—4sin> x

9 CN rsinx sin x

=3—4sin’ x.

Thus sin23c=l 3—§ =l,andso sinle
4 9 9 3

Hence r = ﬂ =27.
sin x
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19.

20.

21.

Answer: 2010

Consider any integer k where 1 < k <2010. By division algorithm, there exists unique
pair of integers (g, r) such that 2010 = kq + r with 0 <r <k — 1. We rewrite this as

2010 = (k—r)g + r(q + 1). That is, k — r copies of g and r copies of g + 1 add up to 2010.
Thus there is one desired expression for each value of &, which is clearly unique. Hence
there are 2010 such expressions in all.

Answer: 60
Let a be a positive integer such that the sum of n consecutive integers a, a + 1, ...,
a+ (n—1)1is 2010, that is,

~a+@+1)+---+(a+n-1)=2010.

n(2a+n-1)

This gives =2010, or

nQa+n-1)=4020=2*x3x5x67. ‘ (_1)
Since n < 2a + n— 1, we have

n<~2>x3x5x67 = 241005 <2x32 = 64. (2)

Now (1) and (2) imply that n €{1,2,3,4,5,6,10,12,15,20,30,60}. »Since nand2a+n—1
4020

n

have different parities, it follows that » and have different parities. Consequently,

we have
ne{l,3,4,5,12,15,20,60}.

If n=60, then 2a+n—-1= %Q =67, so a =4. Thus the largest possible value of n is 60.

Answer: 2
First note that if n > 4, then

+214+ 31+ + n! =114+ 2!+ 31+ 4! (mod>5)
=14+2+1+4=3 (mod5).
Since the square of any integer is congruent to either 1 or 4 modulo 5, it follows that

11 +20+ 3!+ -+ +n! #m? for any integer m in this case. So we consider n < 4.
Now we have

1=1% 11+2!=3, 1'+2! +31=32%

Hence we conclude that there are two pairs of positive integers (n, m), namely, (1, 1) and

(3, 3), such that 11 + 2! + 3! + -+ + n! = m?.
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22. Answer: 65
BC EC 119

Since BE bisects ZCBA, we have — = =——. Thus we can let BC =119y

BA EA 169
and BA = 169y for some real number y. Since ZBCA= 90°, we have

AB® = AC* + BC?
(169y)* =(169+119)* +(119y)>
y2(169-119)169+119) = (169+119)*
, 169+119 144

Hence, from triangle BCE, we have BE = \/1192 +(119y)* =119x —5— .

Y T169-119 25

_12
5

13

Finally, note that AADE and ABCE are similar, so we have

ED =

AExCE _169x119

= =65cm.
BE 119x12

23. Answer: 72 .
First we find the number of ordered pairs (m, n) of positive integers m and »n such
that m + n = 190 and m and » are not relatively prime.
To this end, write m = ka and n = kb, where k, a and b are positive integers with
k> 1. Since m + n = 190, we see that & is a factor of 190 = 2x5x19 with k # 190.
We consider six cases:

@
(ii)

k = 2. Then a + b = 95, and there are 94 such pairs (a, b) of a and b
such that the equation holds.
k =5. Then a + b = 38, and there are 37 such pairs (a, b) of a and b
such that the equation holds.

@iii)) &k =19. Then a + b = 10, and there are 9 such pairs (a, b) of a and b
such that the equation holds.

@iv) k=10. Then a + b =19, and there are 18 such pairs (a, b) of a and b
such that the equation holds.

(v) k=38. Thena+ b =35, and there are 4 such pairs (a, b) of a and b such
that the equation holds.

(vi) k=95. Then a + b =2, and there is 1 such pair (a, b) of a and b such

that the equation holds.

It follows from the above cases that the number of ordered pairs (m, n) of positive
integers m and n such that m + n = 190 and m and n are not relatively prime is
94+37+9-18-4-1=117.
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24.

25.

26.

Since the total number of ordered pairs (m, n) such that m + n =190 is 189, we conclude
that the required number of ordered pairs (m, n) where m and n are relatively prime is 189
-117=172.

Answer: 32
For all real values of x for which f(x) is defined, we have
9 25 9 25
fx)= +

+ = 2 )
1+cos2x 1-—cos2x 2cos“x 2sin”x
=%(9tan2x+9)+%(2500t2x+25)

=17 +%(9tan2 x+ 25cot? x)

>17 + % (2J (9tan® x)25 cot x)) (AM-GM Inequality)

17 +%(2\/9>< 25)
3.

Note that f (tan_1 \E ) =32. Thus the least possible value of f (x) is 32.

Answer: 2002

First we place the 5 red balls on a straight line and then place 1 blue ball between 2
adjacent red balls. With this arrangement fixed, the condition of the question is satisfied.
We are now left with 9 blue balls. We can place the remaining 9 blue balls into the spaces
before, after or in between the 5 red balls. The number of ways that this can be done is
the answer to the question. Including the two ends, there are 4 + 2 = 6 spaces into which
these 9 blue balls can be placed. The number of ways of distributing the 9 blue balls into
the 6 spaces is

9+6-1 14 14
= = =2002.
Answer: 49

Consider the following subsets of S:
S1=4{1,2,3,...,49,50},
S, =1{51, 52,53, ..., 99, 100},
S3= {101, 102, 103, ..., 149, 150},
S2000 = {99951, 99952, 99953, ..., 99999, 100000}.

In other words, S; = {50i — 49, 50i - 48, ..., 50i} fori =1, 2, ..., 2000. Note that S is
partitioned into these subsets S1, S2, S3, -.. , S2000.
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217.

By Pigeonhole Principle, for any subset A of S with lAl = 2010, there exists i,
where 1 <i <2000, such that | AN S, [>2.

Let a,be ANS,. Itis clear that la — b| < 49.

To show that 49 is the least possible value of &, we find a subset A — §' with |Al =
2010 such that la — bl > 49 for any distinct a,b € A. Let

A={49j+1: j=0,1,2,...,2009} ={1,50,99,148,..., 98442}.
Then A is a subset of S with |[Al =2010 and la — bl > 49 for any distinct a,be A.

Answer: 112
B
E
D
Figure 1
A c

We observe that to avoid the four points marked x, the path must cross either C, D
or E as shown in Figure 1 above. Further, the paths that cross C, D or E are
exclusive, that is, no path can cross both C and D or D and E, or C and E.

There is only 1 way to get from A to C and from A to E. It is easy to see that there
are 4 ways to get from A to D.

1 _ 6 2p

1, ks A;s

L YL | .
L k3 g Figure 2
L b ks
Y

C

To count the number of ways to get from either C, D or E to B, we note that the
number of ways to get to a certain junction is the sum of the numbers of ways to
get to the two junctions immediately preceding it from the left or from below (as
shown in Figure 2). Therefore there are 21 ways to get from C to B. Similarly,
there are 21 ways to get from D to B and 7 ways to get from E to B.
Hence the number of ways to get from A to B that

e pass through C: number of ways from A to C x number of ways from C to

B=1x21=21;

e pass through D: number of ways from A to D x number of ways from D to
B=4x21=284;

e pass through E: number of ways from A to E x number of ways from E to
B=1x7=17.

It follows that the total number of ways from A to B is 21 + 84 + 7 =112.
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28.

29.

30.

Answer: 60

Let O be the centre of C, and let PA intersect C;, at B. The homothety centred at A

mapping C; to C; has similitude ratio E It maps B to P. Thus AB = i (This
10 AP 10

can also be seen by connecting P to the centre O’ of C; so that the triangles ABO

and APO’ are similar.) The power of P with respect to C, is PM* =20. Thus

PB - PA =20, or equivalently (PA — AB)PA = 20. Together with % = %, we

obtain AB = 8 and AP = 10. Consequently, the triangle ABO is equilateral, and
hence ZPAD = /BAO =60°.

Answer: 6

We shall show thata=3,b=2andc=1.

Note that 2a > b + c. As b + c is a multiple of a, it follows that a = b + c.
Leta+c=kb. Thenkb=a+c=b+ c+ c,s02c=(k—1)b. Since c < b, we
must have k = 2 and therefore b = 2¢. Since b and c are relatively prime, this
implies that ¢ =1 and b = 2. Thus a = 3. Hence abc = 6.

Answer: 680
For any 3-element subset {a, b, c}, define a mapping f by

f{a,b,c})={a,b—-1,c-3}.

Now observe that {a, b, c} is a subset of {1, 2, 3,4, ...,20} witha<b—-1<c-3
if and only if f ({a, b, c}) is a 3-element subset of {1, 2, 3, ..., 17}. Hence the

(17
answer is ( 3 } = 680.
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31.

32.

Answer: 2780
Note that 0< f(n)<4 for 1 <n<99999. For k=0, 1, 2, 3, 4, let a, denote the

number of integers n, where 1 < n < 99999, such that f (n) = k. Then
4 4
M =>ka,2" = ka,2".

k=0 =1
By considering the number of 2-digit, 3-digit, 4-digit and 5-digit positive integers
with exactly one 0 in their decimal representation, we obtain

A =9+9Ix9Ix2+9Ix9IxIx3+9x9Ix9Ix9x4 =28602.

Similarly, we have

3 4
a, =9+9x9x +9%x9x9x =4626,
2 2 2

a, =9+9% x4 =333,
a, =9.
Hence

M =1x28602x2+2x4626x 2% +3x333x2> +4x9x2* =102780,
and it follows that M — 100000 = 2780.

Answer: 5
Let n=p* —5p*+13. When p = 3, we have n = 49 and so the sum of digits is 13.

When p =5, we have n = 513 and the resulting sum of digits is 9.
Now let p > 5 be a prime. We have

n=p*-5p*+13=(p-2)(p-1)(p+1(p+2)+9.
Sincep—-2,p—1,p,p+ 1 and p + 2 are five consecutive integers, at least one of
them is divisible by 5. Since p # 5, we must have 5 divides one of the numbers
p—2,p—1,p+1andp +2,so05 divides the product (p —2)(p — D)(p + D)(p + 2).
Observe that at least one of the numbers p + 1 and p + 2 is even. Therefore we see
that (p — 2)(p — D)(p + 1)(p + 2) is divisible by 10. It follows that for any prime
p > 5, the number #» has at least two digits and the units digit is 9, so the sum of
the digits is greater than 9. Consequently the smallest possible sum of digits is 9,
and this value is attained when p = 5. '
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33.

Answer: 360

B c
Extend BA and CD to meet at X. Let H be the point on CD such that FH // BC.
Let AD = CE = a. Then BC =3a, and FH = —;—(AD + BC) =2a.

By the similarity of triangles FHG and ECG, we have
2
(i) areaof AFHG = (2—21) x area of AECG =60 cm?;

(ii) H—G=ﬂ=2, so that HG =2CG and DH = HC = gHG.
CG CE 2
It follows from (i) and (ii) that the area of triangle FDH = %x 60=90 cm®.

Now, let area of triangle XAD be y cm®. By the similarity of triangles XAD and
XFH, we have

(iii) XA =—-= 1 , o that XA = AF and hence
XF FH 2
area of AXDF =2x area of AXAD = 2y cm?;

2
(iv) areaof AXFH= (%) y=4y.

It follows from (iii) and (iv) that the area of triangle FDH = 4y -2y =2y cm®.
Since the area of triangle FDH is 90 cm?, we get y = 45.

Finally, by the similarity of triangles XAD and ABC,
2

area of AXBC = (E) y=9y.

AD

Hence the area of trapezium ABCD = 8y =360 cm?.
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34.

35.

Answer: 75
First we note that every positive integer m can be written uniquely (in base 27) as

m=by+b,x27+b,x27% +---+b, x27",

where r and b,, b;, b, , ..., b, (depending on m) are non-negative integers with

b, <27fori=0,1,2,...,r.

Since the coefficients of P(x) are non-negative integers and P(1) = 25, we see that

a, <25<27 for 0 < k < n. Thus by the above remark, the polynomial P(x) is

uniquely determined by the value P(27) = 1771769. Writing 1771769 in base 27,

we obtain 1771769 = 2+11x 27 +9x 27> +3x27*. Therefore
P(x)=2+11x+9x> +3x*.

Hence a, +2a, +3a, +---+(n+1a, =2+ 2x11+4x9+5x3=175,

Answer: 12

First we shall show that r, = /r,7,. Let P be the point of concurrence of the
tangent to the circumcircle of the triangle A A, A, at A, and the two external

common tangents of I’ and I',. Note that the line joining A, and A, also passes
through P.

2
P
First we have PA; = PA, - PA,, so P, =£{‘L=i. That is, P4, _ I
PA, PA, 1, PA, r,

On the other hand,
PA, sin/ZA;A,P sinA, r +r,
PA, sin/A,AP sinA 1, +r,

no_n+n

Thus . Solving for r,, we obtain r, =/r,r,. Substituting , =18,

r, I,tr

r, =8, we get r, =12.
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Singapore Mathematical Olympiad (SMO) 2010

(Senior Section, Round 2)

Saturday, 25 June 2010 0930-1230

INSTRUCTIONS TO CONTESTANTS

1. Answer ALL 5 questions.

2. Show all the steps in your working.

3. FEach question carries 10 mark.

4. No calculators are allowed.

1. In the triangle ABC with AC' > AB, D is the foot of the perpendicular from A onto
BC and F is the foot of the perpendicular from D onto AC. Let F' be the point
on the line DFE such that EF - DC = BD - DE. Prove that AF' is perpendicular
to BF'.

2. The numbers },3,..., 5575 are written on a blackboard. A student chooses any
two of the numbers, say x,y, erases them and then writes down = + vy + zy. He
continues to do this until only one number is left on the blackboard. What is this
number?

3. Given a; > 1and axy; > ar +1forall k =1,2,---,n, show that

ad4a3+---+ad > (ay+ag+ - +ay)

4. An infinite sequence of integers, ag,a1,as ..., with ag > 0, has the property that
for any n > 0, ap+1 = a, — by, where b, is the number having the same sign as
@, but having the digits written in the reverse order. For example if ay = 1210,
a1 = 1089 and ay = —8712, etc. Find the smallest value of ag so that a, 7# 0 for
alln > 1.

5. Let p be a prime number and let ay,as,...,a; be distinct integers chosen from

1,2,...,p—1. For 1 <i <k, let 7“%(") denote the remainder of the integer na; upon
division by p, so 0 < rgn) < p. Define

S={n:1<n<p-1, rgn)<---<r,(€")}_

Show that S has less than % elements.
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(Senior Section, Round 2 solutions)

1. Since we are supposed to prove ZAF B = 90°, it means that the 4 points A, B, D, F'
are concyclic. Note that AC' > AB implies that /B > ZC. If TD is the tangent to
the circumcircle w of the triangle ABD with B and T lying opposite sides of the line
AD, then ZADT = /B > /C = ZADE so that w intersects the interior of DE at
F. Therefore F' can only be in the interior of DE. Now observe that the triangles
ADE and DCE are similar so that AD/AE = DC/DE. By the given condition, this
can be written as AD/AFE = BD/EF. This means the triangles ABD and AFE are
similar. Thus ZABD = ZAFE. This shows that A, B, D, F' are concyclic. Therefore

LAFB = /ADB = 90°.

2. See Junior Section Question 5.

3. We will prove it by induction. First, it is clear that a3 > a? since a; > 1. Next,
suppose it is true for n terms. Then

n+1 n n 9
3 3 3
Zak > Qi —I—Zak 2 Qpyy + (Zak>
k=1 k=1 k=1
n+1 2 n
3
= ( Z ak) +Gpp1 — Gppq — 20n41 Z ak
k=1 k=1
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To complete the induction, we’ll now show that a2, —a2; —2an41 Y pn_; ax > 0. Since
ak+1 — ar > 1, we have a%H — a% > ak+1 + ax. Summing up over k = 1,...,n, and
using a? — a3 > 0, we have

n n
2 2 3 2
an+1—a12an+1—|—22 ap —a1 = an+1~—an+1—2an+1g ar > 0.

k=1 k=1

4. If ag has a single digit, then a; = 0. Thus a( has at least 2 digits. If ag = ab = 10a+b,
then a; = 9(a—b) which is divisible by 9. it follows that all subsequent terms are divisible
by 9. Checking all 2-digit multiples of 9 shows that eventually 9 appears (Note that ab
and ba give rise to the same sequence, but with opposite signs):

81 — 63 — 27 — 45 — 9.

If ag = abc, then a; = 99(a — ¢). Thus if suffices to investigate 3-digit multiples of 99,
i.e., 198,...,990. Here we find that 99 will eventually appear:

990 — 891 — 693 — 297 — —495 — 99.

If ap = abed, then a3 = 999(a—d)+90(b—c). If b, c are both 0, then a; and all subsequent
terms are multiples of 999. However, if such numbers appear in the sequence, eventually
999 will appear:
\ 9990 — 8991 — 6993 — 2997 — —4995 — 999.
For 1010, we get 909 and for 1011 we get -90. For 1012, we get

1012 — —1089 — —8712 — 6534 — 2178 — —6534

and the sequence becomes periodic thereafter. Thus the smallest ag = 1012.

5. Let 7’(()”) = 0 and 7“,(971_)1 = p. Set

k
S ={n:1<n<p-1,% P —r =p}
=0
Note that

k
S Pl =p i o < <o
1=0

Thus |S| = |S’|. Since for n € 5, |rz(i)1 - rE")| = ""1(-7-)1 - rgn) = n(ait1 —a;) (mod p)
and p 1 (a;41 — a;), the numbers rz(z)l — rz(n), 1 <n <p-—1, are all distinct. Therefore

|S']

k k k
n n n n . (E+DIS(S]+1
CIEDIDIAETLED DD W CEE R ED BB
i=0 j=1

nes’ i=0 1=0 neS’

Therefore |S| < f—_&.

45



Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2010

(Open Section, Round 1)

Wednesday, 2 June 2010 0930-1200 hrs

Instructions to contestants

1. Answer ALL 25 questions.

2. Write your answers in the answer sheet provided and shade the appropriate bubbles below
YOUT ANSWETS.

3. No steps are needed to justify your answers.
4. Fach question carries 1 mark.

5. No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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10.

11.

. Let S be the set of all integers n such that

1
.Letpk=1+g———

8n3 —96n? +360n —400 , . :
5 7 is an integer. Find
n —

the value of Z |n|.
nes

. Determine the largest value of x for which

|2? — 42 — 39601| > |2? + 4z — 39601|.

Given that
= [10) 4 (23] 4+ [31°) 4 4 [79991/%),

find the value of LTQ(Y):—OJ’ where |y| denotes the greatest integer less than or equal to y.
(For example, |2.1] = 2, |30] = 30, |~10.5] = —11.)

. e 6" e
Determine the smallest positive integer C such that — < C for all positive integers n.
n!

Let CD be a chord of a circle I'1 and AB a diameter of I'y perpendicular to CD at N
with AN > NB. A circle I'y centred at C' with radius CN intersects I'y at points P and
@, and the segments PQ) and CD intersect at M. Given that the radii of I'y and I'y are
61 and 60 respectively, find the length of AM.

50
Determine the minimum value of Z xk, where the summation is done over all possible
k=1
50 1
positive numbers z1, ..., Z5o satistying E — =1
Tk
k=

Find the sum of all positive integers p such that the expression (z — p)(z — 13) +4 can be
expressed in the form (z + q)(z + r) for distinct integers g and 7.

1 1
2 38 where k is a positive integer. Find the least positive integer n

such that the product pops - - - p, exceeds 2010.

. Let B be a point on the circle centred at O with diameter AC and let D and FE be the

circumcentres of the triangles OAB and OBC respectively. Given that sin ZBOC = %
and AC = 24, find the area of the triangle BDE.

Let f be a real-valued function with the rule f(z) = 23 + 322 4 62 + 14 defined for all real
value of z. It is given that a and b are two real numbers such that f(a) = 1 and f(b) = 19.
Find the value of (a + b)2.

4
If cota + cot B+ coty = 5 tana +tan 8+ tany = % and

1
cot a cot B + cot B coty + cot ycot o = —37, find the value of tan(a + 8 + 7).
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12.

13.

14.

15.

16.

17.

The figure below shows a road map connecting two shopping malls A and B in a certain
city. Each side of the smallest square in the figure represents a road of distance lkm.
Regions C and D represent two large residential estates in the town. Find the number of
shortest routes to travel from A to B along the roads shown in the figure.

8 km B
10 km
A
Let 1 2 and for all n > 2 2n n-l It is known that
= = nd for a = — —1.
et aq 20,06;2 a. or alln =2 4, ap41 ’I’L-I—lan n+1an 1 1S Known a
an > 2+ for all n > m, where m is a positive integer. Find the least value of m.

2010

It is known that

v/9 — 8sin50° = a + bsinc®

for exactly one set of positive integers (a, b, ¢), where 0 < ¢ < 90. Find the value of

b+ec
P

If a is a real root of the equation z° — 2% 4+ — 2 = 0, find the value of |a®], where |z] is
the least positive integer not exceeding =x.

If a positive integer cannot be written as the difference of two square numbers, then the
integer is called a “cute” integer. For example, 1,2 and 4 are the first three “cute” integers.
Find the 2010%" “cute” integer.

(Note: A square number is the square of a positive integer. As an illustration, 1,4,9 and
16 are the first four square numbers.)

Let f(z) be a polynomial in x of degree 5. When f(z) is divided by z — 1, z — 2,  — 3,
z —4 and 22 — x — 1, f(z) leaves a remainder of 3,1,7,36 and z — 1 respectively. Find the
square of the remainder when f(x) is divided by = + 1.
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18.

19.

20.

21.

22.

23.

24.

25.

Determine the number of ordered pairs of positive integers (a, b) satisfying the equation

100(a + b) = ab — 100.

(Note: As an illustration, (1,2) and (2,1) are considered as two distinct ordered pairs.)
Let p = a® + b%. If a,b and p are all prime, what is the value of p?
Determine the value of the following expression:
11 + 11 x 2 n 11 x 3 n 11 x4 et 11 x 2009
2010 2010 2010 2010 2010 ’

where |y| denotes the greatest integer less than or equal to y.

Numbers 1,2,...,2010 are placed on the circumference of a circle in some order. The
numbers ¢ and j, where i # j and 4,5 € {1,2, ...,2010} form a friendly pair if

(i) 4 and j are not neighbours to each other, and

(ii) on one or both of the arcs connecting 7 and j along the circle, all numbers in between
them are greater than both ¢ and j.

Determine the minimal number of friendly pairs.

Let S be the set of all non-zero real-valued functions f defined on the set of all real numbers
such that
f(z® + yf(z)) = zf(z) + 2£(y)

for all real numbers z,y and z. Find the maximum value of £(12345), where f € S.

All possible 6-digit numbers, in each of which the digits occur in non-increasing order from
left to right (e.g., 966541), are written as a sequence in increasing order (the first three
6-digit numbers in this sequence are 100000, 110000, 111000 and so on). If the 2010th

number in this sequence is denoted by p, find the value of Ll%J’ where |z] denotes the
greatest integer less than or equal to .

Find the number of permutations ajasagasasag of the six integers from 1 to 6 such that
for all ¢ from 1 to 5, a;4+1 does not exceed a; by 1.

A ( (2010 2010 2+_ 2010\ (2010 24_ 2010\  (2010\)”
N 0 —1 1 0 2 1
e (200 2010\ \ 2
1005 1004) ) -
Determine the minimum integer s such that

4020
> .
sA2 <2010>

Let

n!

l( T')' for r = 0717273,' s,y and for all
ri\n — .

n
(Note: For a given positive integer n, ( > =
r

other values of r, define (:) =0.)

49



Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2010

(Open Section, Round 1)

1. Answer: 50

8n3 — 96n2 + 360n — 400

7
Note that = 4n® — 34n + 61 + . Since 4n? — 34n + 61 is
2n—17 2n—17

an integer for all integers n, we must have that 27 divisible T)y 2n — 7. Hence, 2n — 7 =
-1,1,-3,3,-9,9,—-27,27, so that n = 3,4,2,5,—1,8, —10,17. Hence the required sum
equals 50.

2. Answer: 199
By direct computation,
|22 — 4z — 39601| > |+ + 4z — 39601|
— (2% — 4z — 39601)% — (2% 4 4z — 39601)2 > 0
< 2(z% — 39601)(—8z) > 0

>
< z(x+199)(z — 199) <0,

we conclude that the largest possible value of x is 199.

3. Answer: 1159

Note that
= |13 4+ |2Y3) 4 |3Y/3) 4 ... 4+ [79991/3]
— Z Lk1/3J+ Z I_kl/3J+ Z l_kl/3J+"'+ Z Lk1/3J
13<k<23 23<k<33 33<k<43 193<k<203
= D1+ D24 > 34+ > 19
183<k<23 23<k<33 33<k<43 193<k<208
= (22-1%)+2(3%—2%) +3 (43— 3%) +--- +18(19° — 18%) + 19 (20° — 19°)
19
= 19(8000) — > &°
k=1
19 x 20\ ?
- 19(8000)—( 9; )
= 115900
|| = 1159
" +100 '
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4. Answer: 65
Define f(n) = % forn=1,2,3,---. It is clear that f(1) = 6,{(2) = 18, {(3) = 36,f(4) = 54
and f(5) = 64.8. For all n > 6,

n
f(n)—6 <§><gx

Tl s %

(S =N
[= K=}

xgx
4

Wl o™

=6x3x2x1.8=064.8

5. Answer: 78

Extend DC' meeting 'y at H. Note that DN = NC = CH = 60. Since M is of equal
power with respect to I'y and I'y. Thus MN-MH = MC-MD. That is MN(MC +60) =
MC(MN + 60) giving MN = MC. Thus M N = 30. ‘

A

Iy

The power of N with respect to 'y is DN - NC = 602, and is also equal to NA- NB =
NA-(AB—NA) = NA-(122— NA). Thus NA-(122— NA) = 60%. Solving this quadratic
equation, we get NA = 72 or 50. Since NA > NB, we have NA = 72. Consequently
AM = +/NA2 + MN? = /722 + 302 = 78.

6. Answer: 2500
By Cauchy-Schwarz inequality,

and equality holds if and only if z; = 50 for £ = 1,...,50. Therefore the required value is
2500.

7. Answer: 26

Let (z —p)(z—13)+4 = (z+q)(xz+7). Substituting z = —q into the above identity yields
(—q —p)(—q — 13) = —4, which becomes (g + p)(g + 13) = —4. Since p and q are integers,
we must have the following cases:

(a) g+p=4,9+13=—1;
(b) g+p=—-4,q+13=1;
() g+p=2,q+13=—2;0r
d) g+p=-2,g+13=2
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p)(z —13) +4 = (z — 14)(z — 17);
For case (b), we obtain ¢ = —12,p = 8 and hence (z — p)(z — 13) + 4 = (z — 9)(z — 12);
For case (c), we obtain ¢ = —15,p = 17 and hence (x — p)(x — 13) + 4 = (z — 15)2; which
is NOT what we want;

For case (d), we obtain ¢ = —11,p = 9 and hence (z — p)(z — 13) +4 = (z — 11)?; which
is also NOT what we want. Hence the two possible values of p are 8 and 18, the sum of
which is 26.

For case (a), we obtain ¢ = —14,p = 8 and hence (z

. Answer: 8038
First, note that

pk=1+%—i——1—=<1—1) <1+1>2=—_(k_1)(k+1)2,

k2 k3 k k k3
Therefore,
1-32 2.4%2 3-52 (n—1(n+1)% (n+1)?
PoP3  Pn= 3~ —a3 a3 5 = :
2 3 4 n dn

(n+1)2

Next, observe that > 2010 is equivalent to n2 —8038n+1 > 0, which is equivalent

n
to n(n — 8038) > —1. Since n is a positive integer, the last inequality is satisfied if and
only if n > 8038. Consequently, the least n required is 8038.

. Answer: 45

Let d = AC = 24. First, it is not difficult to see that /DEB = ZACB and ZEDB =
/CAB, so that the triangles DBE and ABC' are similar.

5]

>

Let M and N be the feet of the perpendiculars from B onto DE and AC respectively. As
M is the midpoint of OB, we have BM = ‘Zi. Also BN = BOsin ZBOC = % X % = %.
Therefore DE = AC x —g% = d X g’—g = %d. Thus the area of the triangle BDE is
% X BM x DE = % X % X %d = 56%2. Substituting d = 24, the area of the triangle BDE is
45.
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10. Answer: 4

We note that f(z) = (z + 1) +3(z 4+ 1) +10. Let g(y) = 3 + 3y, which is a strictly
increasing odd function. Hence f(a) = 1 implies g(a + 1) = —9 and f(b) = 19 implies
g(b+1)=9. Thus, a+ 1= —(b+ 1), implying a + b = —2, so that (a + b)? = 4.

11. Answer: 11
Let x = tana, y = tan (8 and z = tan~y. Then

Yy +yz+zr 4
TYz T 5

17

r+yt+z = 3
x+y+z 17
Cmyz 5

5 2
From the above three equations, xyz = ~% and xzy + yz + zx = —. It follows that

3
z+y+z—zyz 17/6 — (—5/6)
= = =11.
tan(a:+ 5 +7) 1 —(zy+yz+ 2z) 1-2/3

12. Answer: 22023

Include the points E, F,G,H,I,J, K, L, M, N and P in the diagram as shown and consider
all possible routes:

8 km

E B
F?
G‘.E
C
10 km H), .
7 I g
L M
D
N
P
A

For the route A — F — B, there is 1 way.

1

For the route A — F — B, there are < 10> . (f) = 80 ways.
10 8

For the route A — G — B, there are o) \g)= 1260 ways.
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13.

14.

For the route A — H — I — B, there are (2) . <;> = 980 ways.

For the route A — J — I — B, there are (2) . (i’ < ) = 5880 ways.

(;) = 1176 ways.

For the route A — L — I — B, there are <i . <i’> . (;) = 7350 ways.

For the route A — J — K — B, there are (2) .

8
For the route A — L — K — B, there are <4> <:1))> ( > = 4410 ways.

For the route A — L — M — B, there are <i) ( ) = 490 ways.

11

For the route A — N — B, there are < ) 9

) = 385 ways.

For the route A — P — B, there are < 1 > = 11 ways.

Hence, by adding up, there are altogether 22023 ways.

Answer: 4021
-1
Rearranging the recurrence relation yields an4+1 — an = n 1 (an —ap—1) for n > 2. Thus,
n
for n > 3, we have
- —a _ n—2(a Gng) = n—2 n—3( )
n n—1 = n n—1 — Qn—2 " n—1 An—2 — QGn—3
n—2 n—3 2 1( )
= = P —————— et 8 — —_— a
n n—1 '343%°%
2 2 2

2
for n > 3. Using the method of difference, we obtain a, = 3 — — for n > 3. Given that
n
2009
an > 2+ m, we have ) : 2000 )
3= > 2 %010~ % 2010

yielding n > 4020. Hence the least value of m is 4021.

Answer: 14
We have

9 —8sin50° = 8+ 8sin10° — 8sin 10° — 8 sin 50°
= 9+8sin10° — 8 (2sin 30° cos 20°)
= 9+8sin10° — 8(1 — 25sin%10°)
= 165sin®10° + 85sin 10° + 1

= (1+4sin10°)?
~.v/9—8sin50° = 14 4sin10°.
b+c

Thus, a =1, b =4 and ¢ = 10, and hence = 14.

54



15.

16.

17.

Answer: 3

It can be easily seen that the given equation has exactly one real root «, since (1) all

polynomial equations of degree 5 has at least one real root, and (2) the function f(z) =

x° — 23 4z — 2 is strictly increasing since f'(z) = 5z* — 322 41 > 0 for all real values of z.

1
It can also be checked that f(3) < 0 and £(2) > 0, so that g <a< 2. This is equivalent to

ab < 4 since

ab <4 —ot—-a?+2a<4

— a® — a® + 202 < 4a
202 -5a+2<0

1
<:>§<Oé<2.

In addition, we claim that o > 3 since

a623 = a4—a2+2a23
<= a5—a3+2a2—3a20
— 222 —-4a+2>0,

the last inequality is always true. Hence 3 < o < 4, thereby showing that |af]| = 3.

Answer: 8030

Any odd number greater than 1 can be written as 2k+1, where 2k+1 = (k+1)2—k2. Hence
all odd integers greater than 1 are not “cute” integers. Also, since 4m = (m+ 1)2—(m—1)2,
so that all integers of the form 4m, where m > 1, are not “cute”. We claim that all integers
of the form 4m + 2 are “cute”. Suppose 4m + 2 (for m > 1) is not “cute”, then

m+2=22—y2 = (z—y)(w+y)

for some integers positive integers z and y. However, 4+ y and = — y have the same
parity, so that * — y and z + y must all be even since 4m + 2 is even. Hence 4m + 2 is
divisible by 4, which is absurd. Thus, 4m + 2 is “cute”. The first few “cute” integers
are 1,2,4,6,10---. For n > 3, the nt® “cute” integer is 4n — 10. Thus, the 2010t" “cute”
integer is 4(2010) — 10 = 8030.

Answer: 841
We have f(1) = 3, f(2) = 1, {(3) = 7, f(4) = 36 and

f(z) = (2% -~z — 1)g(@) + (z - 1),

where g(z) is a polynomial in z of degree 3. Hence g(1) = -3, g(2) = 0, g(3) = 1, and
g(4) = 3. Thus

(z—1)(z—-2)(z—4)

flx) = (®—=z-1)[(-3)- 2)(1)(-1)

(:c——2)1(:v—3)(a:—4) +(1)

D2
(z—1)(z—2)(z —3)
R 0 R R

Thus, f(—1) = —29, so that its square is 841.
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18.

Answer: 18

Solving for b, we get b = %. Since @ and b are positive, we must have a > 100.

Let a = 100 + m, where m is a positive integer. Thus b = 100(100+m)+100 _ 1y 4 &7}5@,

Therefore m must be a factor of 10100 = 101 x 22 x 52. Conversely, each factor r of
m determines a unique solution (a,b) = (100 + 7,100 + 2299 of the equation 100(a +
b) = ab — 100. There are 18 = (1 + 1)(2 + 1)(2 + 1) factors of 10100. Consequently
there are 18 solutions of the given equation. In fact, these 18 solutions can be found

~to be (a,b) = (101,10200), (102,5150), (104,2625), (105,2120), (110,1110), (120, 605),

19.

20.

(125,504), (150,302), (200,201), (201,200), (302,150), (504,125), (605,120), (1110,110),
(2120, 105),
(2625,104), (5150, 102), (10200,101).

Answer: 17

If both a,b are odd prime numbers, then p is even and p > 4, contradicting the condition
that p is prime. Thus ¢ =2 or b = 2.

Assume that a = 2. Then b # 2; otherwise, p = 8 which is not prime.
Thus b is an odd prime number. Let b = 2k + 1, where k is an integer greater than 1. Thus

p=2%+1 1 2k +1)% =2 x 4% + (2k +1)%

We shall show that k = 1.
Suppose that k£ > 2. If k = 1(mod 3), then b > 3 and

b=2k+1=0(mod 3),
contradicting the condition that b is prime. If k£ # 1(mod 3), then
p=2x4F 4+ (2k +1)%2 =2+ 4k? + 4k + 1 = 4k(k + 1) = 0(mod 3),
a contradiction too. Thus k¥ = 1 and b = 3. Therefore

p=2%4+32=8+4+9=17.

Answer: 10045

The number of grid points (z, y) inside the rectangle with four corner vertices (0, 0), (11, 0),
(0,2010) and (11,2010) is

(11— 1) x (2010 — 1) = 20090.

There are no grid points on the diagonal between (0, 0) and (11, 2010) excluding these two
points, since for any point (z,y) on this segment between (0,0) and (11,2010), we have

2010z
o1
But for an integer z with 1 < z < 10, 201110”” is not an integer.

Hence the number of grid points (z,y) inside the triangle formed by corner points (0, 0),
(0,2010) and (11,2010) is

(11 — 1) x (2010 — 1)/2 = 20090,/2 = 10045.
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21.

22.

For any grid point (z,y) inside the triangle formed by corner points (0,0), (0,2010) and
(11,2010), we have

11y
<y< < —_—
1 <y <2009, 1_:v<2010

Thus, for any fixed positive integer y, there are the number of grid points satisfying the
condition that 1 < z < ¥ is
11y

2010
as % is not an integer when 1 <y < 2009. Thus the number of grid points (z,y) inside
the triangle formed by corner points (0, 0), (0,2010) and (11, 2010) is

11 n 11 x2 n 11 x3 n 11 x 4 4t 11 x 2009
2010 2010 2010 2010 2010 ’

Therefore the answer is 10045.

Answer: 2007

Consider n distinct numbers where n > 3. We shall show by induction that the number
of friendly pairs is always n — 3 for n > 3. Hence the minimal number of friendly pairs is
alson — 3.

If n = 3, then there are no friendly pairs as each number is adjacent to the other two.
Thus the number of friendly pairs is 0. Assume that the number of friendly pairs for any
arrangement of n distinct numbers on the circle is n — 3 for some n > 3. Consider n + 1
distinct numbers on the circle. Let m be the largest number. Now consider the n numbers
on circle after deleting m. The two numbers adjacent to m which originally form a friendly
pair do not form a friendly pair anymore. Any other friendly pair remains a friendly pair
when m is deleted. On the other hand, any friendly pair after m is deleted was originally
a friendly pair. By induction hypothesis, there are n — 3 friendly pairs after m is deleted.
Therefore, there are (n + 1) — 3 friendly pairs originally.

Answer: 12345

We are given the equation
f(z? + yf(z)) = zf(z) + 2A(y). (1)

Substituting £ = y = 0 into (1), we get 2f(0) = £(0) for all real number z. Hence f(0) = 0.
Substituting y = 0 into (1), we get

f(z?) = zf(z) (2)

Similarly, substituting z = 0 in (1) we get

flyf(z)) = 2f(y). ®3)
Substituting y = 1 into (3) we get
f(f(z)) = 2f(1) (4)
for all real z. Now, using (2) and (4), we obtain
f(zf(z)) = f(f(z?)) = 2%(1). (5)
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23.

24.

Substituting y = z = z into (3) also yields
f(zf(z)) = =f(z). (6)

Comparing (5) and (6), it follows that z?f(1) = zf(z), so that if  is non-zero, then
f(z) = cx for some constant c. Since f(0) = 0, we also have f(z) = cz for all real values
of . Substituting this into (1), we have that c(z? + cyz) = cz® + cyz. This implies that
¢ = ¢, forcing ¢ = 0 or ¢ = 1. Since f is non-zero, we must have ¢ = 1, so that f(z) = z
for all real values of z. Hence f(12345) = 12345.

Answer: 86422

The number of ways of choosing r objects from n different types of objects of which
repetition is allowed is (n + : - 1). In particular, if we write r-digit numbers using n
digits allowing for repetitions with the condition that the digits appear in a non-increasing
order, there are (n + : - 1) ways of doing so. Grouping the given numbers into different
categories, we have the following tabulation. In order to track the enumeration of these
elements, the cumulative sum is also computed:

Numbers Digits used other | n | r (n + : - 1) Cumulative
Beginning with | than the fixed
part

6

1 1,0 215 (5) =6 6
7

2 2,1,0 315 £) = 21 27

3 3,2,1,0 415 <§> =56 83

4 4,3,2,1,0 515 (?) =126 | 209
10

5 5,4,3,2,1,0 6|5 =252 | 461
5

6 6,5,4,3,2,1,0 715 (151> =462 | 923
12

7 7,6,5,4,3,2,1,0 |8 | 5 <5> =792 | 1715

From 800000 to | 5,4,3,2,1,0 6|5 (15()) = 252 | 1967

855555

From 860000 to | 3,2,1,0 414 (1) =35 2002

863333

The next 6-digit numbers are:

864000, 864100, 864110, 864111, 864200, 864210, 864211, 864220. Hence, the 2010% 6-digit
number is 864220. Therefore, x = 864220 so that LEJ = 86422.

Answer: 309

Let S be the set of permutations of the six integers from 1 to 6. Then |S| = 6! = 720. Define
P(%) to be the subset of S such that the digit ¢ + 1 follows immediately ¢, ¢ = 1,2, 3,4, 5.
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25.

Then

SIPG)I= HE

- ()

Z [Pi2) () Pliz) () Plia)| = @3,

> psnsenenew - ()

)P PB) () P) ﬂP(5)‘ - (2) 10,

By the Principle of Inclusion and Exclusion, the required number is
5 5 5 5 5
| — | | — ! | — | =
o (e () (s () (SJu=so

Answer: 2011
Note that

A= (067 C20) () -G+ (650 - (7))
(i) - Gow)) =2 (C3) - (29))

Observe that
22":“ 2010\ (2010
k k-1
k=0

2010 i the expansion of the following expression:

is the coefficient of z
<20§1:1 ((2010) ~ (2010)) :ck> < 2021:0 ((2010) - <2010>) :ck>
P k k—1 ! k k+1
We also have
2021:1 ((2010> ~ (2010)) o
k k—1
k=0

— (w + 1)2010 _ w(.’L' + 1)2010 — (1 _ «T)(w + 1)2010

() - ()= ()= -1 X ()

k=-1

21 /2010 mk_zozn 2010\ ,
2\ & k—1

k=0

— (4 1)2010 _ %( +1)2000 = (1 — 1/2)(z + 1)20,
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2010

The coefficient of z in the expansion of the following expression:

(1—2)(z+ 1)1 — 1/z)(z + 1) = (2 — 1/ — z)(z + 1)*0%
5 4020\ (4020 (4020 _ 4020 L 4020
2010 2011 2009/  “\2010 2009/
A 4020\ (4020
~ \2010 2009/
4020
>
sA 2 (2010)’

s(1 —2010/2011) > 1,
s > 2011.

is

Hence

Consider the inequality:

Hence the answer is 2011.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2010

(Open Section, Round 2)

Saturday, 26 June 2010 0900-1330

INSTRUCTIONS TO CONTESTANTS

1. Answer ALL 5 questions.

2. Show all the steps in your working.

3. FEach question carries 10 mark.

4. No calculators are allowed.

1. Let CD be a chord of a circle I'y and AB a diameter of I'; perpendicular to CD
at N with AN > NB. A circle I'y centred at C' with radius CN intersects I'; at
points P and ). The line P(Q intersects C'D at M and AC at K; and the extension
of NK meets I'; at L. Prove that PQ is perpendicular to AL.

2. Let ay, by, n =1,2,... be two sequences of integers defined by a; = 1,b; = 0 and
forn >1,

An4+1 = 7an + 12bn +6
bn+1 = 4ayn + Tb, + 3.
Prove that a2 is the difference of two consecutive cubes.

3. Suppose that aq, ..., a5 are prime numbers forming an arithmetic progression with
common difference d > 0. If a; > 15, prove that d > 30, 000.

4. Let n be a positive integer. Find the smallest positive integer k£ with the property
that for any colouring of the squares of a 2n x k chessboard with n colours, there
are 2 columns and 2 rows such that the 4 squares in their intersections have the
same colour.

5. Let p be a prime number and let z,y, z be positive integers so that 0 < z < y <

2z < p. Suppose that 23,43 and 22 have the same remainder when divided by p,
show that 22 + y? + 22 is divisible by = +y + 2.

61



Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2010

(Open Section, Round 2 solutions)

1. Extend DC meeting I'; at H. Let the radius of I's be r. Note that DN = NC =
CH = r. Since M is of equal power with respect to I'y and I'y. Thus MN - MH =
MC-MD. That is MN(MC +r) = MC(MN +r) giving MN = MC. Thus M is the
midpoint of NC.

A

~__ T

P L
K
n M N
D N e, H
Iy Iy

B Q

As K lies on the radical axis of I'y and I'y, the points C, N, A, L are concyclic. Thus
JALC = ZANC = 90° so that AL is tangent to I's. It follows that AC is perpendicular
to NL at K, and hence MN = MC = MK.

Now let P(Q intersect AL at T. We have /TAK = /KNM = /NKM = /ZLKT
and similarly /ZTLK = ZAKT. Consequently, 2/KTL = 2(/TAK + ZAKT) =
/TAK + ZAKT + /LKT + ZTLK = 180°, which means ZKTL = 90°.

2. First we shall prove that a2 is the difference of two consecutive cubes. To do so, we
shall prove by induction that a2 = (b, + 1) — b3. When n = 1, this is true. Suppose
for n > 1, this is true. We have

(b1 +1)> = b2 1 =302 +3bpyg + 1
= 3(4an + Tbn + 3)* + 3(4ay + by, +3) + 1
— 48a2 + 147b2 + 168a,b, + 84a,, + 147b, + 37
= (Tan + 12b, + 6)% 4 (3b2 4+ 3b, + 1) — a?

=ahy+ (o +1)° =0} — 0l = a4

where the last equality is by induction hypothesis.
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3. Lemma: Suppose p is prime and ay, ..., a, are primes forming an A.P. with common
difference d. If a; > p, we claim that p | d.

Proof: Since p is prime and every a; is a prime > p, p does not divide a; for any i. By
the pigeonhole principle, there exist 1 < ¢ < j < p so that a; = a; (mod p). Now
a; —a; = (j —i)d, and p does not divide j — 4. So p must divide d.

Apply the Lemma to the sequences aj, ..., ar for k = 2,3,5,7,11 and 13. Then all such
k’s are factors of d. Sod >2-3-5-7-11-13 > 30, 000.

4. The answer is 2n2 —n + 1.

Consider an n-colouring of the 2n x k chessboard. A wvertical-pair is a pair of squares
in the same column that are coloured the same. In every column there are at least n
vertical-pairs. Let P be the total number of vertical-pairs and P; be the number of
vertical-pairs with colour . Then P = P, + --- 4+ P, > nk. Thus there is colour ¢ with
P; > k. There are (22") = 2n2 — n pairs of rows. Thus if k > 2n? —n+ 1, there is a pair
of rows that contains two vertical-pairs with colour 1.

Next for k = 2n? — n, exhibit an n-colouring where no such sets of 4 squares exists.
Note that it suffices to find such an n-colouring for the 2n x (2n—1) board. We can then
rotate the colours to obtain n of these boards which can then be put together to obtain
the requiring n-colouring of the 2n x (2n? — n) board. For each i = 1,2,...,2n — 1, let
A; ={(,2n—1+14),(i+1,2n—2+14),...,(n—1+4,n+1%)}, where 2n+k, k > 0, is taken
to be k. Note that the pairs in each A; give a partition of {1,2,...,2n}. Moreover, each
pair of elements appears in exactly one A;. Now colour the squares of column i using
n colours so that the two squares in each pair of A; receive the same colour and the
colours the 2n pairs are mutually distinct. This gives an n-colouring of the 2n x 2n — 1
board with the required property and we are done.

5. It is given that
pla® —y® = (z —y)(a® +ay + 7).

Moreover, —p < x—y < 0 and so p { z—y. Thus p | 2% +2y-+y?. Similarly, p | v*+yz+22
and p | 22 + z2z + 22. Hence

pla®+ay—yz -2 =(z—2)(x+y+2).

Since ptx—z,p|z+y+=2 Notethat 0 <x+y+2<3p. Sox+y+2z=por 2p. We
will show that p | 22 + y? + 22. Assuming this for the moment, the proof is complete if
r4+y+z=p Ifz+y+2=2p, then x+y+ 2 is even and hence 22 +y? + 22 is even. So
both 2 and p divide 22 + y2 + 22. Moreover, p > 2 and so 2 and p are relatively prime.
Thus 2p divides 22 + y? + 22 and the proof is also complete in this case.
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Important:
Answer ALL 85 questions.
Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answer on the answer sheet by shading the bubble

containing the letter (A, B, C, D or E) corresponding to the correct answer.

For the other short questions, write your answer on the answer sheet and shade the appropriate

bubbles below your answer.
No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO.



Multiple Choice Questions

1. Calculate the following sum:

1+2+3+4+ +10
2 4 8 16 210°

503 505 507 509

A) 22, oo, U7 9v9, ‘
( )256’ (B) 956" ( )256’ ( )256’ (E) None of the above

2. It is known that the roots of the equation
25 + 3z* — 404411823 — 1213236222 — 12132363z — 20112 =0

are all integers. How many distinct roots does the equation have?

3. A fair dice is thrown three times. The results of the first, second and third throw are recorded
as , y and z, respectively. Suppose = + y = z. What is the probability that at least one of

x, y and z is 27

4. Let

= 1000---0001000---00050.
——— N———
2011 times 2012 times

Which of the following is a perfect square?

(A)z—75, (B)z—25 (C)z; (D)z+25 (E)z+T75.

5. Suppose N1, Na,..., Nog11 are positive integers. Let

X = (Nl + Ny + "'+N2010)(N2 + N3 + "'+N2011),

Y = (N1 + Na+ -+ + Nao11)(N2 + N3 + - - - + Nao1o)-
Which one of the following relationships always holds?

(A)X=Y; B)X>Y; (C)X<Y; (D)X—N <Y —Nyii; (E)None of the above.

6. Consider the following egg shaped curve. ABCD is a circle of radius 1 centred at O. The
arc AAE is centred at C, C’/\F is centred at A and E} is centred at D.



C

What is the area of the region enclosed by the egg shaped curve?

(A) 3—v2)r—1; (B) 3—=v2)m; (C) 3+v2)r+1; (D) (3—2v2)m; (E) 3—2v2)w+1.

. The following annulus is cut into 14 regions. Each region is painted with one colour. What
is the minimum number of colours needed to paint the annulus so that any no two adjacent

regions share the same colours?

(A)3; (B)4; (C)5 (D)6; (E)T.

. Let n = (24 —1)(3% — 1)(5'° — 1)(7*2 — 1). Which of the following statements is true?
(A) n is divisible by 5,7 and 11 but not 13; (B) n is divisible by 5,7 and 13 but not 11;
(C) n is divisible by 5,11 and 13 but not 7; (D) n is divisible by 7,11 and 13 but not 5;

(E) None of the above.

. How many ways can you place a White Knight and a Black Knight on an 8 x 8 chessboard
such that they do not attack each other?



2N
N

%07, 7. 7
7 . W 1
7 D 7
7 7. AT
7. 1 7

N\
N\
§V
N\

(A) 1680; (B) 1712; (C) 3696; (D) 3760; (E) None of the above.

10. In the set {1,6,7,9}, which of the numbers appear as the last digit of n™ for infinitely many

positive integers n?

(A) 1,6,7 only; (B) 1,6,9 only; (C) 1,7,9 only; (D) 6,7,9 only; (E) 1,6,7,9.

Short Questions

b
11. Suppose E+Q+E:\/§andg+_+f:0_ Find
a c x Yy =z

b
2 2 2
T Y z
13 .
12. Suppose + = ————. Find the exact value of
V19 +8v3
r* — 62% — 222 4 18z + 23
2 -8z 415 ’
3a, — 1
13. Let a; = 3, and define apy1 = M— for all positive integers n. Find a2011.
an + \/—

14. Let a,b, c be positive real numbers such that
a? + ab + b* = 25,
b2 + be + ¢? = 49,
2 + ca + a® = 64.

Find (a + b+ c)%.



15.

16.

17.

18.

19.

20.

21.

22.

23.

n

Let P(z) be a polynomial of degree 2010. Suppose P(n) = forallm =0,1,2,...,2010.

Find P(2012).

1+n

Let |z] be the greatest integer smaller than or equal to . How many solutions are there to

the equation 2% — 23| = (z — |z])® on the interval [1,20]?

Let n be the smallest positive integer such that the sum of its digits is 2011. How many digits

does n have?

Find the largest positive integer n such that n + 10 is a divisor of n3 + 2011.

Let a, b, ¢, d be real numbers such that .
a?+b%2+2a—4b+4=0,
+d?>—4c+4d+4=0.

Let m and M be the minimum and the maximum values of (a — ¢)? + (b — d)?, respectively.

What is m x M?

Suppose x1,x3,...,T2011 are positive integers satisfying
X1+ T2+ -+ X011 = T1T2 - - T2011-

Find the maximum value of 1 4+ 2o + - - - + T2011-

Suppose that a function M (n), where n is a positive integer, is defined by

n— 10 if n. > 100,

M(n) = _
M(M(n+11)) if n <100.

How many solutions does the equation M (n) = 91 have?

20" 4+ 11"

' , where n! =1 x 2 x --- x n. Find the
n!

For each positive integer n, define A, =

value of n that maximizes A,.

Find the number of ways to pave a 1 x 10 block with tiles of sizes 1 x 1, 1 x 2 and 1 x 4,

assuming tiles of the same size are indistinguishable. (For example, the following are two



24.

25.

26.

27.

28.

distinct ways of using two tiles of size 1 x 1, two tiles of size 1 x 2 and one tile of size 1 x 4.

It is not necessary to use all the three kinds of tiles.)

A 4 x 4 Sudoku grid is filled with digits so that each column, each row, and each of the four

2 x 2 sub-grids that composes the grid contains all of the digits from 1 to 4. For example,

413112
2(1]13] 4
1(2141(3
314121

Find the total number of possible 4 x 4 Sudoku grids.

If the 13th of any particular month falls on a Friday, we call it Friday the 13th. It is known
that Friday the 13th occurs at least once every calendar year. If the longest interval between

two consecutive occurrences of Friday the 13th is z months, find x.

How many ways are there to put 7 identical apples into 4 identical packages so that each

package has at least one apple?

At a fun fair, coupons can be used to purchase food. Each coupon is worth $5, $8 or $12.
For example, for a $15 purchase you can use three coupons of $5, or use one coupon of $5
and one coupon of $8 and pay $2 by cash. Suppose the prices in the fun fair are all whole

dollars. What is the largest amount that you cannot purchase using only coupons?

Find the length of the spirangle in the following diagram, where the gap between adjacent

parallel lines is 1 unit.



29.

30.

31.

32.

33.

100
B

There are two fair dice and their sides are positive integers as,...,ag and by, ..., bg, respec-
tively. After throwing them, the probability of getting a sum of 2,3,4,...,12 respectively is
the same as that of throwing two normal fair dice. Suppose that a3 +---+ag < by + -+ bg.
What is a1 +--- + ag?

Consider a triangle ABC, where AB = 20, BC = 25 and CA = 17. P is a point on the
plane. What is the minimum value of 2 X PA + 3 x PB +5 x PC?

A

Given an equilateral triangle, what is the ratio of the area of its circumscribed circle to the

area of its inscribed circle?

Let A and B be points that lie on the parabola y = z? such that both are at a distance of
81/2 units from the line y = —z — 4. Find the square of the distance between A and B.

In the following diagram, ABCD is a square, BD || CE and BE = BD. Let ZE = z°. Find

x.



34. Consider an equilateral triangle ABC, where AB = BC = CA = 2011. Let P be a point
inside AABC. Draw line segments passing through P such that DE || BC, FG || CA and
HI || AB. Suppose DE : FG: HI =8:7:10. Find DE+ FG + HI.

A
H
G
D/AP \E
B g F C

35. In the following diagram, AB 1 BC. D and E are points on segments AB and BC respec-
tively, such that BA+ AF = BD + DC'. 1t is known that AD = 2, BE = 3 and EC = 4.
Find BA + AE.
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1. Answer: (D)

n n+l n—+2
Note that 2—n = F — on

12 3 10 /2 3) (3 4\ (4 5) (1l 1
2 4 8 210~ \ 20 91 o1 22 22 23 29 210

2 12 509

T 207 210 T 256

. Then

2. Answer: (C).

Let the roots be n; < ny < n3 < ng < ns. Then the polynomial can be factorized as

(z—n1)(z —n2)(z—n3)(x —ng)(x—ns5) = 2° — (n1 +n2+n3+na+ns5)zt+- - — ninangnans.

Compare the coefficients: ny + ng + n3 + ng + ns = —3 and ninonzngns = 20112. Then
ny=—2011, no=ng=ng=-—1, ns=2011.

3. Answer: (C).

If z =2, then (z,y

(z,y) = (1,1).
If z = 3, then (z,) = (1,2), (2,1).
If 7 = 4, then (z,3) = (1,3), (2,2), (3,1).
If 2 = 5, then (z,) = (1,4), (2,3), (3,2), (4, 1).
I 2 = 6, then (z,3) = (1,5), (2,4), (3,3), (4,2), (5, 1).

Out if these 15 cases, 8 of them contain at least one 2. Hence, the required probability is 18—5

4. Answer: (B).



Note that

T = (101012 + 1) X 102014 + 50 — 104026 _I_ 102014 + 50
= (10%013)2 1 2 x 10?13 x 5 4 50 = (10%°13 + 5)% 4 25.

So x — 25 is a perfect square.

. Answer: (B).

Let K = Ny + -+ + Nagio. Then X = (N1 + K)(K + Nao11) and Y = (N1 + K + Noop1) K.

X —Y = (N1 K 4 K? + N1 Noo11 + K Nog11) — (N1 K + K? + Nag11K) = N1Nag11 > 0.

. Answer: (A).
The area enclosed by AD, DE and AFE is 1(8—> —1= g 1.
— /92)2
The area of the wedge EDF is M = <g — \/§> .
So the area of the egg is: g+1+2>< (g—1> -+ <g—\/§>7r=(3—\/§)7r—1.

. Answer: (B).

The left shows that 3 colours are not enough. The right is a painting using 4 colours.

. Answer: (E).
Since 5 | (24— 1), 7| (3% — 1), 11 | (5!° — 1), 13 | (7*2 — 1), n is divisible by 5,7,11 and 13.

. Answer: (C).

We consider the position of the Black Knight. The number of positions being attacked by
the White Knight can be counted.

10
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There are 16 x 8 +16 x 6 + 20 x 4 4+ 8 x 3+ 4 x 2 = 336 cases. Hence, the total number of
cases that the Kights do not attack each other is 64 x 63 — 336 = 3696.

10. Answer: (E).
Note that the power of any positive integer n with last digit 1 or 6 is 1 or 6 respectively.
If the last digit of n is 9, then n? = 1 (mod 10), and n™ = n'%+° = -1 =9 (mod 10).

If the last digit of n is 7, then n* = 1 (mod 10). Suppose the second last digit of n is odd.
Then n™ = n2%%+17 =7 (mod 10).

Short Questions

11. Answer: 2.
= (et ) = b Ee G e ) e (B2
So Z—z + ?Z—j + Z—; = 2.

12. Answer: 5.
Note that z = L _ 134 -v3) — /3. So (z — 4)%? = 3. That is,

134t vaE  A-VIETVE)

2% — 8z + 15 = 2.

It follows that

2t — 623 _2831; i 1158:1c—|-23 2 4 % 1+x23§ 836223315
=x2+2x—1+@
=% — 8z + 18
=24+3=5.

11



13.

14.

15.

16.

Answer: 3.

V3z—1 \/‘ 1_3x—\/§—m—\/§_m—\/§

Let f(z) = - Then f(f(z)) = \/_z 1+\/, J3r 14 VBe 43 e il

~V3 _ VEr-1-vBz-3_ 1 So f(F(f(F(f(f(@))) ==.

FUF(f() = m 1

\/_w+\/§+1 3x—\/_+a:+\/_ z
Since 2010 = 6 x 335, ago11 = f(f(f--- F(f(3))---)) = 3.
———

2010 copies

Answer: 129.

Consider the following picture, where ZAOB = Z/BOC = ZCOA=120°, OA=a,0B=1»
and OC = c.

B C

Then |BC| =5, |CA| =7 and |AB| = 8. The area of the triangle ABC'is

v/10(10 — 5)(10 — 7)(10 — 8) = 10v/3.

Then (ab + bc + ca) = 10V/3. So ab + bc + ca = 40.

+ | -
T oels

2(a 0)? = (a® + ab+ %) + (0® + be + ) + (2 + ca + a?) + 3(ab + be + ca) = 258.

Thus, (a+ b+ c)? = 129.

Answer: 0.

Define Q(z) = (1 + z)P(z) — z. Then Q(z) is a polynomial of degree 2011. Since Q(0) =
Q1) =Q(2) =--- = Q(2010) = 0, we can write, for some constant A,

Q(z) = Az(z — 1)(z — 2) - - - (x — 2010).
1=Q(~1) = A(=1)(=2)(=3)--- (=2011) = —A - 2011!. Then Q(2012) = A - 2012! = —2012,

2012) + 2012
and P(2012) = e 020)1;_ 01z _

Answer: 9241.

12



Let n = |z|, {z} = # — n. The equation becomes (n + {z})? — {z}? = [(n + {z})?|. Then

3n{a}(n+{z}) = [3n{z}(n + {z}) + {=}’].
The right-hand side is an integer. The above holds if and only if 3n{z}(n+{z}) is an integer.

Note that 0 < 3n{z}(n+{z}) < 3n(n+1). There are exactly 3n(n+1) solutions in [n,n+1),

n=1,2,.... So on [1,20], the total number of solutions is
3(1x2+2x34---20%x21) +1

=22 -1+ (3B -2%) 4+ + (21 —20%) — 20+ 1
=213 — 20 = 9241.

17. Answer: 224.

For smallest possible n, we need to have 9 as the digits of n as many as possible. So n is the
integer whose first digit is 2011 — 223 x 9 = 4 and followed by 223 9’s.

18. Answer: 1001.

nd4+2011 1011
— —=n“—-1 100

w0 v A0+ oS
maximum value of n is 1011 — 10 = 1001.

. This is an integer if and only if (n + 10) | 1011. The

19. Answer: 16.

Complete the squares: (a +1)% + (b —2)? = 1 and (c — 2)% + (d + 2)? = 2%. Each of them

represents a circle.

The distance between the two centres is /(2 — (—1))%2 + (-2 — 2)2 = 5.

Som=5—-1—2=2and M =5+ 1+ 2=_8. Thus, mx M = 16.

(_1’ 2)

(27 _2)

20. Answer: 4022.

13



21.

22.

23.

Suppose 1 =x9 =+ =2 =1 <2< apy1 < --- < w2011 Let M =1 -+ 22011. Then

M = xp41Tx42 - 201022011
= ($k+1 - 1)£Ulc+2 -+ - 2201022011 + Tk+2 * * - 201022011

> (k41 — 1)2 + T2 - - - T2010T2011

Therefore, M < 4022. On the other hand, (1,1,...,1,2,2011) is a solution to the equation.

So the maximum value is 4022.

Answer: 101.
If n > 102, then M(n) =n — 10 > 92.
M(91) = M(M(102)) = M(92) = M(M(103)) = M(93) = --- = M(101) = 91.

For each k=1,...,10, M (80 + k) = M (M (91 + k)) = M(91) = 91, and thus

Hence, all integers from 1 to 101 are solutions to M (n) = 91.

Answer: 19.
Anpr 1 200 411m 20411 (2"
A, n+1 20" +117 (n+1)1+ (E5Hm)
9 . 9
i 10 sand Ay > Apifn <10+ ————.
Then An+1 < An ifn> + ﬂ)—n an n+1 1+ (%%)’n

Note that 10 + —g—n <104+9=19. Son > 19 implies A, > Apy1.

1+ (35)

9 . 9
If10 < n <18, thenn <10+8 < 10+ ;if n < 10, thenn < 104+ —— . Hence,
1+ ()" s

Ol

n < 18 implies A, < Anp+1.

Answer: 169.

Let a,, be the number of ways to pave a block of 1 x n. Then a, = an—1+an—2+ an—sa with

14



24.

25.

initial conditions a1 = 1, ag = 2, ag = 3 and a4 = 6. Then

as = a4 +az + a; = 10, ag =as + aqg + ag = 18,
ay =ag + as + az = 31, ag = a7 + ag + a4 = 955,
ag = ag + a7 + as = 96, a19 = ag + ag + ag = 169.

Answer: 288.
Consider the grid below. Suppose the left-top 2 x 2 sub-grid is filled in with 1,2, 3,4.

If z,y, z,w are all distinct, then there are no other numbers to place in a; if {z,y} = {2, w},

then z’,1/, z,w are all distinct, and there are no other numbers for a’.
Note that {z,z'} = {1,2}, {y,v'} = {3,4}, {#,7'} = {2,4} and {w,w'} = {1,3}. Among
these 2* = 16 choices, 4 of them are impossible — {z,y} = {z,w} = {1,4} or {2,3},
{z,y} = {1,4} and {z,w} = {2,3}, {z,y} = {2,3} and {2z, w} = {1,4}.
For each of the remaining 12 cases, ', 3/, 2/, w’ are uniquely determined, so is the right-bottom
sub-grid:

{a} ={1,2,3,4} — {z,y} U {z,w},

{b} ={1,2,3,4} — {z,y} U {/,v'},

{a'} ={1,2,3,4} — {z/,y} U {2, w},

{0} ={1,2,3,4} — {2/,y/} U {,w'}.

Recall that that there are 4! = 24 permutations in the left-top grid. Hence, there are
24 x 12 = 288 solutions.

Answer: 14.

If 13th of January falls on a particular day, represented by 0, then the 13th of February falls
3 days later, represented by 0+ 31 =3 (mod 7).

Case 1: The consecutive two years are non-leap years.

Jan Feb Mar Apr Mar Jun Jul Aug Sep Oct Nov Dec
o 3 3 6 1 4 [6] 2 5 0 3 5
1 4 4 0 2 5 0 3 [6] 1 4 6

15



26.

27.

28.

29.

Case 2: The first year is a leap year.

Jan Feb Mar Apr Mar Jun Jul Aug Sep Oct Nov Dec
o 3 4 o0 2 5 [oJ] 3 6 1 4 6
2 5 5 1 3 6 1 4 [o] 2 5 0

Case 3: The second year is a leap year.

Jan Feb Mar Apr Mar Jun Jul Aug Sep Oct Nov Dec

o 3 3 6 1 4 [6 2 5 (0 3 5
1 4 5 1 3 [60 1 4 (© 2 5 0

From these tables we see that the answer is 14. The longest time period occurs when the

Friday of 13th falls in July of the first year and in September of the second year, while the

second year is not a leap year.

Answer: 350.

By considering the numbers of apples in the packages, there are 3 cases:

7 Tx6x5Hx4
D% 111). <4) = Ix3xaxis

7 (4 Tx6x5H 4x3
2) (3,2,1,1). - - — 35 x 6 = 210.
) (3,2,1,1) (3)(2> Sxax1 “ax1_ 0x0

1/7\(5\ /3 1 7x6 5x4 3Ix2
3) (2,2,2,1). — —Z — 105.
) ( ) 3!<2>(2><2) 6 2x1 2x1  2x1

So the total number of ways is 35 4+ 210 + 105 = 350.

35.

Answer: 19.

Note that 8 +12=20,54+8+8=21,54+5+12=22,5+5+5+8=23,8+8+8 =24.
If n > 25, write n = 5k + m where 20 < m < 24 and k is a positive integer. So any amount

> 25 can be paid exactly using coupons.

However, 19 cannot be paid exactly using these three types of coupons.

Answer: 10301.

The broken line is constructed using “L”, with lengths 2,4,6,...,200. The last “L” is
100 + 101 = 201. Then the total length is 2(1 +2 43 + - -- + 100) + 201 = 10301.

Answer: 15.

16



30.

31.

32.

Let P(z) = 2% + - + 2% and Q(x) = 2% + -+ + z%. Then
P)Q(z) = (z+a® + - +2°)° =2*(1 + 2)*(L+ 2+ 2?)*(1 — z +2?)*.

Note that P(0) = Q(0) =0 and P(1) = Q(1) = 6, z(1 + z)(1 + z + 2?) is a common divisor
of P(z) and Q(z).

Since they are not normal dice,

P(z) = z(1+2)(1 4 z + 2?) = z + 222 + 223 + 2*,
Qz) =z(1+2)1+z+2)(1—z+2%) =z +2® +2* +2° + 2% + 25

So the numbers of the first dice are 1,2, 2, 3, 3,4 and that of the second dice are 1, 3,4, 5,6, 8.

Thena; +---+ag=14+2+24+3+3+4=15.

Answer: 109.
2-PA+3-PB+5-PC =2(PA+PC)+3(PB+PC)>2-AC+3-BC =2-17+3-25 = 109.

The equality holds if and only if P = C.

Answer: 4.

Given an equilateral triangle PQR. Let C; be its circumscribed circle and (5 its inscribed
circle. Suppose QR, RP, PQ are tangent to Cy at P’,Q)’, R, respectively. The area of triangle
PQR is 4 times the area of triangle P'Q’R’. So the area of C} is also 4 times the area of Co.

\V

Answer: 98.

Since y = 2% and y = —z — 4 do not intersect, A and B must lie on a line parallel to

y = —x — 4, namely, y = —z + ¢. The distance from (0, —4) to y = —z +c is

_1O)+ (=4 — ¢
8V2 = T

17



33.

34.

35.

So ¢ =12 or ¢ = —20 (ignored). Substitute y = —z + 12 into the parabola: 2
z=3,—4. So Ais (3,9) and B is (—4,16). Then

|AB|? = (3 — (—4))% + (9 — 16)? = 98.

Answer: 30.
. V2
Draw BF | CFE, where F is on CE. If AB =1, then BF = - and BE = /2. Thus
ZE = 30°.
E
A B
F

D C

Answer: 4022.

Set DP=GP =a,IP=FP=b, EP=HP =c. Then

DE+FG+HI=(a+c¢c)+(a+b)+(b+c)=2(a+b+c) =2 x 2011 = 4022.

Answer: 10.
By given, BD+2+AE=BD+ DC. So2+AE = DC.

Note that AB2 + BE? = AE? and BD? + BC? = DC?. Then
(24 BD)?+3% = AE?, BD*+4 7%= (AE+2)%

32
4(AE + BD) =32. Then AE+ BA= " +2=10.

18
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1. Suppose a,b,c,d > 0 and z = va? + b2, y = v/c2 + d?. Prove that

xy > ac+ bd.

2. Two circles I'1, I'y with radii rq1, 79, respectively, touch internally at the point P.

A tangent parallel to the diameter through P touches I'y at R and intersects I's at
M and N. Prove that PR bisects ZMPN.

M
I
Iy R
N
P
. Let S§1,S5,...,5211 be nonempty sets of consecutive integers such that any 2 of

them have a common element. Prove that there is an integer that belongs to every
Siyi=1,...,2011. (For example, {2,3,4,5} is a set of consecutive integers while
{2,3,5} is not.)

. Any positive integer n can be written in the form n = 2%g, where a > 0 and ¢
is odd. We call ¢ the odd part of n. Define the sequence ag,as, ..., as follows:
ag = 2211 — 1 and for m > 0, @41 is the odd part of 3a,, + 1. Find agg1;.

. Initially, the number 10 is written on the board. In each subsequent moves, you
can either (i) erase the number 1 and replace it with a 10, or (ii) erase the number
10 and replace it with a 1 and a 25 or (iii) erase a 25 and replace it with two 10.
After sometime, you notice that there are exactly one hundred copies of 1 on the
board. What is the least possible sum of all the numbers on the board at that
moment?

19
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1. It’s equivalent to prove z2y? > (ac+ bd)? as all the numbers are nonnegative. This
is true since
a? +b?)(c* + d?)

z?y? = ( )

= (ac)? + (bd)* + a?d® + b*c?
( (

= (

Vv

+
ac)® + (bd)? + 2(ac)(bd)  AM-GM
ac + bd)?.

2. Let the tangent at P meet the tangent at R at the point S. Let O be the centre of
I'y. Then ORST is a square. Hence /KPR = ZRPS = 45°. Also /NPS =/NKP =
/PMS =/MPK. Thus ZMPR = ZRPN.

K
M
o R
N
P S

3. Let a; = max S;, b; = min S; and suppose that t; = min{¢;}. For each j, if S1N.S; #
0, then a; > b;. Therefore a; € S;.

Note: Problem 4 in the Senior Section is the general version.

4. Replace 2011 by any positive odd integer n. We first show by induction that a,, =
3m2n—m — 1 for m = 0,1,...,n — 1. This is certainly true for m = 0. Suppose
it’s true for some m < n — 1. Then 3a,, + 1 = 3™*t12"~™ _ 2. Since n — m > 1,
the odd part is 3m+12"—™=1 _ 1 which is amy1. Now an—1; = 3" 12! — 1. Thus

20



3ap_1+1=3"2—2=2(3"—1). When nis odd, 3" = —1 (mod 4). Thus 4{3" — 1.

Hence the odd part of 2(3™ — 1) is 3n2_ L and this is the value of a,,.

5. Suppose the number of times that operations (i), (ii) and (iii) have been performed
are =, y and z, respectively. Then the number of 1, 10 and 25 are y —z, 1 +x —y + 22
and y — z, respectively, with —z + y = 100. Thus the sum is

S=y—z+10(1+2z—y+22)+25(y — 2z) = —890 + 5(5y — 2).

Since we want the minimum values of S, y has to be as small as possible and z as large
as possible. Since

y—x=100, 1+z—-y+22>0, y—22>0
we get, from the first equation, y > 100, from the second inequality, 2z > 99 or z > 50

and y > z from the third. Thus the minimum is achieved when y = 100, z = 0 and
z = 100. Thus minimum S = 1100.
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Tuesday, 31 May 2011 0930-1200 hrs

Instructions to contestants

1. Answer ALL 85 questions.
2. Enter your answers on the answer sheet provided.

3. For the multiple choice questions, enter your answer on the answer
sheet by shading the bubble containing the letter (A, B, C, D or E)
corresponding to the correct answer.

4. For the other short questions, write your answer on the answer sheet
and shade the appropriate bubble below your answer.

5. No steps are needed to justify your answers.
6. Fach question carries 1 mark.

7. No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE
TOLD TO DO SO
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Multiple Choice Questions

1. Suppose a, b and ¢ are nonzero real numbers such that
a? - b? - c?
b +c2 " c2+a?  a?+ b2
Which of the following statements is always true?
(A) a<b<ec (B) |a| < |b] < |¢| (C) c<b<a

(D) ol <lel <lal — (E) [ef <[b] <laf

2. Suppose 6 is an angle between 0 and g, and sin 20 = a. Which of the

following expressions is equal to siné + cos?

(A) Va+1 B) (V2—1a+1 (C) Va+1—-+va2—a
D) Va+1++va®—a (E) None of the above

3. Let z be a real number. If a = 2011z 4+ 9997, b = 2011z + 9998 and
c = 2011z + 9999, find the value of a® + b% + ¢ — ab — bc — ca.

(Ao ® 1 (© 2 (D)3 (B 4

1 1 1

4. Suppose z, y are real numbers such that — — — =

. Find th
x 2y 2z+vy o ©

2 2
value of ) 4+ ~y—§

w: o ®. ©5 o5 ® .

[GVRI N

5. In the figure below, ABC' is a triangle, and D and E are points on
AB and BC respectively. It is given that DFE is parallel to AC, and
CE : EB =1 : 3. If the area of AABC is 1440 cm? and the area of
AADE is ¢ cm?, what is the value of z?

C
E

A D

(A) 288 (B) 240  (C) 320 (D) 384  (E) 270
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10.

. Determine the value of

2
1 1

Vit stz Va-vR+to

(A) 4—+v2 (B) 2-2v2 (C) 4+v2 (D) 2v2+4
(B) 4v2-2

1 1 1

T+ T+ Which of the following statements
log% 3 log% i log

Let z =

T
8

=

is true?
(A) 1bh<z <2 B) 2<z<25 (C) 25<z<3
(D) 3<z<35 (E) 35<z<4

Determine the last two digits of 7°°.

(A) 01  (B) 07 (C) 09 (D) 43  (E) 49

. It is given that x and y are two real numbers such that z > 1 and

y > 1. Find the smallest possible value of

log,, 2011 + log,, 2011
log,,, 2011 '

(A) 4 (B) 6 (C) 8 (D) 10 (E) 12

It is given that a, b and c are three real numbers such that a+b =c—1
and ab = ¢ — 7c + 14. Find the largest possible value of a? + b2.

(A) 5 (B) 6 (C) 8 (D 9 (E) 10

Short Questions

11.

Find the value of

20112 + 21112 — 2 x 2011 x 2111
25 '

24



12.

13.

14.

15.

16.

17.

Find the largest natural number n which satisfies the inequality

n6033 < 20112011 )

1 4
Find the integer which is closest to %)——

In the diagram below, AABC' is an isosceles triangle with AB = AC),
and M and N are the midpoints of AB and AC respectively. It is
given that C'M is perpendicular to BN, BC = 20 cm, and the area
of AABC is z cm?. Find the value of z.

A

Find the smallest positive integer n such that

von —v/dn —4 < 0.01.

Find the value of

1 1 1 1 1

1+ 11-2011 T 1 4 112009 T 1 + 11-2007 Tt 1 + 112009 T 1 4+ 112011°

7 7
Let = sin? (g) + cos* (g) + sin® (g) + cos* (—g) Find the value of
36x.
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18. In the diagram below, the lengths of the three sides of the triangle are

. a* + b? .
a cm, b cm and ¢ cm. It is given that 5— = 2011. Find the value
c
o cot C'
cot A+ cot B

19. Suppose there are a total of 2011 participants in a mathematics com-
petition, and at least 1000 of them are female. Moreover, given any
1011 participants, at least 11 of them are male. How many male
participants are there in this competition?

20. Let f: Q\ {0,1} — Q be a function such that

x2f(x)+f<"’”_1) _ 92

X

for all rational numbers x # 0,1. Here Q denotes the set of rational

numbers. Find the value of f (5)

21. In the diagram below, ABCD is a convex quadrilateral such that AC
intersects BD at the midpoint £ of BD. The point H is the foot of
the perpendicular from A onto DFE, and H lies in the interior of the
segment DE. Suppose /BCA = 90°, CE = 12 cm, FH = 15 cm,
AH =40 cm and CD = z cm. Find the value of z.

A

B
C

26
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22.

23.

24.

25.

26.

27.

How many pairs of integers (z,y) are there such that

1 1 1
> d —+-=—7
r=y o z y 211

It is given that a, b, c are three real numbers such that the roots of the
equation 22 +3z —1 = 0 also satisfy the equation z*+ax?+bx+c = 0.
Find the value of a + b + 4c + 100.

It is given that m and n are two positive integers such that

m 2011

n——=——

n 3

Determine the smallest possible value of m.

It is given that a, b, c are positive integers such that the roots of the
three quadratic equations

22 —2ax+b=0, 2>—2x+c=0, z2—2cx+a=0

are all positive integers. Determine the maximum value of the product
abc.

Suppose A, B, C are three angles such that A > B > C > g and

A+ B+ C = g Find the largest possible value of the product
720 x (sin A) X (cos B) x (sin C).

In the diagram below, ABC'is a triangle such that AB is longer than
AC'. The point N lies on BC' such that AN bisects ZBAC. The point
G is the centroid of AABC, and it is given that GN is perpendicular
to BC. Suppose AC = 6 cm, BC = 5v/3 cm and AB = z ¢cm. Find

the value of z.
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28.

29.

30.

31.

It is given that a, b, ¢ and d are four positive prime numbers such
that the product of these four prime numbers is equal to the sum of
55 consecutive positive integers. Find the smallest possible value of
a+b+c+d. (Remark: The four numbers a, b, ¢, d are not necessarily
distinct.)

In the diagram below, ABC'is a triangle with AB = 39 cm , BC' = 45
cm and C'A = 42 cm. The tangents at A and B to the circumcircle of
AABC meet at the point P. The point D lies on BC' such that PD
is parallel to AC. It is given that the area of AABD is x cm?. Find
the value of x.

ch

It is given that a and b are positive integers such that a has exactly
9 positive divisors and b has exactly 10 positive divisors. If the least
common multiple (LCM) of a and b is 4400, find the value of a + b.

In the diagram below, ABCD is a quadrilateral such that ZABC =
135° and ZBCD = 120°. Moreover, it is given that AB = 21/3 cm,
BC =4 —2v2 cm, CD = 4v/2 cm and AD = z cm. Find the value

of 22— 4x.

B C
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32.

33.

34.

35.

It is given that p is a prime number such that
24P -3y =p—1

for some positive integers z and y. Determine the largest possible
value of p.

It is given that a, b and c are three positive integers such that
a® +b® + ¢ = 2011.

Let the highest common factor (HCF) and the least common multiple
(LCM) of the three numbers a, b, ¢ be denoted by x and y respectively.
Suppose that z +y = 388. Find the value of a + b+ c¢. (Remark: The
highest common factor is also known as the greatest common divisor.)

Consider the set S = {1, 2, 3, -+, 2010, 2011}. A subset T  of S is
said to be a k-element RP-subset if T" has exactly k elements and every
pair of elements of T are relatively prime. Find the smallest positive
integer k such that every k-element RP-subset of S' contains at least
one prime number. (As an example, {1,8,9} is a 3-element RP-subset
of S which does not contain any prime number.)

In the diagram below, P is a point on the semi-circle with diameter
AB. The point L is the foot of the perpendicular from P onto AB,
and K is the midpoint of PB. The tangents to the semicircle at A and
at P meet at the point (). It is given that PL intersects QB at the

point M, and KL intersects @B at the point N. Suppose j—g = %,
QM =25 cm and MN = x cm. Find the value of x.
P
Q
M K
A L B
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2011

(Senior Section Solutions)

1. Answer: (B)

2 b2 2
Since a, b and ¢ are nonzero real numbers and < < ¢ , We see
b2+ c2+a?  a®+ b2
that
bV +c2 A +a® a®+ b
po; > 02 > 2
Adding 1 throughout, we obtain
a2+ +c  ad?+P+E a?+ b+
a2 > b2 > 2 :
1 1 1 . . .
Thus 27 E R which implies that a® < b* < . So we have |a| < |b| < |c].

2. Answer: (A)
Note that

(sin6 4 cos0)* = sin® 0 4 cos? 0 + 2sinfcosh = 1 +sin20 = 1 + a.
Since 0 < 0 < 7, we have sin6 + cosf > 0. So sin6 + cosf = /1 + a.

3. Answer: (D)

We have
1
a?+b*+c—ab—bc—ca = 5-[(a—b)2+(b—e)2+(c—a)2]
1
= 35 [(=1)® + (=1)*+ 2% =3.
4. Answer: (C)
1 1 2r+y  2x+y
x 2y 2zx+4y z 2y
y = 1
o+4_2_ 2 _
= +:c 7 2 1
y_=z__1
=z oy 2

Now we have
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5. Answer: (E)

The area of AABC is given to be S = 1440 cm?. Let S; and S, denote the areas of
AADE and ADBE respectively. Since DF is parallel to AC, ADBE and AABC

are similar. Therefore ) )
S2_ (BEN" _(3) _ 39
S \BC) \4) 16

Thus Sy = £%S. As DE is parallel to AC, we have AD : DB=CE : EB=1:3.
Consequently,

o1
Sy 3
B—S = —3— X 1440 = 270 cm?.

1 1
HeIlCGSl—-§SQ—§'16 16

6. Answer: (A)
Let £ = 2i. Then

2 2

1 1 1 1
1 3 + 1 3 $2+£L‘3+2 + 2 _$3+2

2

2(z2+42)
[CL) P

(22 +2)2 — 28
2 4+ 2
(V2+42)? — 22
V2 +2
6+2\/§>< 22
V2+2  2—4/2
8 —2v2
2
= 4—+2.

7. Answer: (E)

log(3) log(i) log(f) —log3 —logs —log7
log() log(3) " log(}) —log2 —log4 —log8
log 3 + log 57 + log 73

log 2
B log\/EA—log?% <log\/6_4+log8% _310g2+10g2_4
B log 2 log 2 N log 2 N
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10.

Moreover,

2(log 3 + log 52 + log 73)

2r =
log 2
log(9 x 5) +log(493)  log(45 x 273)
N log 2 ” log 2
log(45 x 3) - log(128)
log 2 log 2 ’

so x > 3.5.
Answer: (B)

Note that 74 — 1 = 2400, so that 74" — 1 is divisible by 100 for any n € Z*. Now,
7 = (1P —141)
7(7° 1= 1) 47
= 7(7*" —1)+7,

where
5 —1

n=- e7Zr.

Since 7(7*™ —1) is divisible by 100, its last two digits are 00. It follows that the last
two digits of 75° are 07.

Answer: (A)
log, 2011 + log,, 2011 B (log2011 log2011) ( logzy )
log,,, 2011 B log logy log 2011
1
(1 1
(logx T logy) " (log® +logy)
_ 9 log n logy
logy logzx

> 4 (using AM > GM),

and the equality is attained when logz = logy, or equivalently, x = y.

Answer: (C)

The roots of the equation 2 — (¢ — 1)z + ¢®* — 7Tc + 14 = 0 are a and b, which are
real. Thus the discriminant of the equation is non-negative. In other words,

(c—1)* —4(c®* — Tc+14) = =3¢ + 26¢ — 55 = (=3c+ 11)(c — 5) > 0.
11
So we have 3 < ¢ < 5. Together with the equalities

a?+b* = (a+b)?—2ab
= (c—1)2—2(c - Tc+14)
—c2+12c—27=9— (c — 6)?,
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11.

12.

13.

14.

we see that maximum value of a?® + b? is 8 when ¢ = 5.

Answer: 400
20112 + 21112 — 2 x 2011 x 2111 B (2011 — 2111)2 B 1002 400
25 N 25 25 T
Answer: 12

Since 6033 = 3 x 2011, we have

n6033 < 20112011 - n3><2011 < 20112011
< n? < 2011.

Note that 123 = 1728 and 13% = 2197 > 2011. Thus, the largest possible natural
number n satisfying the given inequality is 12.

Answer: 14
(1+V3)2=124+3+2V3=4+2V3.

1+v3) = (1+v3)?)?=(4+2V3)? = 42+ (2v3)*+2-4-2V3
16+ 12 + 16v/3
= 28+416V3.

Hence, 4 9811
(1+4\/§) _ +46\/§:7+4\/§_

Note that 1.7 < v/3 < 1.8. Thus,

T+4x17<T+4V3<7+4x18
— 138 <T7+4V3 < 14.2.

Therefore, the integer closest to (1—1—@ is 14.

Answer: 300

Let P be the intersection of CM and BN, so that P is the centroid of AABC.
Then BP = 2PN and CP = 2PM. Let PN = PM =y, so that BP = CP = 2y.
Since ZBPC = 90°, we have BC = 20 = \/(2y)? + (2y)? and thus y = +/50. Now

AB? = 4BM? = 4((2y)? + y*) = 20y* = 1000.

Thus the altitude of AABC is vV AB2 — 102 = 30. Hence the area of AABC is
1 % 20 x 30 = 300.
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15. Answer: 8001
Note that v/5n — +/bn — 4 < 0.01 if and only if

4
V51 + v/5n — :ﬁﬁ—m

If n = 8000, then v/5n + /5n — 4 = /40000 4 /39996 < 400.
If n = 8001, then v/5n + v/5n — 4 = /40005 + /40001 > 400.
So the answer is 8001.

> 400.

16. Answer: 1006

The series can be paired as

1 1 1 ] X ,
(1+11—2011+1+112011)+(1+11_2OOQ+1+112009)_|_..._|_( + )

14117t 1+11¢
Each pair of terms is of the form

1 v I 1
l+a! 14a
There are 1006 pairs of such terms, and thus the sum of the series is 1006.

17. Answer: 54

x = sin? (g) + cos® (z) + sin? (7—7r) + cos* (=)

8 8 8
. T T . T T
= sin? (g) + cos® <§) + sin? (g) + cos® (g)
_ 2T 2(T\\2 _ 4n2(T 212_-2f:§
= 2(sin (8)+cos (8)) 4sin (8)cos (8) 2 — sin (4) 5
Thus 36z = 54.

18. Answer: 1005

By the laws of sine and cosine, we have

sinA sinB sinC a?+b:—c2
= = and cosC = ————.
a b c 2ab
Then
cot C _ cos C 1
R ’ Asin B BsinA
cot A + cot B sinC' L8 A*;';;’SB s1
_ sin Asin BecosC
~ sin(A+ B)sinC
sin Asin B
= (————)cosC
( sin? C )

(ab/c?)sin® C'| a? + b — ¢
= sin? C ) 2ab
a+ b —c?

2¢2

_ @%11 — 1005.

)
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19.

20.

21.

Answer: 1011

It is given that there are at least 1000 female participants. Suppose there are more
than 1000 female participants. Then we take a group of 1001 female participants,
and add any 10 participants to this group of female participants. This will result in
a group of 1011 participants with at most 10 male participants, which contradicts
the assumption. Therefore, there are exactly 1000 female participants. Hence, the
number of male participants is 2011 — 1000 = 1011.

Answer: 1

Substituting z = 1, —1,2, we get

G+ S .l
f-1) + f2) = 2
G + 4f(2) = 8.
Solving these equations, we get f(3) = 1. In fact the same method can be used to
determine f. Letting z = z, 2%, 7=, we get
206+ F(=) ~ 22
z—1)2 z— 2—1)2
CRE) ¢ I = 25
flz) + arf () = e

Using Cramer’s rule, we can solve this system of linear equations in the unknowns

f(2), F(£2), f (). We obtain

1 1

f@ =1+ =~

Indeed one can easily check that it satisfies the given functional equation.

Answer: 40

Let M be the midpoint of AH and N the midpoint of BC'. Then CD is parallel to
NE and CD = 2NE. Since AAHE is similar to ABCE, we have AM HE is similar
to ANCE. As ME = /15% + 20? = 25, we thus have NE = £C. M E = 12X5 — 20,
Therefore CD = 2N E = 40.




22.

23.

24.

Answer: 3

Note that
= + L1 211z — 211y = 0 = (z — 211)(y — 211) = 211°
-t = =Ty — T — = — - = .
z y 211 y y y

Since 211 is a prime number, the factors of 2112 are 1, 211, 2112, —1, —211, —2112.
Thus the pairs of integers (z, y) satisfying the last equation are given by:

(x— 211, y — 211) = (1, 211%), (211, 211), (2113, 1), (-1, —211?),
(=211, —211), (—2112, —1).

Equivalently, (z,y) are given by

(212, 211 + 211?), (422, 422), (211 + 2112, 212), (210, 211 — 211?),
(0, 0), (211 — 2112, 210).

Note that (0, 0) does not satisfy the first equation. Among the remaining 5 pairs
which satisfy the first equation, three of them satisfy the inequality z > y, and they
are given by (z, y) = (422, 422), (211 + 2112, 212), (210, 211 — 2112).

Answer: 93

By long division, we have
t* +ar’+br+c= (22 +3x—1)- (2> -3z + (a+10)) + (b—3a—33)z + (c+a+10).

Let my,my be the two roots of the equation z2 + 3z — 1 = 0. Note that m; # ma,
since the discriminant of the above quadratic equation is 32 —4-1-1-(—1) = 13 # 0.
Since my, my also satisfy the equation z* + az? + bx + ¢ = 0, it follows that m; and
me also satisfy the equation

(b—3a—33)z+ (c+a+10) =0.

Thus we have
(b—3a—33)m1 + (c+a+10) =0,

and
(b—3a —33)ms + (c+a+10) = 0.

Since my # ma, it follows that b—3a—33 = 0 and c+a+10 = 0. Hence we have b =
3a+33 and ¢ = —a—10. Thus a+b+4c+100 = a+(3a+33)+4(—a—10)+100 = 93.

Answer: 1120

Let m and n be positive integers satisfying the given equation. Then 3(n? — m) =
2011n. Since 2011 is a prime, 3 divides n. By letting n = 3k, we have (3k)? =
m + 2011k. This implies that k£ divides m. Let m = rk. Then 9k% = rk + 2011k so
that 9k = r 4+ 2011. The smallest positive integer r such that r 4 2011 is divisible
by 9 is 7 = 5. Thus k = (54 2011)/9 = 224. The corresponding values of m and n
are m = 1120 and n = 672.

36



25. Answer: 1

We shall show that the only possible values of a,b,c are a = b = ¢ = 1 so that
abc = 1. From the ﬁrst equation, we note that a®> — b = (z — a)? is a perfect square
less than a®. Thus a® — b < (a — 1)?. That is b > 2a — 1. Likewise ¢ > 2b — 1 and
a > 2c¢— 1. Combining these inequalities, we have a > 8a —T7ora<1. Thusa=1.
Similarly b = ¢ = 1.

26. Answer: 180
Note that

A=%-B—Og

bo| 3

™
47

N

and sin(B — C) > 0. Therefore

1
sin Acos BsinC = 5 sin A - [sin(B + C) — sin(B — O]
< %sinAsin(B—l—C’)
1
= isinAcosA
1 1 ™ 1
= —gj < — i —_ = —,
4sm2A_4sm2 1
When A =7 and B = C = g, we have
i Acos B sinC — sin ™ Tm.m 71l 7 1
sinAcos BsinC =sin - cos osing =sin - osin =~

Hence the largest possible value of 720(sin A)(cos B)(sin C) is 720 x 3 = 180.

27. Answer: 9

Let BC = a,CA = b and AB = c. We shall prove that ¢ + b = av/3. Thus
¢ = 5v/3x1/3—6 = 9. Using the angle bisector theorem, we have BN/NC =c/a > 1
so that BN > BM. Also ZANC = /B + /A < /O + /A < ZANB so that
LANC is acute. This shows that B, M, N, D are in this order, where M is the
midpoint of BC and D is the foot of the perpendicular from A onto BC.

L
B M N D C

First we have BD = ccos B = £+&=0, Using the angle bisector theorem, BN =

2a
w=. Therefore, MN = BN—§ = 2 —§ = a(c b Also MD = BD—a — @+=b

a
btc™ 2 7 2(ctb)” 2a
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28.

29.

30.

31.

5= 922;ab2— Since GN is parallel to AD and G is the centroid of the triangle ABC', we
have M D/MN = 3. Tt follows that c+b = av/3. Thus, AB = a\/3—b=15—6 = 9.

Answer: 28

The sum of 55 positive consecutive integers is at least (55 x 56)/2 = 1540. Let
the middle number of these consecutive positive integers be x. Then the product
abed = 55x = 5-11 - z. So we have 55x > 1540 and thus x > 28. The least value of
a+ b+ c+ d is attained when x = 5(7). Thus the answer is 5 + 11+ 5+ 7 = 28.

Answer: 168

First /BDP = /BCA = ZBAP so that P, B, D, A are concyclic. Thus ZACD =
/PBA=/PDA = /ZDAC so that DA = DC.

A

By cosine rule, cosC = 3/5. Thus DC = $AC/cosC = 21 x 5/3 = 35. Hence
BD =10 and BC = 10 + 35 = 45. Thus area(AABD) = 12 x area( AABC). By
Heron’s formula, area( AABC) = 756. Thus area( AABD) = 32 x 756 = 168.

Answer: 276

Since the number of positive divisors of a is odd, a must be a perfect square. As a
is a divisor of 4400 = 24 x 52 x 11 and a has exactly 9 positive divisors, we see that
a = 22 x 5. Now the least common multiple of a and b is 4400 implies that b must
have 2* x 11 as a divisor. Since 2* x 11 has exactly 10 positive divisors, we deduce
that b = 2% x 11 = 176. Hence a + b = 276.

Answer: 20

First we let £ be the line which extends BC' in both directions. Let E be the point on
¢ such that AFE is perpendicular to £. Similarly, we let F' be the point on £ such that
DF is perpendicular to £. Then, it is easy to see that BE = AE = /6, CF = 2+/2
and DF = 24/6. Thus EF = V6 + 4 — 2/2 + 2v/2 = 4 + /6. Now we let G be
the point on DF such that AG is parallel to £. Then AG = EF = 4 + /6 and
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32.

33.

34.

DG = DF — GF = DF — AE = 2/6 — v/6 = v/6. So for the right-angled triangle
ADG, we have

z=AD =VAG? + DG? = \/(4+\/6)2+(\/6)2=\/28+8¢6=2%2¢6.

Thus, 2° — 4z = (24 2v6)? — 8 — 8v/6 = 4 + 24 + 86 — 8 — 8/6 = 20.

Answer: 5

Suppose = and y are positive integers satisfying z° + y® — 3zy = p — 1. That is
(z+y+1)(z*+y*—2zy—x—y+1) =p. Since z,y > 1, we must have z +y+1=p
and 22 +y? —zy —z —y+ 1 = 1. Suppose z = y. Then the second equation gives
x =19y =2. Thus p=x+y+1=>5. Next we may suppose without loss of generality
that >y > 1. Thus z —y > 1. Then the equation 22 + 92> —azy -z —y+1=1
can be written as z +y — 2y = (z —y)? > 1. That is (z — 1)(y — 1) < 0. It follows
that x = 1 or y = 1. Since we assume x > y, we must have y = 1. Then from
> +y?—ay—x—y+1=1, weget z=2. But then z +y+ 1 = 4 is not a prime.
Consequently there is no solution in z and y if  # y. Therefore the only solution
isr=y=2and p=>5.

Answer: 61

Without loss of generality, we may assume that a > b > c¢. Let the HCF (or GCD)
of a, b and c be d. Then a = da;, b = db; and ¢ = dc;. Let the LCM of ay, by
and ¢; be m. Thus, af + b3 + ¢} = 25t and d+md = 388 or 1 +m = 38 So,
d? | 2011 and d | 388. Note that 2011 is a prime. Thus we must have d = 1, and
it follows that a = ay, b = by, ¢ = ¢;, and thus a? + b? + ¢ = 2011. In particular,
a? + b% + c® < 2025 = 452, so that one has a,b,c < 45. Furthermore we have
m = 387 = 3% x 43. Thus a, b and c can only be 1, 3, 9 or 43, since they must
be less than 45. Then it is easy to check that 432 + 92 + 92 = 2011, and a = 43,
b = ¢ = 9 is the only combination which satisfies the given conditions. Thus we

have a + b+ c =43 4+ 18 = 61.

Answer: 16

Consider the subset T' = {1,2% 32 5% 72 ...  43?} consisting of the number 1 and
the squares of all prime numbers up to 43. Then 7" C S, |T'| = 15, and all elements in
T are pairwise relatively prime; however, T' contains no prime number. Thus £ > 16.
Next we show that if A is any subset of S with |A| = 16 such that all elements in
A are pairwise relatively prime, then A contains a prime number. Suppose to the
contrary that A does not contain a prime number. Let A = {ay, a9, -+ ,a16}. We
consider two cases:

Case 1. 1 is not in A. Then ay,as, -+ ,a16 are composite numbers. Let p; be
the smallest prime factor of a;,4 = 1,2,---,16. Since ged(a;,a;) = 1 for i # j,
i, =1,2,---,16, we see that the prime numbers p;,po, - - - ,p1s are all distinct. By
re-ordering aj, as, - - - , a1 if necessary, we may assume that p; < py < -+ < pig. In
addition, since each a; is a composite number, it follows that

ay >p? > 2% ay > pi > 3% a5 > pis > 477 > 2011,
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which is a contradiction to the given fact that each element of S is less than or equal

to 2011.

Case 2. 1isin A. We may let a;g = 1. Then ay, as, - - - , a5 are composite numbers.

As in Case 1, we have

ay >p? > 22 ay > pd >3, a5 > 2 > AT > 2011,

which is a contradiction.

Thus we have shown that every 16-element subset A of S such that all elements in
A are pairwise relatively prime must contain a prime number. Hence the smallest

k is 16.

35. Answer: 12

Let the extensions of AQ) and BP meet at the point R. Then /ZPRQ = LPAB =
ZQPR so that QP = QR. Since QA = @QP, the point ) is the midpoint of
AR. As AR is parallel to LP, the triangles ARB and LPB are similar so that
M is the midpoint of PL. Therefore, N is the centroid of the triangle PLB, and

3MN = BM.

7
/
7’

9

A

B

Let ZABP = 0. Thus tanf = AR/AB = 2AQ/AB =5/6. Then BL = PBcosf =
ABcos?f. Also BM/BL = BQ/BA so that 3UN = BM = 22ABcos’0 =

cos?0(QM + 3MN). Solving for M N, we have MN = 33%0 = 3><(255/6)2 =12.
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Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2011

(Senior Section, Round 2)

Saturday, 25 June 2011 0930-1230

. In the triangle ABC, the altitude at A, the bisector of ZB and the median at C
meet at a common point. Prove that the triangle ABC' is equilateral.

. Determine if there is a set S of 2011 positive integers so that for every pair m,n of
distinct elements of S, |m —n| = (m,n). Here (m,n) denotes the greatest common
divisor of m and n.

. Find all positive integers n such that

7 21 3T 1
COS — COS — COS — = .
n n n n+1

. Let n and k be positive integers with n > k > 2. For i = 1,...,n, let S; be a
' nonempty set of consecutive integers such that among any & of them, there are two
with nonempty intersection. Prove that there is a set X of k — 1 integers such that

each S;, i = 1,...,n contains at least one integer in X.
. Given z1,x2, -, 2z, > 0, n > 5, show that
T1Xo Tols TpX1 n—1
2 2 2 2 toot 2n < :
x5 + 5 + 22324 x5 + T3 + 2245 xz + 27 + 2w213 2
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1. There is an error in this problem. The triangle is not necessarily equilateral. In fact
we shall prove that the altitude at A, the bisector of /B and the median at C' meet at

a common point if and only if cos B = aﬁ‘_—c where BC' =a, CA=band AB =c.

Let D, E and F be the points on BC,CA and AB respectively such that AD is
the altitude at A, BE is the bisector of ZB and CF' is the median at C. Suppose that
AD,BE,CF meet at a common point. The point of concurrence of AD, BE and C'F
must lie inside the triangle ABC. Since F' is the midpoint of AB, by Ceva’s theorem
CE : FA = CD : DB. Using the angle bisector theorem, CE : EA = a : ¢. Thus
CD =a?*/(a+c) and DB = ac/(a+c). Thus cos B =50 = ¢

a+tc’

A

1
B D C

Conversely, if cos B = _$—, then /B is acute and BD = ccos B = ac/(a+c) < a so that
D is within BC. Thus DC = a — ac/(a + ¢) = a®/(a + ¢). Therefore BD/DC = c/a.
Consequently (AF/FB)(BD/DC)(CE/EA) = 1. By Ceva’s theorem, AD, BE and
CF' are concurrent.

So given a and c, the acute angle B and hence the triangle ABC' is determined. If
a # c, then the triangle ABC' is not equilateral.

2. Yes, in fact, for any k£ € N, there is a set Sy having k elements satisfying the given
condition. For k = 1, let S1 be any singleton set. For k = 2, let So = {2,3}. Suppose
that Sy = {a1,...,ax} satisfies the given conditions. Let

bi = a1a9---ag
bj=b1+aj_1, 2<j<k+1

Let Sk4+1 = {b1,b2,...,bkr1}. Then the fact that Sky1 satisfies the required property
can be verified by observing that |m —n| = (m,n) if and only if (m — n) divides m.
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3. We shall show that n = 3 or 7. Let f(n) = cosZ cos 2Z cos 2*. One can verify
that f(1 ) =1,f(2)=0,f(3) = 4,f(4) =0,f(5) = ~Cos22?7rc085 < 0, f(6) = 0 and
f(8) = 7. We shall show that f(7) =

Let ABC be an isosceles trlangle with ZA =%, /B = ZC = 37“, BC =1 and
AB = AC = . Let D be the point on AC such that ZCBD = 2F. Let BD = y.

Then the triangles BCD and ADB are isosceles with BC' = CD =1 and AD = BD =
y. Thus cos% = cos A = ;—y, cos 27“ = cosZCBD = {, and cos 3,? = cosC = %
Therefore, cos Z cos 2% cos 3% = £.

Lastly, let’s show that f(n) # %H for n > 9. For n > 9, we have 0 < Z, 2% 3T %
Since cosine is a decreasing function on [0, 7], we have f(n ) is an increasing function of

n for n > 9. Consequently, f(n) > f(9) > cos® 3% = £ > n+1

4. Let a; = max S;. Without loss of generality, assume that a; < a; for all 7. We shall
prove by induction on k. For k = 2, since S1 N Sz # 0, a1 € S2. Therefore X = {a;}
works. Now assume that the result is true for £ — 1. Let I be the collection consisting
of S; and the sets S; such that S; N S; # 0 and let J be the collection of the other sets.
Note that a; is contained in all the sets in I. If |J| < k — 1, then the set X consisting
of one integer from each of the sets in J together with a; has the desired property.
Otherwise, consider a collection K of k£ — 1 sets in J. K, together with S;, forms a
collection of k sets. Among these there are two that have nonempty intersection. Since
S1 does not intersect any of the sets in J, these two sets must come from K. Thus by
the induction hypothesis, there is a set X’ of k — 2 integers such that every set in J
contains one integer in X’. Thus X = X’ U {a1} has the desired property.

5. Dividing each of the numerator and denominator of LHS by 2zix2, 2zsz3, ...,

writing a1 = %, ag = %, ..., and noting that xf + m?_l_l > 2x;Ti41, We get
1 1 1
2 x LHS <

1+a1+1+a2+”'+1+an'
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Note that ajas - --a, = 1. It suffices to show that

ay a9 (07
> 1 »
1+a1+1—|—a2+ +1+an_ ()

since it is equivalent to

1 1

<n-1.
1—|—a1+1+a2+ +1+an_n

We shall show that (x) is true for n > 2. The case n = 2 is obvious. We will now prove
it by induction. Suppose (*) holds for n = k. Now assume a; - - ax4+1 = 1, a; > 0 for
all 7. To prove the inductive step, it suffices to show that

ag Ak+1 > Ap0k+1
1+ar 14ag+1 — 14 agar+1

which can be verified directly.

Note: This is an extension of the problem :

3 T 2
T2 + Tox3 T3+ 1374 Tp_1+Tpry T2+ 31T
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Wednesday, 1 June 2011 0930-1200 hrs

Instructions to contestants

1. Answer ALL 25 questions.

2. Write your answers in the answer sheet provided and shade the appropriate bubbles below
YOUTr aANSWErSs.

8. No steps are needed to justify your answers.
4. Fach question carries 1 mark.

5. No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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Throughout this paper, let |z] denote the greatest integer less than or equal to z. For example,
|2.1] =2, |3.9] = 3 (This notation is used in Questions 7, 9, 19 and 20).

1. A circular coin A is rolled, without sliding, along the circumference of another stationary
circular coin B with radius twice the radius of coin A. Let x be the number of degrees
that the coin A makes around its centre until it first returns to its initial position. Find
the value of z.

2. Three towns X,Y and Z lie on a plane with coordinates (0, 0), (200,0) and (0, 300) respec-
tively. There are 100, 200 and 300 students in towns X,Y and Z respectively. A school is
to be built on a grid point (z,y), where z and y are both integers, such that the overall
distance travelled by all the students is minimized. Find the value of x + y.

3. Find the last non-zero digit in 30!.

(For example, 5! = 120; the last non-zero digit is 2.)

4. The diagram below shows AABC, which is isoceles with AB = AC' and ZA = 20°. The
point D lies on AC such that AD = BC. The segment BD is constructed as shown.
Determine ZABD in degrees.

A
D

B C

4 i 4 4 .4

. cos*a  sin*a« cos sin
5. Given that —— + —5— =1, evaluate —; a + - B-
cos? S sin“f3 cos“a s«

6. The number 25 is expressed as the sum of positive integers w1, Zo, -, Tk, where k < 25.
What is the maximum value of the product of r1,%2,%3, -+, and ;7
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10.

11.

12.

13.

14.

15.

16.

17.

Let 7o be the largest (real) root of the equation z* — 16z — 12 = 0. Evaluate |10 .

Let z; € {v/2 —1,v/2+ 1}, where i = 1,2,3, - - -, 2012. Define

S = x129 + 2374 + T5Te + - - + T2000%2010 + T2011%2012-

- How many different positive integer values can S attain?

Let A be the set of real numbers z satisfying the inequality 2 + 2 —110 < 0 and B be the
set of real numbers z satisfying the inequality z? 4+ 10z — 96 < 0. Suppose that the set of
integer solutions of the inequality 22 + ax + b < 0 is exactly the set of integers contained
in AN B. Find the maximum value of ||a — b|].

Given that

at+pf+y = 14
2+ +yE = 84
B+ +43 = 584,

find max{a, 8,7}

Determine the largest even positive integer which cannot be expressed as the sum of two
composite odd positive integers.

Let a, b, c be positive integers such that %4—% = % and ged(a, b, ¢) = 1. Suppose a+b < 2011.
Determine the largest possible value of a + b.

z

Let z[n] denote 2, where there are n terms of z. What is the minimum value of n such
that 9[9] < 3[n]?

(For example, 3[2] = 33 = 27; 2[3] = 22° = 16.)

In the triangle ABC, ZB = 90°, ZC = 20°, D and F are points on BC such that ZADC =
140° and ZAEC = 150°. Suppose AD = 10. Find BD - CE.

Let S ={1,2,3,---,65}. Find the number of 3-element subsets {a1, as,as} of S such that
a; < Qi1 — (Z+2) for i = 1,2.

Determine the value of 3 1

. — 64 sin? 20°.
5in®20°  cos2 00 | O4sIm

A real-valued function f satisfies the relation
f(z® + ) + 2f(2® — 3z 4+ 2) = 92 — 15z

for all real values of z. Find £(2011).
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18.

19.

20.

21.

22.

23.

24.

25.

A collection of 2011 circles divide the plane into N regions in such a way that any pair of
circles intersects at two points and no point lies on three circles. Find the last four digits
of N.

If a positive integer N can be expressed as |z] + |2z] + |3z] for some real numbers z,
then we say that IV is “visible”; otherwise, we say that N is “invisible”. For example, 8 is
visible since 8 = [1.5] + [2(1.5)] + [3(1.5) |, whereas 10 is invisible. If we arrange all the
“invisible” positive integers in increasing order, find the 2011*" “invisible” integer.

Let A be the sum of all non-negative integers n satisfying A
n n
o) = L3z -

Determine A.

A triangle whose angles are A, B, C satisfies the following conditions

sin A+ sin B +sinC 12
cos A+ cosB+cosC 7

)

and 19
in Asin B si = —.
sin Asin BsinC 55

Given that sin C takes on three possible values s1, so and s3, find the value of 100s1s2s3.

Let x > 1, y > 1 and z > 1 be positive integers for which the following equation
D420 +31 4. a2l =97

is satisfied. Find the largest possible value of x + y + z.

Let ABC be a non-isosceles acute-angled triangle with circumcentre O, orthocentre H

and ZC = 41°. Suppose the bisector of ZA passes through the midpoint M of OH. Find
/H AO in degrees.

The circle 7 centred at O; intersects the circle o centred at Os at two points P and Q.
The tangent to 9 at P intersects ; at the point A and the tangent to v; at P intersects
~9at the point B where A and B are distinct from P. Suppose PQ - 0109 = PO; - POq
and ZAPB is acute. Determine the size of ZAPB in degrees.

Determine

"1
Jgr;og 5k

(Note: Here n denotes ——— for ¢ =0,1,2,3,---,n.)
1 il(n —1)!
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1. Answer. 1080

Solution. The number of complete revolutions the first coin A has turned through is the
sum of two components: the number of revolutions round the stationary coin B if A were
sliding on B and the number of revolutions round A’s own axis (perpendicular to its plane
and through its centre) determined by the distance travelled on the circumference of B.
Thus, the total number of revolutions is

2
27r
Hence the number of degrees = 3 x 360 = 1080. O

2. Answer. 300

Solution. We claim that the school must be built in Z. Suppose the school is to be built
at another point A. The change in distance travelled

— 300ZA+200Y A+ 100X A — 200Y Z — 100X Z
— 100(ZA+ AX — ZX) +200(ZA + AY — ZY)
> 0

by triangle inequality. Thus, min(z + y) = 0+ 300 = 300. O

3. Answer. 8

Solution. We first obtain the prime factorization of 30!. Observe that 29 is the largest
prime number less than 30. We have

30 + 30 + 20 + 30 =26
2] [22] 23 24|
30 30 30

= = =14
_3_+_32_+[3J

30| |30

_?7_'+ 52| =7

0] _y

_7.—

30

| =2

_11_

30

2
30| _|30| _|80] _|30] _,
|17 19] 23] |29
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Thus,

300 = 226.314.57.74.112.132.17-19-23-29

|
f_(())% = 219.3M1.74.112.132.17.19.23 .29

614.25.74.112.13%2.17-19-23-29
6(2)(1)(1)(9)(7)(9)(3)(9)(mod 10)
2(=1)(=3)(=1)(3)(—1)(mod 10)

= 8(mod 10),

showing that the last non-zero digit is 8.

4. Answer. 10

Solution. Let E be the point inside AABC such that AEBC is equilateral. Connect A
and D to E respectively.

It is clear that AAEB and AAFEC are congruent, since AE = AE, AB = AC and
BE = CEFE. 1t implies that /BAE = /CAFE = 10°.

Since AD = BC = BE, /EBA = /DAB = 20° and AB = BA, we have AABE and
ABAD are congruent, implying that AABDAz /BAFE = 10°.

D
E
B C
a
5. Answer. 1
4 ;4 2 ;2
. . cos*a sin“a cos“a o . sin® «
Solution. Since — t 5, = 1, set cosf = and sinf = — . Then
cos?f3  sin®f cos sin
cos(f — &) = cosf cos a + sin fsina = cos® a + sin® a = 1.
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and so

0 — o = 2km for some k € Z.

Thus sin # = sin o and cos # = cos «. Consequently,

4 . 4
cos sin .

25 - 2ﬁ=COSZﬂ+SIH2ﬂ:1.
cos’a  sin“a

. Answer. 8748

Solution. Clearly, no z; should be 1. If z; > 4, then splitting it into two factors 2 and
x; —2 will give a product of 2z; —4 which is at least as large as x;. Further, 3x3 >2x2x2,
so any three factors of 2 should be replaced by two factors of 3. Thus, split 25 into factors
of 3, retaining two 2’s, which means 25 = 7 X 3 + 2 x 2. The maximum product is thus
3722 = 8748. O

. Answer. 27

Solution. Since z4—16x—12 = z* +42? +4—4(22 +4x+4) = (22 —22—2)(2%+22+6), we
conclude that zg = 1++/3 and so 1++/2.89 < ¢ < 1++/3.24. Consequently, |10x¢| = 27.
O

. Answer. 504

Solution. Note that (vV2—1)2 = 3-2v2, (v2+1)? =3+2v2 and (V2—1)(vV2+1) = 1.

There are 1006 pairs of products in S; each pair of the product can be either 3—2+/2, 3+2v/2
or 1. Let a be the number of these products with value 3 —2v/2, b be the number of these
products with value 3+2+/2 and ¢ be the number of them with value 1. The a+b+c = 1006.

Hence
S =a(3—2v2) +b(3+2V2) +c=3a+3b+c+2v2(b—a).

For S to be a positive integer, b = a and thus 2a + ¢ = 1006. Further,
S = 6a + ¢ = 6a + 1006 — 2a = 4a + 1006.

From 2a + c = 1006 and that 0 < a < 503, it is clear that S can have 504 different positive
integer values. O

. Answer. 71

Note that 2 4+ z — 110 = (z — 10)(x + 11). Thus the set of real numbers z satisfying the
inequality 2% +z — 110 < 0 is —11 < z < 10.

Also note that 2 + 10z — 96 = (z — 6)(z + 16). Thus the set of real numbers z satisfying
the inequality z? 4+ 10z — 96 < 0 is —16 < z < 6.

Thus A= {z:—-11 <z <10} and B = {z : —16 < = < 6}, implying that

ANB={z:-11 <z < 6}.
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10.

11.

12.

Now let 2% + ax + b = (z — z1)(x — 72), where 21 < x5. Then the set of integer solutions
of z2+ax+b<0is
{k : k is an integer,z1 < k < z2}.

By the given condition,
{k : k is an integer,z1 < k < 22} = {k : k is an integer,—11 < k < 6}

={-10,-9,---,5}.
Thus —11 < z; < —10 and 5 < z9 < 6. It implies that —6 < x1 + 22 < —4 and
—66 < z179 < —50.

From z2+azx+b = (z —x1)(z —2), we have a = — (21 +z2) and b = z175. Thus4 < a < 6
and —66 < b < —50. It follows that 54 <a —b < 72.

Thus max||a — b|| < 71.
It remains to show that it is possible that ||a — b|| = 71 for some a and b.

Let a = 5 and b = —66. Then 22+ab+b = (z+11)(z —6) and the inequality 2% +ab+b < 0
has solutions {z : —11 < z < 6}. So the set of integer solutions of 22 + ab+b < 0 is really
the set of integers in AN B.

Hence max||a — b|| = 71. O

Answer. 8

Solution. We consider the polynomial

P(t) = t3 +bt? +ct + d.

Suppose the root of the equation P(¢) = 0 are z,y and z. Then

—b=zx+y+z=14,

DN =

(142 - 84) = 56

B+ 43d=(z+y+2)@®+ P+ 22 —ay—x2z—y2).

1
c=:1:y—|—:cz—|—yz=5((w+y+z)2-—x2—y2—z2> =

and

Solving for b,c and d, we get b = —14, ¢ = 30 and d = —64. Finally, since t3 — 14¢% 4 30t —
64 = 0 implies t = 2 or t =4 or ¢t = 8, we conclude that max{a, 8,~v} = 8. O

Answer. 38

Solution. Let n be an even positive integer. Then each of the following expresses n as
the sum of two odd integers: n = (n — 15) + 15, (n — 25) + 25 or (n — 35) + 35. Note that
at least one of n — 15,n — 25,n — 35 is divisible by 3, hence n can be expressed as the
sum of two composite odd numbers if n > 38. Indeed, it can be verified that 38 cannot be
expressed as the sum of two composite odd positive integers. O

Answer. 1936
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13.

14.

15.

Solution. We first show that a + b must be a perfect square. The equation % + % = % is

equivalent to %7€ = ;& Write ¢ = ;= = o> Where ged(p, q) = 1. From 4¢ = %’, we
have %~ = £. Since ged(p, q) = 1, we must have g divides c¢. Similarly from b;cc = %, we
have I—)_l;—q = . Since ged(p, q) = 1, we must have p divides c¢. Thus ged(p, g) = 1 implies

a _ b _ c
p(p+ta) ~ alp+a) — pq
that r = 1 since ged(a, b,c¢) = 1. Consequently, a +b=p(p+q) + q(p+q) = (p + q)°.
Next the largest square less than or equal to 2011 is 442 = 1936. As 1936 = 1892 + 44,
and 1355 + 27 = 25, Where gcd(1892,44,43) = 1, we have a = 1892, b = 44 and ¢ = 43
give the largest value of a + b. These values of a,b,c can obtained from the identity
1 1 1
i T = o1 =

pq divides ¢. Therefore is an integer r. Then r divides a, b and ¢, so

Answer. 10

Solution. Suppose 9[m] < 3[n]. Note that 9[m] = 37 and 3[n] = 37 for some integers p
and ¢q. Thus, ¢ > p+ 1. In particular,

2(9[m]) < 3(9[m]) = 3P*! < 37 = 3[n).

Then we have
9[m + 1] = (32)°m = 3200 < 33" — 3 4 1).

Thus, 9[m] < 3[n] implies 9[m + 1] < 3[n + 1]. It is clear that 9[2] = 81 = 3* < 3[3].
Continuing this way, 9[9] < 3[10]. It is also clear that 9[9] > 3[9], hence the minimum
value of n is 10. O

Answer. 50

Direct calculation gives ZDAC = 20° and ZBAD = 50°. Thus AD = CD = 10. Also

BD = 10sin50°. By sine rule applied to the triangle AEC, we have siglEOO == rﬁgoo —
2x1000820° — 40 cos 20°. (Note that AD = DC.)

140° 150° 20
B D E C

Therefore, BD - CE = 400 cos 20° sin 10° sin 50°.

Direct calculation shows that cos 20° sin 10° sin 50° = % so that BD - CE = 50. O

Answer. 34220
Solution. Note that the condition a; < a;+1 — (¢ + 2) for i = 1,2 is equivalent to that
a1 +3<az, a2+4<as.

Let A be the set of all 3-element subsets {aj,a2,a3} of S such that a3 + 3 < ag and
as +4 < as.

Let B be the set of all 3-element subsets {b1, bz, b3} of the set {1,2,---,60}.
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16.

17.

We shall show that |A| = |B| = (%O) = 34220 by showing that the mapping ¢ below is a
bijection from A to B:

(Z) : {al,ag,a3} e {al, ag — 2,a3 — 5}.

First, since {a1, a2,a3} € A, wehave a;+3 < ag and as+4 < a3z, andsoa; < az—2 < az—>,
implying that {a1,as — 2,a3 — 5} € B.

It is clear that ¢ is injective.

It is also surjective, as for any {b1, b, b3} € B with by < ba < b3, we have {by,ba+2,b3+5} €
A and
¢ : {bla b2 + 27 b3 + 5} — {b17b2: b3}

Hence ¢ is a bijection and |A| = |B| = 34220. O

Answer. 32

Solution. It is clear that 8(cos40°)® — 6 cos40° 41 = 0, since cos 34 = 4 cos® A — 3 cos A.
Observe that

3 1
— 64 sin? 20°
sin?220°  cos? 20° +basin
6 9
— — 32(1 — cos 40°
[ “o0sd0° T3 cosdoe T 32(1 —cosd0”)

8cos40° + 4
= — 4+ 32— 32 40°
1 — (cos 40°)?2 + o8

8 cos 40° + 4 — 32 cos 40° 4 32(cos 40°)3

= 32
1 — (cos 40°)?2 +
1 — 6 cos 40° + 8(cos 40°)3
= 4 32
8 1 — (cos40°)? +
— 32,
where the last step follows from 8(cos40°)® — 6cos40° + 1 = 0. O

Answer. 6029

Solution. Given the original equation

f(x? + z) + 2f(2? — 32 4 2) = 922 — 15z,

we replace x by 1 — z and obtain
f(z? — 3z +2) + 2f(2® + 2) = 9(1 — z)? — 15(1 — z) = 92% — 3z — 6.
Eliminating f(z? — 3z + 2) from the two equations, we obtain
3f(x? + ) = 92° + 9z — 12,

thereby
f(z? 4+ z) = 322 + 3z — 4 = 3(2% + 2) — 4,

hence £(2011) = 3(2011) — 4 = 6029.
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18.

19.

Answer. 2112

Solution. We denote the numbers of regions divided by n circles by P(n). We have
P(1)=2, P(2)=4, P(3) =38, P(4) =14,... and from this we notice that

P(l) = 2

P2) = P(1)+2
P(3) = P(2)+4,
P(4) P(3) +6,

P(n) = P(n -1)+2(n—-1).

Summing these equations, we obtain
P(n)=24+24+4+...+2(n-1)=2+n(n—1).

This formula can be shown by induction on 7 to hold true.

Base case: n =1 is obvious.

Inductive step: Assume that the formula holds for n = k > 1, ie., P(k) = 2+ k(k — 1).
Consider k + 1 circles, the (k + 1)-th circle intersects k other circles at 2k points (for
each one, it cuts twice), which means that this circle is divided into 2k arcs, each of which
divides the region it passes into two sub-regions. Therefore, we have in addition 2k regions,

and so
Pk+1)=Pk)+2k=2+k(k—1)+2k=2+k(k+1).

The proof by induction is thus complete.
Using this result, put n = 2011, the number of regions N = 242011 (2011 —1) = 4042112.
So, the last 4 digits are 2112. O

Answer. 6034
Solution. Let n be a positive integer.

1 2
Ifn§m<n+§,then2n§2m<2n+§and3n§3x<3n+1, giving

N = |z| + |2z] + [3z] =n+2n + 3n = 6n.

1 1 2 3
Ifn+§§x<n+§,then2n+§§2m<2n+1and3n—l—1§3x<3n+§,giving

N =|z|+ [2z|+ |3z] =n+2n+3n+1=6n+1.

1 2 4 3 4
Ifn+§ §m<n+—§,then 2n+1§2:v<2n—|—§and3n+§ <3x <3n+ g,giving

N=|z|+ [2z] +|3z] =n+2n+1+3n+1=6n+2.
2 4 . .
Ifn+§§£c<n+1, then2n+§§2x<2n+2 and 3n + 2 < 3z < 3n + 3, giving
N=|z|+[2z] + |3z]=n+2n+1+3n+2=6n+3.

Thus, “invisible” numbers must be of the form 6n + 4 and 6n + 5. The 2011** “invisible”

2011 -1
integer is 4 4+ 6 X OT = 6034. O
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20. Answer. 95004

Solution. We shall prove that for any positive integer a, if f(a) denotes the sum of all
nonnegative integer solutions to | 2| = | ;%7 ], then

f(a) = %a(az ~1)(a+2).

Thus f(27) = 95004.

Let n be a solution to | ] = |57 ]. Write n = ag +r, where 0 <7 < a. Thus |2] = ¢.
Alson = (a+1)g+r —q. Since lz47] = ¢, we have 0 < r—g, that is, ¢ <7 < a. Therefore
for each ¢ =0,1,...,a — 1, r can be anyone of the values ¢,¢q+1,...,a — 1. Thus

a—la—-1
A= Z E(qa +7)
q=0 r=¢q
a—1 a—1la—1
= Z(a— q)qa—i—ZZr
q=0 q=0 r=q
a—1 a—1 a—1l r
VD VLD
q=0 q=0 r=0 gq=0
a—1 a—1 a—1
= azzq—an2 +Zr(r+ 1)
q=0 q=0 r=0
a—1 a—1 a—1 a—1
= a? q—a2q2+27‘2+27’
q=0 q=0 r=0 r=0

— (a2 +1)- %a(a 4+ (l-a)- %a(.?a —1(a—-1)
= %a(a2 —1)(a+2).

21. Answer. 48

By using factor formulae and double angle formulae:

sinA+sinB +sinC 4COS%COS%COS% 12

cosA+cosB+cosC'—1+4sin%sin§sin% 7’

and
. . . . . B . C A B c 12
sin Asin BsinC = 8s1n551n5smicosacosgcosi =5

Solving these equations, we obtain

C
in—sin—sin— = 0.1
sin 5 sin 5 sin 5
A B o
— — — = 0.6
cos 2 cos 5 cos 2 0
Furthermore,
. C A+ B _ A B . A . B
sin 5 = cos 5 = cos 5 cos 5 sin > sin 5
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22.

23.

multiplying both sides by sin % cos —g—, we get

Z%COSQ = 063111g —0.1cos —.

s 2 2 5

or equivalently,
(1 -1t =0.60/1— 12— 0.1t <= 11t — 10t*> = 61/1 — 2,

where ¢t = cos % This equation solves for ¢t = \/%7 , \/g , 1/%, and so the corresponding

values of sin C' are
1, 0.8, 0.6

and hence 100s7s953 = 100-1-0.8 - 0.6 = 48. O

Answer. 8

Solution. We first prove that if x > 8, then z = 2. To this end, we observe that the left
hand side of the equation 1!+ 2! 4+ 3! + ...+ z! is divisible by 3, and hence 3| y*. Since 3
is a prime, 3|y. So, 3% | y* by elementary properties of divisibility.

On the other hand, when z = §,
14214 ... 4+ 8! = 46233

is divisible by 32 but not by 3%. Now, note that if n > 9, then we have 33 |n!. So, when
z > 8, the left hand side is divisible by 32 but not by 33. This means that z = 2.

We now prove further that when x > 8, then the given equation has no solutions. To prove
this, we observe that x > 8 implies that

11+20 431441+ 5!+ ...zl =3 (mod 5).
N———
divisible by 5

Since we have deduced that z = 2, we only have 42 =0, 1, —1 (mod 5). This mismatch
now completes the argument that there are no solutions to the equation when x > 8.

So the search narrows down to z < 8. By exhaustion, it is easy to find that there is only
one solution:
r=y=3, z2=2.

Thus, the sum of this only combination must be the largest and is equal to 34+3+2 = 8.
O

Answer. 38

Let P be the midpoint of the arc BC not containing A on the circumcircle of the triangle
ABC'. Then OP is the perpendicular bisector of BC. Since AM bisects ZA, the points
A, M, P are collinear. As both AH and OP are perpendicular to BC, they are parallel.
Thus ZHAM = ZOPM = ZOAM. Also ZHMA = Z0OMP. Since HM = OM, we have
the triangles AHM and POM are congruent. Therefore AH = PO = AO.
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24.

25.

/

Ar=——==——=

h

Let L be the midpoint of BC. It is a known fact that AH = 20L. To see this, extend
CO meeting the circumcircle of the triangle ABC at the point N. Then ANBH is a
parallelogram. Thus AH = NB = 20L. Therefore in the right-angled triangle OLC),
OC =0A= AH = 20L. This implies ZOCL = 30°. Since the triangle ABC'is acute, the
circumcentre O lies inside the triangle. In fact /A = 60° and /B = 79°. Then ZOAC =
ZOCA = 41° — 30° = 11°. Consequently, ZHAO =2/0AM =2 x (30° —11°) =38°. O

Answer. 30

Let PO; = r1 and POs = ry. First note that O102 intersects P() at the midpoint H
(not shown in the figure) of PQ perpendicularly. Next observe that ZAPQ = ZPBQ =
/P0O501, and /BPQ = /PAQ = /P010s. Therefore Z/APB = LAPQ + /BPQ =
ZPO501 + LPO10:s.

Let ZPOs01 = « and ZP0O102 = B. Then sina = PQ cosa = 2H 4pd sinf8 =

2ro ) ro
%,cosﬁ = Orl—ll’z. Thus sinAAPB = sin(a+ ) = sinacos f + cosasin f = % . 07}11{ +
Ol | PQ _ PQ-(O1H+02H) _ PQ-0102 __ 1 . . . °
g = T = =3 Since ZAPB is acute, it is equal to 30°. O
Answer. 2

Solution. Let



Also note that

n—2 n —1
an=2+2/n+z<i) .

i=2
Since (?) > (g) for all 1 with 2 <i<mn -2,

-1
an§2+2/n+(n—3)<g> <2+2/n+2/n=2+4/n.

So we have show that for all n > 3,
2<an<2+4/n.

Thus

lim a, = 2.
n—oo
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1. In the acute-angled non-isosceles triangle ABC, O is its circumcentre, H is its
orthocentre and AB > AC. Let Q be a point on AC such that the extension of
H(Q meets the extension of BC' at the point P. Suppose BD = DP, where D is
the foot of the perpendicular from A onto BC. Prove that Z0OD@Q = 90°.

2. If 46 squares are colored red in a 9 x 9 board, show that there is a 2 x 2 block on
the board in which at least 3 of the squares are colored red.

3. Let z,y, 2z > 0 such that % + % + % < L. Show that

zYz "'

2z N 2y n 2z <3
Vi4+z2 /1492 V1422

4. Find all polynomials P(z) with real coefficients such that

P(a) € Z implies that a € Z.

5. Find all pairs of positive integers (m,n) such that

3mn 2011
m+n— = .
m+n 3
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1. Drop perpendiculars OM and QX onto BC, and QY from @ onto AD. First 2DM =
DM+ BD — BM = BD — (BM — DM)=PD - (CM —DM)=PD—-CD = PC. It
is a well-known fact that 20M = AH.

P

B

Next ZCP(Q = £DBH = ZHAQ so that the triangles CPQ and HAQ are similar.
Thus the triangles X PQ) and Y AQ) are similar. Therefore

QX QX PC DM

DX QY AH OM’

Hence the triangles DX and OM D are similar. It follows that ZODQ = 90°.

2. Suppose that at most 2 squares are colored red in any 2 x 2 square. Then in any
9 x 2 block, there are at most 10 red squares. Moreover, if there are 10 red squares,
then there must be 5 in each row. This can be seen as follows. There are 8 2 x 2
blocks. Counting multiplicity, there are altogether 16 red squares. Each red square in
the interior is counted twice while each red square at the edge is counted once. If there
are 11 red squares, then there are at least 7 red squres in the interior. Thus the total
count is at least 4+7 x 2 = 18 > 16, a contradiction. If there are exactly 10 red squares,
then 4 of them must be at the edge and the red squares in each row are not next to
each other and hence there 5 in each row.

Now let the number of red squares in row i be ;. Then 7; + ;31 < 10,1 <4 < 8.
Suppose that some r; < 5 with 4 odd. Then

(ri+re)+--4+(ricet+ri—1)+ri+--+(rg+rg) <4x10+5=45
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which leads to a contradiction. On the other hand, suppose that ry,73, 75, 77,79 > 6.
Then the sum of any 2 consecutive 7;’s is < 9. Again we get a contradiction as

(ri+re)+---+(r7+78) +79 <4Xx9+9=45.

3. Letr =1/x,s = 1/y,t = 1/z. There exists a < 1 such that r + s +t = a?rst
or a(r +s+1t) = a’rst. Let a = ar, b = as, ¢ = at. Write a = tan 4, b = tan B,
c=tanC, then A+ B+ C = 7. It is clear that

1 x LHS = ! + L + L
2 V14+rZ V1482 142
1 1 1
< + +
Vi4+a2 V1402 JV1+¢?
= cos A+ cos B + cos B

A+B+C 3 1
< - )| =-==xRHS.
_3cos< 3 ) 5 2><

2nd soln: Note that

1
+-<— = zytyz+tzz<l.

1 1
_+_
xr Yy oz XYz

Hence
2x < 2x B 2x
Vita? el tay+az+yz Jzty)letz)

By AM-GM we have

2 x T
< + .
VE+y)(e+z) 2ty z+z

Similarly,

2y Y Y 2z z 2
< + ; < + .
Vy+2)y+e) " vtz yte Jeta)zty)  2Te 2ty

The desired inequality then follows by adding up the three inequalities.

4. Let P(x) = anx™ + -+ + a1z + ag. Define Q(z) = P(x + 1) — P(z). Then Q(x) is
of degree n — 1. We’ll prove by contradiction that |Q(z)| < 3 for all z. This will imply
that n < 1. Assume that |Q(a)| > 3 for some a € R. Then |P(a+ 1) — P(a)| > 3.
Thus there are 3 integers between P(a) and P(a + 1). Hence there exists three values
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of x € [a,a+ 1] such that P(z) is an integer. Thus there are three integers in [a,a + 1],
a contradiction. There are two cases:

Case (i) n = 0. Here we have P(x) = ¢ where ¢ ¢ Z.

Case (ii) n = 1. Here P(x) = sx +t. There are two integers m,n such that
P(m) =sm+1t=0and P(n) =sn+t=1. Thus s(n —m) =1 implying that 1/s € Z
and sm + ¢t = 0 implying that ¢/s € Z. Letting 1/s = p and t/s = q, P(z) = z+1
where p,q € Z and p # 0.

5. Answer: (m,n) = (1144, 377) or (377,1144).

Let m and n be positive integers satisfying the given equation. That is 2011(m +
n) = 3(m? — mn + n?). Since the equation is symmetric in m and n, we may assume
m > n. If'in = n, then m = n = 4022/3 which is not an integer. So we may further
assume m > n. Let p =m+n and ¢ = m—n > 0. Then m = (p+q)/2 and n = (p—q)/2,
and the equation becomes 8044p = 3(p? + 3¢?). Since 3 does not divide 8044, it must
divide p. By letting p = 3r, the above equation reduces to 8044r = 3(3r% + ¢2). From
this, 3 must divide r. By letting r = 3s, we get 8044s = 2752 + ¢, or equivalently

5(8044 — 27s) = ¢°. (%)

For s between 1 and |8044/27| = 297, the number s(8044 — 27s) is a square only when
s = 169. To narrow down the values of s, we proceed as follow.

Let s = 2%u, where « is a nonnegative integer and v is an odd positive integer.
Suppose « is odd and o > 3. Then (*) becomes 2%+24(2011 — 27 x 2%~24) = ¢* which
is a square. Since a+2 is odd, 2 must divide 2011 — 27 x 2%~2q, implying 2 divides 2011
which is a contradiction. Next suppose & = 1. Then we have u(2x2011—27u) = (¢q/2)2.
If w is not a square, then there exists an odd prime factor ¢t of u such that ¢ divides
2 x 2011 — 27w. Thus ¢ divides 2 x 2011 so that ¢ must be 2011 since 2011 is a prime.
But then u > ¢ = 2011 contradicting 2 x 2011 — 27w > 0. Therefore u must be a square.
This implies that 2 x 2011 — 27 is also a square. Taking mod 4, we have u = 0 or
1 . (mod 4) so that 2 x 2011 — 27u =2 or 3 (mod 4) which contradicts the fact that
2 x 2011 — 27w is a square. Thus a # 1 too. Consequently o must be even. Then
dividing both sides of (x) by 2%, we obtain u(8044 — 27 x 2%u) = ¢?/2% which is a
square. Now suppose u is not a square. Then there exists an odd prime factor v of w
such that v divides 8044 — 27 x 2%u. Then v must divide 8044 so that v = 2011. Thus
u > v = 2011. This again contradicts the fact that 8044 — 27 x 2%u > 0. Therefore
u is a square. Consequently s is also a square. Write s = w? Then (*) becomes
w2 (8044 — 27w?) = ¢® > 0. From this w < [(8044/27)z | = 17. A direct verification
shows that 8044 — 27w? is a square only when w = 13. Thus s = w? = 169. Then
p = 3r = 9s = 1521, and by (x) ¢ = (169 x (8044 — 27 x 169))z = 767. Lastly,
m = (p+q)/2=1144 and n = (p — q)/2 = 377.
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p7.

pl2.

pl3.

pl6.

Q28.

100

Q16. Answer: 7981.
The total number of solutions is
3(Ix242x3+---4+19x20)+1
= (2 -1+ (3 -2+ +(20° —19%) —20 + 1
=20° — 19 = 7981.

Q19. Answer: 256.

Som=(5-1-2)2=4and M = (5+ 1+ 2)? = 64. Thus, m x M = 256.

Q26. Answer: 3.

There are 3 cases: (4,1,1,1), (3,2,1,1) and (2,2,2,1).

Q28. Answer: 10403.

The broken line is constructed using “L”, with lengths 2,4,6,...,200,202, and a segment of
length 101. Then the total length is 2(1 +2+ 3+ --- 4+ 101) + 101 = 10403.
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Instructions to contestants

1. Answer ALL 35 questions.
2. Enter your answers on the answer sheet provided.

3. For the multiple choice questions, enter your answer on the answer sheet by shading the

bubble containing the letter (A, B, C, D or E) corresponding to the correct answer.

4. For the other short questions, write your answer on the answer sheet and shade the ap-

propriate bubble below your answer.
5. No steps are needed to justify your answers.
6. Each question carries 1 mark.
7. No calculators are allowed.

8. Throughout this paper, let |x| denote the greatest integer less than or equal to x. For
ezample, |2.1] =2, [3.9] = 3.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO.



Multiple Choice Questions

1. Let o and B be the roots of the quadratic equation 22 + 2bx + b = 1. The smallest possible

value of (o — B8)? is

2. It is known that n2012 4 n2910 is divisible by 10 for some positive integer n. Which of the

following numbers is not a possible value for n?

4. AB is a chord of a circle with centre O. CD is the diameter perpendicular to the chord AB,
with AB closer to C than to D. Given that ZAOB = 90°, then the quotient

area of AABC B
area of NAAOD ——

WVi-n ®2-vE ©% )

5. The diagram below shows that ABCD is a parallelogram and both AF and BF are straight
lines. Let F' and G be the intersections of BE with CD and AC respectively. Given that
BG = EF, find the quotient DE AF.

A B
G
D F
C
E
w3 @i i i i



6. Four circles each of radius z and a square are arranged within a circle of radius 8 as shown

in the following figure.

What is the range of z?

(A)0 <z <4 (B) 0 <z < 8(vV2+1); (C) 4—2V2 <z < 4

(D) 4 —2v2 <z < 8(v/2 — 1); (E) 4 —V2 <z <4(V2+1).

7. Adam has a triangular field ABC with AB = 5, BC = 8 and CA = 11. He intends to
separate the field into two parts by building a straight fence from A to a point D on side
BC(C such that AD bisects ZBAC. Find the area of the part of the field ABD.

W D2y AL o WAL ) VL

11 (E) None of the above.

8. For any real number z, let |x] be the largest integer less than or equal toz and =z =z—|z].

Let a and b be real numbers with b # 0 such that

o=ofg]-5{5}

Which of the following statements is incorrect?

(A) If b is an integer then a is an integer;

(B) If a is a non-zero integer then b is an integer;

(C) If b is a rational number then a is a rational number;

(D) If a is a non-zero rational number then b is a rational number;

(E) If b is an even number then a is an even number.



9. Given that

is an integer. Which of the following is incorrect?

(A) z can admit the value of any non-zero integer;

)
(B) z can be any positive number;
(C) z can be any negative number;
(D) y can take the value 2;

(E) y can take the value —2.

10. Suppose that A, B,C are three teachers working in three different schools X,Y, Z and spe-

cializing in three different subjects: Mathematics, Latin and Music. It is known that

(i) A does not teach Mathematics and B does not work in school Z;
(ii) The teacher in school Z teaches Music;
(iii) The teacher in school X does not teach Latin;

)

(iv) B does not teach Mathematics.
Which of the following statement is correct?

(A) B works in school X and C works in school Y;

(B) A teaches Latin and works in school Z;

)
)
(C) B teaches Latin and works in school Y;
(D) A teaches Music and C' teaches Latin;

)

(E) None of the above.

Short Questions

11. Let a and b be real numbers such that a > b, 2% + 20 = 75 and 27 +27% = 12~1. Find the

value of 2070,

2 — x+ 120

12. Find the sum of all positive integers = such that [CEDEES)]

is an integer.



13.

14.

15.

16.

17.

18.

19.

20.

21.

Consider the equation

V322 — 8z + 1+ /922 — 24z — 8 = 3.

It is known that the largest root of the equation is — & times the smallest root. Find k.

Find the four-digit number abcd satisfying
2(abed) + 1000 = dcba.

(For example, if a =1, b =2, ¢ = 3 and d = 4, then abed = 1234.)

Suppose x and y are real numbers satisfying z2 + 3% — 222 — 20y + 221 = 0. Find zy.

Let m and n be positive integers satisfying
mn? + 876 = 4mn + 217n.

Find the sum of all possible values of m.

For any real number z, let |z| denote the largest integer less than or equal to . Find the

value of |z of the smallest z satisfying |z%] — |z|? = 100.

Suppose 1, %2, ..., T49 are real numbers such that
23 + 223 + - + 4923, = 1.

Find the maximum value of 1 + 229 + - - - + 49z 49.

Find the minimum value of

VI2 + (20 — 9)2 + V2 + (21 — 2)2 + /22 + (20 — w)? + /w? + (21 — 2)2.

Let A be a 4-digit integer. When both the first digit (left-most) and the third digit are
increased by n, and the second digit and the fourth digit are decreased by n, the new

number is n times A. Find the value of A.

Find the remainder when 10211°22 is divided by 1023.

5



22. Consider a list of six numbers. When the largest number is removed from the list, the average
is decreased by 1. When the smallest number is removed, the average is increased by 1. When
both the largest and the smallest numbers are removed, the average of the remaining four

numbers is 20. Find the product of the largest and the smallest numbers.

23. For each positive integer n > 1, we define the recursive relation given by

1
14+an

an+1 =

Suppose that a; = agg12. Find the sum of the squares of all possible values of a;.

24. A positive integer is called friendly if it is divisible by the sum of its digits. For example,
111 is friendly but 123 is not. Find the number of all two-digit friendly numbers.

25. In the diagram below, D and FE lie on the side AB, and F lies on the side AC such that
DA =DF = DE, BE = EF and BF = BC. It is given that ZABC = 2/ACB. Find z,
where Z/ZBFD = z°.

26. In the diagram below, A and B(20,0) lie on the z-axis and C(0,30) lies on the y-axis such
that ZACB = 90°. A rectangle DEFG is inscribed in triangle ABC'. Given that the area
of triangle CGF is 351, calculate the area of the rectangle DEFG.

Y
C




27.

28.

29.

30.

31.

32.

33.

Let ABCDEF be a regular hexagon. Let G be a point on ED such that EG = 3GD. If the
area of AGEF is 100, find the area of the hexagon ABCDEF.

E G D

Given a package containing 200 red marbles, 300 blue marbles and 400 green marbles. At each
occasion, you are allowed to withdraw at most one red marble, at most two blue marbles and
a total of at most five marbles out of the package. Find the minimal number of withdrawals

required to withdraw all the marbles from the package.

3 red marbles, 4 blue marbles and 5 green marbles are distributed to 12 students. Each
student gets one and only one marble. In how many ways can the marbles be distributed so

that Jamy and Jaren get the same colour and Jason gets a green marble?

A round cake is cut into n pieces with 3 cuts. Find the product of all possible values of n.

How many triples of non-negative integers (x,y, z) satisfying the equation

xyz +xy+yz+z2x+x+y+2z=20127

There are 2012 students in a secondary school. Every student writes a new year card. The
cards are mixed up and randomly distributed to students. Suppose each student gets one

and only one card. Find the expected number of students who get back their own cards.

Two players A and B play rock-paper-scissors continuously until player A wins 2 consecutive
games. Suppose each player is equally likely to use each hand-sign in every game. What is

the expected number of games they will play?



34.

35.

There are 2012 students standing in a circle; they are numbered 1,2, ...,2012 clockwise. The
counting starts from the first student (number 1) and proceeds around the circle clockwise.
Alternate students will be eliminated from the circle in the following way: The first student
stays in the circle while the second student leaves the circle. The third student stays while
the fourth student leaves and so on. When the counting reaches number 2012, it goes back to
number 1 and the elimination continues until the last student remains. What is the number

of the last student?

There are k people and n chairs in a row, where 2 < k < n. There is a couple among the
k people. The number of ways in which all £ people can be seated such that the couple
is seated together is equal to the number of ways in which the (k — 2) people, without the

couple present, can be seated. Find the smallest value of n.
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1. Answer: (D).
Since 22 + 2bz + (b — 1) = 0, we have a8 =b— 1 and o + 8 = —2b. Then

(a—B)% = (a+pB)?—4a8 = (—2b)% —4(b—1)
=40? —b+1)=4[(b—12)2+3 4] >3

The equality holds if and only if b =1 2.

2. Answer: (E).
Note that n2012 4 n2010 = p2010(p2 4 1),
Ifn=2,then 5 (n?2+1)and?2 n2°0 Ifn =13 or 47, then 10 (n2+1).

If n =35, then 2 (n?+1) and 5 n2°10. If n =59, then 51 (592 +1) and 5 { n2010,

3. Answer: (B).

There are 8 vertices in a cube. Any 4 vertices form a triangular pyramid unless they lie on
8
—6—6=058
(5

Let the radius of the circle be 1. Then

Spapc  AExCE — AExCE  2xCE  2(1-1 \/5)_2_\/5
Spa0op  Sasop _%XAEXOD_ oD 1 -

the same plane.

4. Answer: (B).




C

N

A/E

D

5. Answer: (A).

DE EF
Letw—ﬁ. Thenx—ﬁ. Note that
_DC_DF_FC_EF FG_FEF FB-_2BF (1
" AB AB AB EB GB EB EF o

3—15
2

1
Then z + — —3 =0, and thus z = (0<z<1).
x

6. Answer: (D).

Consider the extreme cases:

4/2

Then z i, = =4—2V2 and Tyay =

8 —4v2
2

7. Answer: (D)

By Heron’s formula, Saapc = v/12(12 — 5)(12 — 8)(12 — 11) = 4v/21.
X ABx AD xsinae  AB 5
x AC x AD xsinaa AC 11

SAABD _
Saacp

D= N]—=

Then

5 5v/21
Saapp = g7 ¥ 42l = ==

10



8.

10.

Answer: (B).

Note that a = b- 7 =b({%J +{%}) =b{%J +b{%}.

It follows from a = b {%J +b {%} that b L%J = a. Hence, % = [%J is an integer.

Obviously, b is not necessary an integer even if a is an integer.

Answer: (C).
x can take any nonzero real number. If x > 0, then y = had —mﬁ_: had ; T %—: 0.
If x <0, then y = roET_ET (—ac)—: _23;_: —2 = 9.
x x x x
Answer: (C).

The assignment is as follows:

A: in Z, teaches Music; B: in Y, teaches Latin; C: in X, teaches Mathematics.

Short Questions

11.

12.

13.

Answer: 4.
17 1
% = (20 +2)(270 +27) =24 2070 4 200, Then 200 +270 = L =44 .
Since a > b, we obtain 2% = 4.
Answer: 25.
3 — 20 120
Note that %S =z+ 21 It is an integer if and only if (2 — 1) —120.

Then 22 —1=4123 4568 10 12 15 20 24 30 40 60 120.

Hence, z=0234511;and2+3+4+ 5+ 11 = 25.

Answer: 9.

11



14.

15.

16.

Let y = v/322 — 8z + 1. Then the equation becomes

y++/3y2 — 11 = 3.

Then 1/3y? — 11 = 3 —y. Squaring both sides, we have 3y? — 11 = 9 — 6y + y?; that is,
y? +3y — 10 = 0. Then y = 2 or y = —5 (rejected because y > 0).

Solve 322 — 8z + 1 = 22. Then = = 3 and z = —3~!. Hence, k = 3/371 = 9.

Answer: 2996.

Rewrite the equation as the following:

a b ¢ d
a b ¢ d
4+ 1 0 0 O
d ¢ b a

Since a is the last digit of 2d, a is even; since 2a +1 < d <9, a<4. Soa=2or a =4.

If a =4, then d > 2a +1 = 9 and thus d = 9; but then the last digit of 2d would be 8 # a, a

contradiction.

If a =2, then d > 2a + 1 = 5 and the last digit of 2d is 2; so d = 6. The equation reduces to

There are 2 cases: either 2c + 1 = b and 20 = 10 + ¢, which has no integer solution; or

2¢c+1=10+b and 2b + 1 = 10 + ¢, which gives b=c = 0.

Answer: 110.

Complete the square: (z — 11)? + (y — 10)?2 = 0. Then z = 11 and y = 10; thus zy = 110.

Answer: 93.

Rearranging, we have

4mn — 876 _ 8

2
917n = i — 876 > = 2R =86, 8
mn n=dmn =8 " =217 mn— 217

Then (mn — 217) 8. It follows that mn — 217 = +1,4+2, +4, £8.
So mn = 218,216,219, 215,221, 213, 225,209, and n = —4,12,0,8,2,6,3,5 respectively.

216 225

Note that m = 2% is a positive integer. Then m = o = 18 or m = 5 = 75.
n

12



17. Answer: 50.

Write = |z] + -2 — Then 100 < (|z] + 29? — |z)? = 2|z |=—+ -2 < 2|z| + 1.

So || >50and 2% > 22| = 100 + 502 = 2600. On the other hand, z = v/2600 is a solution.

18. Answer: 35.

2
(x1+2x2+---+49w49)2=(1-x1+\/§-x/§x2+---+\/4_9-\/4_9x49>

<@A+2+4---+49) (22 + 222 + - +4923)

50

By g,
. . . 1

The equality holds if and only if 1 = --- = x49 = :|:—3—5—.

19. Answer: 58.

As shown below,

Va2 + (20 — y)2 + V2 + (21 — 2)2 + /22 + (20 — w)? + w? + (21 — )2

=AB+ BC+CD+ DA
= A'B+ BC+CD+ DA”
< A'A" = /422 + 402 = 58.
AI T A 21 —x AII
\\\\\ |;3 3 ””"”f
R oy ol
N 3
B I
) o
z N
21 —z C‘\\\
\\‘;D
\\‘~\\ A

20. Answer: 1818.

Let the 4-digit number be A = abcd. Then
1000(a +n) +100(b — n) + 10(c +n) + (d — n) = nA.

It gives A 4 909n = nA; or equivalently, (n — 1)A = 909n.

Note that (n — 1) and n are relatively prime and 101 is a prime number.

(n—1) 9. Son=2orn=4

We must have

If n =4, then A = 1212, which is impossible since b < n. Son =2 and A =909 x 2 = 1818.

13



21. Answer: 4.

Note that 1024 = 2! =1 (mod 1023). Then

10211022 = (—2)1022 = 91022 = 9l0x10242 = 194102 % 22 = 1102 22 =4 (mod 1023)

22. Answer: 375.

23.

24.

25.

Let m and M be the smallest and the largest numbers. Then

M
mg80+1:M;—80_1:m+6+80

Solving the system, m = 15 and M = 25. Then mM = 375.

Answer: 3.
1 1 2 3+2
Let a1 = a. Then ag = 1+a’a3= 212,@4: 3:2(;,%: 5132, .... In general,
P Fo+ Fh1a
" Fui1 4 Fua

where F1 =0, F5 =1 and Frp41 = F,, + F,_1 for alln > 1.
Fy12 + Fooi1a
Fo13 + Foor0a
Since Fao1z > 0, we have a® +a —1 = 0. Let o and 83 be the roots of a® +a —1 = 0. Then

If ago10 = = a, then (a® +a — 1)Fyp12 = 0.

2+ =(a+p)?-2a8=(-1)?-2(-1)=3

Answer: 23.
10a + b 9a

i = 1 .
Since > a+b+ , we have (a +b) 9a
Case 1: If 31 (a +b), then (a+b) a, and thus b = 0. We have 10 20 40 50 70 80.
Case 2: If 3 (a+b) but 9¢ (a;—b), then (a+b) 3a and 1< ag—(:b <3.If a;b = 1, then
2a = b, we have 12 24 48. If . ;—lb = 2, then a = 2b, we have 21 42 84. If ab = 3, then

a

b = 0, we have 30 60.

Case 3: If 9 (a+0b), then a+b=9 or 18. If a+ b = 18, then a = b = 9, which is impossible.
If a + b =9, then we have 9 friendly numbers 18 27 36 45 54 63 72 81 90.

Therefore, in total there are 23 2-digit friendly numbers.

Answer: 108.

Since DA = DE = DF, /ZEFA = 90°. Let /EBF = /EFB = z°. Then /BCF =
ZBFC =90° — 2° and ZCBF = 2z°, /ZBAC = 90° — 2z°.

14



26.

27.

28.

It is given that 3z = 2(90 — z). Then z = 36. So z = 180 — (90 — z) — (90 — 2z) = 3z = 108.

Answer: 468.

302 (20 + 45) x 30

Note that AO = 50 = 45. Then the area of AABC is = 975.

Let the height of ACGF be h. Then

h\P_851_(3\'_ _h _3
30) 955 \5 30—h 2

Note that the rectangle DEFG has the same base as ACGF'. Then its area is

351><§><2:468

Answer: 240.

We may assume that DF = 1 and denote A= EG =3 4.

EGAX _14A . AGEF _14+A 1_1+2)
DEXY 4 ™ -

'S PEXY T "4 3 8
ABCDEF 6 AGEF 142\ 5

Note that —o——2% _ 5 _ .
MR PEXY T8 "™ ABCDEF 6 12

If AGEF =100, then ABCDEF =100 x %2 = 240.

Answer: 200.

15



29.

30.

31.

32.

Since at most one red marble can be withdrawn each time, it requires at least 200 withdrawals.

On the other hand, 200 is possible. For example,
150 (1,2,2) +20-(1,0,4) +10- (1,0,2) + 20 - (1,0,0) = (200, 300, 400).

Answer: 3150.

Case 1: Jamy and Jaren both take red marbles. So 1 red, 4 blue and 4 green marbles are

distributed to 9 students:
9 8
() £) - o0

Case 2: Jamy and Jaren both take blue marbles. So 3 red, 2 blue and 4 green marbles are

distributed to 9 students:
9 6
= 1260.
(3)* )

Case 3: Jamy and Jaren both take green marbles. So 3 red, 4 blue and 2 green marbles are

distributed to 9 students. The number is the same as case 2.

630 + 1260 + 1260 = 3150.

Answer: 840.

With three cuts, a round cake can be cut into at least 1 + 3 = 4 pieces, and at most

1+ 142+ 3 =7 pieces. Moreover, n = 4,5,6,7 are all possible. 4 x 5 x 6 x 7 = 840.

e

L N

Answer: 27.

(z+1)(y+1)(z+1) =2013 =3 x 11 x 61.

If all z,y, z are positive, there are 3! = 6 solutions.

If exactly one of x,y, z is 0, there are 3 x 6 = 18 solutions.
If exactly two of z,y, z are 0, there are 3 solutions.

6+ 18+ 3 = 27.

Answer: 1.

1
For each student, the probability that he gets back his card is 012" Then the expectation

. 1
of the whole class is 2012 x 2012 = 1.

16



33.

34.

35.

Answer: 12.

Let E be the expectation. If A does not win, the probability is 2/3 and the game restarts.
If A wins and then does not win, the probability is (1/3)(2/3) and the game restarts. The
probability that A wins two consecutive games is (1/3)(1/3). Then

2 2 1
E=-x(E+1)+-x(E+2) +-x2.
3 9 9
Solving the equation, we get £ = 12.

Answer: 1976.

If there are 1024 = 210 students, then the 1024 student is the last one leaving the circle.
Suppose 2012 — 1024 = 988 students have left. Among the remaining 1024 students, the last
student is (2 x 988 — 1) + 1 = 1976.

Answer: 12.
n

n—2 n
(n—1)x2x <k—2> ><(k—2)!=<k_2> x (k—2)L. ThenZ:(n—k+1)(n—k+2)'

That is, 2n% — (4k — 6)n + (2k? — 6k + 4 — n) = 0. We can solve
k—17—

(n > k).

Note that the square of any odd number has the form 8k—7. Choose & so that /8« — 7—5 = 4,
ie., k=11. Then n = 12.

17



Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2012

(Junior Section, Round 2)

Saturday, 23 June 2012 0930-1230

1. Let O be the centre of a parallelogram ABCD and P be any point in the plane.
Let M, N be the midpoints of AP, BP, respectively and ) be the intersection of
MC and ND. Prove that O, P and @ are collinear.

2. Does there exist an integer A such that each of the ten digits 0,1,...,9 appears
exactly once as a digit in exactly one of the numbers A, A2, A3.

3. In AABC, the external bisectors of /A and /B meet at a point D. Prove that
the circumcentre of AABD and the points C, D lie on the same straight line.

4. Determine the values of the positive integer n for which the following system of
equations has a solution in positive integers z1,xs,...,Z,. Find all solutions for
each such n.

z1+ a2+ + T, =16 (1)
1 1 1
— 4 —4 .+ —=1 (2)
x1 T2 Tn
5. Suppose S = ai,as,...,a15 is a set of 15 distinct positive integers chosen from
2,3,...,2012 such that every two of them are coprime. Prove that S contains a

prime number. (Note” Two positive integers m, n are coprime if their only common
factor is 1.)

18



Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2012

(Junior Section, Round 2 solutions)

1. Since M N || AB || CD, we have AMQN ~ ACDQ. Hence MN = AB/2 = CD/2.
Thus QM = CQ/2. In AACP, CM is a median and @ divides CM in the ratio 1:2.
Thus @ is the centroid. Hence the median PO passes through Q.

P
M_— Y
A \ 5
[0)
D C

2. Since the total number of digits in A, A2 and A3 is 10, the total number digits in
32,322,323 is 11 and the total number of digits in 20,202,202 is 9, any solution A must
satisfy 21 < A < 31. Since the unit digits of A, A2, A3 are distinct, the unit digit of A
can only be 2,3,7, 8. Thus the only possible values of A are 22,23,27,28. None of them
has the desired property. Thus no such number exists.

3. Note that CD bisects ZC. If CA = CB, then CD is the perpendicular bisector of
AB. Thus the circumcentre of AABD ison CD.

If CA # CB, we may assume that CA > CB. Let E be a point on C'B extended and F’
be the point on C' A so that C'F' = CB. Then, since C'D is the perpendicular bisector of

19



BF, we have ZAFD = /DBE = ZDBA. Thus AFBD is a cyclic quadrilateral, i.e., F’
is on the circumcircle of AABD. The circumcentre lies on the perpendicular bisector
of BF which is CD.

4. Without loss of generality, we may assume that ;1 < 29 < --- < x,. If z; = 1, then
from (2), n» = 1 and (1) cannot be satisfied. Thus z; > 2. If 25 = 2, then n = 2 and
again (1) cannot be satisfied. Thus o > 3. Similarly, z3 > 4. Thus x4+ -+, <7
with x4 > 4. Thus n < 4.

(i) n = 1: No solution.
(ii) n = 2: The only solution of w—ll + % = 11is z; = 9 = 2 which doesn’t satisfy
(1). Thus there is no solution.

(iii) n = 3: The only solutions of -+ -+ - = 1 are (z1, z2,23) = (2,3,6), (2,4,4)
and (3,3,3). They all do not satisfy (1).

(iv) n = 4: According to the discussion in the first paragraph, the solutions of
1+ - +x4 =16 are

($1,$2,$3,£B4) = (273747 7)a (273757 6)7 (2747 47 6)7 (2747 57 5)7
(3,3,4,6), (3,3,5,5), (3,4, 4,5), (4,4,4, 4).

Only the last one satisfy (2).

Thus the system of equations has a solution only when n = 4 and for this n, the
only solution is z1 = x93 = 3 = x4 = 4.

5. Suppose, on the contrary, that S contains no primes. For each i, let p; be the smallest
prime divisor of a;. Then p1,ps, ..., p15 are distinct since the numbers in S are pairwise
coprime. The first 15 primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47. If
p; is the largest among p1,ps, . .., p1s, then p; > 47 and a; > 472 = 472 = 2309 > 2012,
a contradiction. Thus S must contain a prime number.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2012

Senior Section (First Round)

Tuesday, 29 May 2012 0930-1200 hrs

Instructions to contestants

1. Answer ALL 35 questions.
2. Enter your answers on the answer sheet provided.

3. For the multiple choice questions, enter your answer on the answer sheet by shading
the bubble containing the letter (A, B, C, D or E) corresponding to the correct
answer.

4. For the other short questions, write your answer on the answer sheet and shade the
appropriate bubble below your answer.

No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

RS W

Throughout this paper, let |x| denote the greatest integer less than or equal to x.
For example, [2.1| =2, |3.9] =3.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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Multiple Choice Questions

1. Suppose a and [ are real numbers that satisfy the equation

2+(2\/E)x+\/ﬁ=0

Find the value of — + 1813
3VV2+1(vV2-1) - 8—6vVv2+1(vV2-1)

3VV2+1(vV2-1)+8 6vVVvV2+1(vV2-1) -
(E) None of the above

2. Find the value of

20112 x 2012 — 2013 " 20132 x 2014 — 2015
2012! 2014!

(A)

1 1 11
30001 T 20101 T 20111 T 20121 (B) 30091 30100 — 20111 — 2012

-y (D)

1 1 1 1
(C) 2009! + 2010! ~ 2012! 2013! 2009! + 2010! + 2013! + 2014!

1 1
(E) 2009! + 2010! 2013! 2014!

3. The increasing sequence T'= 2 3 56 7 8 10 11 consists of all positive inte-
gers which are not perfect squares. What is the 2012th term of T'7

(A) 2055  (B) 2056  (C) 2057 (D) 2058  (E) 2059

4. Let O be the center of the inscribed circle of triangle AABC and D be the point on
AC with OD 1 AC. If AB=10 AC' =9 BC =11, find CD.
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10.

Find the value of
cos* 75° + sin* 75° + 3 sin? 75° cos? 75°

cosb 75° + sin® 75° 4 4 sin? 75° cos? 75°

A 2 ® L © 2 M 1 (B cos75°4sn75°

If the roots of the equation z? + 3z — 1 = 0 are also the roots of the equation
z* + az? 4 bx + ¢ = 0, find the value of a + b + 4c.

(A) 13 (B) 7 (05 (D) 7 (B 11

Find the sum of the digits of all numbers in the sequence 1,2, 3,4,...,1000.
(A) 4501 (B) 12195 (C) 13501 (D) 499500 (E) None of the above

. Find the number of real solutions to the equation

T

100 = sinx,

where z is measured in radians.

(A) 30 (B) 32 (C) 62 (D) 63 (E) 64

In the triangle AABC, AB = AC, ZABC = 40° and the point D is on AC such
that BD is the angle bisector of ZABC. If BD is extended to the point E such that
DFE = AD, find ZECA.

A

(A) 200 (B) 30° (C) 40° (D) 45  (E) 50°

Let m and n be positive integers such that m > n. If the last three digits of 2012™
and 2012™ are identical, find the smallest possible value of m + n.

(A) 98 (B) 100 (C) 102 (D) 104 (E) None of the above
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Short Questions

11.

12.

13.

14.

15.

16.

17.

18.

19.

Let a b c and d be four distinct positive real numbers that satisfy the equations
(a2012 — (2012) (2012 _ g2012) _ 917

and
(b2012 _ 02012)(62012 _ d2012) — 2011

Find the value of (cd)?"? — (ab)?12,

Determine the total number of pairs of integers x and y that satisfy the equation
1 1 1

Y y—|—2:3-2z

Givenaset S = 1 2 10 , a collection F of subsets of S is said to be intersecting
if for any two subsets A and B in F, we have AN B # (). What is the maximum
size of F7?

The set M contains all the integral values of m such that the polynomial
2(m — 1)2? — (m® —m + 12)z + 6m
has either one repeated or two distinct integral roots. Find the number of elements

of M.

Find the minimum value of

. cosT —sinz
sinx +cosx + —————
CoS 2%

Find the number of ways to arrange the letters A, A, B, B, C, C, D and E in a line,
such that there are no consecutive identical letters.

Suppose z = 3V2183% jg an integer. Determine the value of z.

Let f(x) be the polynomial (z—a;)(x—as)(x—a3)(x—aq)(z—as) where a1, ag, as, a4
and a5 are distinct integers. Given that f(104) = 2012, evaluate a; +as+asz+as+as.

Suppose x, y, z and \ are positive real numbers such that

yz = 6z
xz =6y
xy = 6z

4yt 2 =1
Find the value of (zyzA)™'.
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20.

21.

22.

23.

24.

25.

26.

Find the least value of the expression (z + y)(y + z), given that x,y, z are positive
real numbers satisfying the equation

zyz(x+y+2) = 1.

For each real number z, let f(z) be the minimum of the numbers 4z + 1,z + 2 and
—2x + 4. Determine the maximum value of 6 f(z) + 2012.

Find the number of pairs (A4, B) of distinct subsets of 1,2,3,4,5,6 such that A is
a proper subset of B. Note that A can be an empty set.

Find the sum of all the integral values of x that satisfy

Vo+3—4vz—T+y/z+8-6vz—1=1.

Given that

5:\\/x2+4x+5—\/x2+2x+5 ,

for real values of z, find the maximum value of S*.

Three integers are selected from the set S = 1,2,3,...,19,20 . Find the number
of selections where the sum of the three integers is divisible by 3.

In the diagram below, ABCD is a cyclic quadrilateral with AB = AC. The line
FG is tangent to the circle at the point C, and is parallel to BD. If AB = 6 and
BC =4, find the value of 3AF.
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27.

28.

29.

30.

31.

32.

33.

34.

35.

Two Wei Qi teams, A and B, each comprising of 7 members, take on each other in
a competition. The players on each team are fielded in a fixed sequence. The first
game is played by the first player of each team. The losing player is eliminated while
the winning player stays on to play with the next player of the opposing team. This
continues until one team is completely eliminated and the surviving team emerges as
the final winner — thus, yielding a possible gaming outcome. Find the total number
of possible gaming outcomes.

Given that m = (cos )i+ (sinf)j and n = (1/2 —sin )i+ (cos #)j, where i and j are
the usual unit vectors along the z-axis and the y-axis respectively, and 6 € (7 2m).
If the length or magnitude of the vector m + n is given by m +n = 85ﬁ, find the
value of 5cos (4 +Z) +5.

Given that the real numbers z, y and z satisfies the condition z + y + z = 3, find
the maximum value of f(z y 2z) = v2x + 13 + /3y + 5 + v/8z + 12.

Let P(z) be a polynomial of degree 34 such that P(k) = k (k + 1) for all integers
k=012 34. Evaluate 42840 x P(35).

Given that « is an acute angle satisfying

v/369 — 360 cos a + /544 — 480 sina — 25 = 0

find the value of 40 tan a.

Given that a b ¢ d e are real numbers such that
a+b+c+d+e=28

and
A+ +d?+e2=16

Determine the maximum value of |e].

Let L denote the minimum value of the quotient of a 3-digit number formed by three
distinct digits divided by the sum of its digits. Determine |10L].

Find the last 2 digits of

715' '

x =19}

Let f(n) be the integer nearest to v/n. Find the value of
=, (700 4 (3)1

n=1 (g)n
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2012

Senior Section (First Round Solutions)

Multiple Choice Questions

1. Answer: (D)

Note that a+6=—<2\/\/§+1) and aff = VV2 + 1.

1 1 (a+p)’—3ab(atp)
a® = BB (aB)?
_6-8VV2+1
V2+1
_6(VV2+1) —8(V2+1)
B V2+1

:6\/\/§+1(\/§—1)—8

2. Answer: (E)

20112 x 2012 — 2013~ 2013% x 2014 — 2015

2012! + 2014!
_ 2011 2013 = 2013 2015

= 20100 20121 T 20121~ 20141
B <2010 1 2012 1 )

_|_

012! T 2012! ~ 20141 ~ 2014]

+ _ _ 2012 1 2014 1
2010! © 2010! 2012! 2012!

(1 1 1 1 1 1 1 1

B (2009! T 20100 ~ 20111 2012!) * (2011! T 30121 ~ 20131 ~ 2014!)
1 1 1 1

= 20000 T 20100 ~ 20131 ~ 2014
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3. Answer: (C)

Note that 44® = 1936, 452 = 2025 and 46% = 2116. So 2,3,...,2012 has at most
2012 — 44 terms. For the 2012th term, we need to add the 44 numbers from 2013 to
2056. But in doing so, we are counting 452 = 2025, so the 2012th term should be
2012+ 44 + 1 = 2057.

4. Answer: (C)

AC is tangent to the circle at D, by constructing £ and F' as shown, we have
CD =CF, AD = AFE and BE = BF'. Solving for the unknowns give C'D = 5.

5. Answer: (D)

cos® z + sin® z + 4sin? z cos® z

= (cos? z + sin® z)(sin* z + cos* z — sin? x cos® ) + 4 sin® x cos® z

= (sin* z + cos* z + 3sin? z cos® ).

6. Answer: (B)

We have the factorization
(2> + 3z —1)(z>+mz —c) =2* +az® + bz + c.

Comparing coefficients give 3+m =0, =1 —c+3m = a and —3c — m = b. We can
solve these equations to obtain a + b+ 4c = —7.

7. Answer: (C)

Among all numbers with 3 or less digits, each ¢, =0,1,2,--- |9, appears exactly 300
times. Thus the sum of the digits of all the numbers in the sequence 1,2, 3,4, --- ,999

1S
300(1 + 24 --- + 9) = 13500,

and so the answer is 13501.
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8.

10.

Answer: (D)

Since —1 < sinz < 1, we have —100 < z < 100. We also observe that 317 < 100 <
32.

For each integer k¥ with 1 < k < 16, ;55 = sinz has exactly two solutions in
[2(k—1)m (2k—1)m], but it has no solutions in ((2k —1)7 2km). Thus this equation
has exactly 32 non-negative real solutions, i.e. x = 0 and exactly 31 positive real
solutions. Then it also has exactly 31 negative real solutions, giving a total of 63.

Answer: (C)
Construct a point F' on BC such that BF = BA. Since ZABD = /FBD, ANAABD
is congruent to AFBD.

Thus DFF = DA = DFE and /ZFDB = ZADB = 60°. We also have ZEDC =
/ADB = 60°, which implies that ZF DC = 60° and ACF D is congruent to ACED.
In conclusion, ZECD = ZFCD = 40°.

Answer: (D)
We want to solve 2012™ = 2012" (mod 1000) which is equivalent to

1000 127(12™ ™ —1)

Since (12™™ — 1) is odd, we must have 8 12" so n > 2. It remains to check that
125 12™™ — 1 ie. 12™ "™ = 1 (mod 125). Let ¢ be Euler’s phi function. As
©(125) = 125 —25 = 100, by Euler’s theorem, we know that the smallest m —n must
be a factor of 100. By checking all possible factors, we can conclude m —n = 100
and so the smallest possible value for m + n is 104 since n > 2.
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Short Questions

11.

12.

13.

14.

15.

Answer: 2011

Let A= a2 B =b2"2 (O =2 and D = d**'2. Then A and B are distinct roots
of the equation (z — C)(xz — D) = 2011. Thus the product of roots, AB = CD—2011
and CD — AB = 2011.

Answer: 6

Note that x and y must satisfy
2.3 = y(y + 2).

We first assume =z > 0, which means both y and y + 2 are even integers. Either
3 yor3 wy+ 2. In the first case, assuming y > 0, we have y = 3 - 2* and
y+2=2(3-2F1 4 1) = 22+1=% The only way for this equation to hold is k = 1
and z = 3. So (z,y,y +2) = (3,6,8).

In the case 3 y+2, assuming y > 0, we have y +2 = 3-2% and y = 2(3-281—1) =
27t1=F  Now the only possibility is k = 1 and z = 2, so (z,y,y + 2) = (2, 4, 6).

In the two previous cases, we could also have both y and y+ 2 to be negative, giving
(z,y,y +2) = (3,—8,—6) or (2,—6,—4).

Finally, we consider z < 0 so 3 = 27®"ly(y + 2). In this case we can only have
r=—-1and (z,y,y +2) = (-1,1,3) or (—1,-3,-1).

Hence possible (z,y) pairs are (3,6), (3, —8), (2,4), (2,—6), (—1,1) and (-1, -3).

Answer: 512

If A € F then the complement S NA ¢ F. So at most half of all the subsets of S

can belong to F, that is
210
F < - = 512.

Equality holds because we can take F to be all subsets of S containing 1.

Answer: 4

If m = 1, the polynomial reduces to —12z 4+ 6 = 0 which has no integral roots.

For m # 1, the polynomial factorizes as ((2z —m)((m — 1)z — 6), with roots z = %
and z = 5‘6—_1' For integral roots, m must be even and m — 1 must divide 6. The
only possible values are m = —2,0,2 and 4. So M has 4 elements.

Answer: 2

Note that cos 2z = cos? z — sin®z. So

1

cosx —sinz
sinz 4+ cosz|

sinz + cosx +

sinz + cosx +

Ccos 2x

Set w = sin x 4 cos z and minimize |w + %|
By AM-GM inequality, if w is positive then the minimum of w + % is 2; if w is

negative, then the maximum of w + % is —2. Therefore, the minimum of ‘w + %‘ is
2.
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16.

17.

18.

19.

20.

Answer: 2220
8!

We shall use the Principle of Inclusion and Exclusion. There are 55 ways to arrange
7!

the letters without restriction. There are 5;; ways to arrange the letters such that

both the As occur consecutively. (Note that this is the same number if we use B or
C instead of A.)

There are % ways to arrange the letters such that both As and Bs are consecutive.

(Again this number is the same for other possible pairs.) Finally there are 5! ways
to arrange the letters such that As, Bs and Cs occur consecutively.

For there to be no consecutive identical letters, total number of ways is

8! 71 6!
8 T o,
Sioip S X gy T3 X gy T = 2220

Answer: 9

Taking logarithm, we get logsx = /2 +1logsx Let y = loggz. The only possible
solution for y = \/2 + y is 2. Therefore z = 3% = 9.

Answer: 17

The prime factorization of 2012 is 22 - 503. Let b = 104. If a; are distinct, so are
b—a; ie. (b—ay), (b—as), (b—as), (b —as) and (b — a5) must be exactly the
integers 1 —1 2 —2 503 . Summing up, we have

5(104) — (a1 +az+az+as+as) =1—1+2—2+ 503

ie. a1 +ag+az+ a4+ a5 = 17.

Answer: 54
Multiplying the first three equations by x, v and z respectively, we have

zyz = 6Az? = 6Ay? = 622

Since A # 0 and 2?+y*+2? = 1, we deduce that 22 = y? = 22 = 3, s0z =y = z = 71—5

and A= 25 = 75 = ﬁg-
Hence

(zyz\)"t = (V3)%6v/3 = 54
Answer: 2

Observe that

1
@+y)(y+2) =zyt+az+y’+yz=yl@+y+2) +r2=—+12>2
xrz

where the equality holds if and only if zz = 1. Let z = z =1 and y = v/2 — 1, then
we have the minimum value 2 for (z + y)(y + 2).
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21.

22.

23.

24.

Answer: 2028

Let L;, Lo, L3 represent the three linesy =4z + 1,y = x+2and y = —2x + 4
respectively. :
Observe that Ly and Ly intersects at (3,%), Ly and Ls intersects at (3,3), and Ly

and Lg intersects at (2, 8). Thus

dr+1, =z<i;
7 . §
37 R
flo)=q 2+2  3<z<3
3 ng;
—2r+4, >3

Thus the maximum value of f(z) is § and the maximum value of 6f(z) + 2012 is
2028.

Answer: 665

Since B cannot be empty, the number of elements in B is between 1 to 6. After
picking B with k elements, there are 2 — 1 possible subsets of B which qualifies for
A, as A and B must be distinct. Thus the total number of possibilities is

k=1 k=0
6 6
-2 ()2 0)
k=0 k=0
=2+1)°—-(1+1)°
— 36 _ 26
= 665.

Answer: 45

The equation can be rewritten as \/(\/ac —1-2)2+ \/(\/m —1-3)2=1.

If vV —12> 3, it reducesto vz —1—-2++vz—-—1-3=11ie z—1=3 giving
z = 10.

If vz —1<2 itreduces to 2 —vz—14+3—+vz—1=1ie +z—1=2giving
T = 5.

f2<vzr—1<3,ie. 5 <z <10,itreducesto vz —1—2+3—+/—1=1 which
is true for all values of z between 5 and 10.

Hence the sum of all integral solutions is 5+ 6 + 7+ 8 + 9 + 10 = 45.

Answer: 4

S:’\/($+2)2+(0—1)2—\/(w+1)2+(0—2)2 .
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25.

26.

27.

Let P = (z,0), A = (—=2,1) and B = (—1,2), then S represents the difference
between the lengths PA and PB. S is maximum when the points P, A and B are
collinear and that occurs when P = (—3,0). So

S = ’\/(—1)2 T2 - /(—22+ (0 2)2’ - ‘\/i— 2\/5‘ .

Thus the maximum value of S* = 4.

Answer: 384

Partition S into three subsets according to their residues modulo 3: Sp = 3,6,...,18
S1= 1,4,...,19 and S2 = 2,5,...,20 . In order for the sum of three integers
to be divisible by 3, either all three must belong to exactly one S; or all three must
belong to different S;.

Hence total number of such choices is (g) + 2(;) +6x7xT7=234.

Answer: 10
Since BD || FG and FG is tangent to the circle at C, we have

/BCF =/CBFE =/DCG = /BDC = /BAC.
Furthermore
/BEC = /BAC + /ABE =/CBF + /ABFE = /ABC = LZACB.

We can then conclude that BE = BC = DC = 4. Also, AABF is similar to
ADCE. If welet AE =z,
DE AE
DC ~ AB
By the Intersecting Chord Theorem, AE - EC = BE - ED, ie. (6 —z) = 4(22),
which gives z = ?, so 3AFE = 3z = 10.

2

Answer: 3432

We use a1, a9, -+ ,a7 and by, bs, - - - , by to denote the players of Team A and Team B,
respectively. A possible gaming outcome can be represented by a linear sequence of
the above 14 terms. For instance, we may have ajasb;beazbsbsbsasbgbrasagar; which
indicates player 1 followed by player 2 from Team A were eliminated first, and the
third player eliminated was player 1 from team B. However Team A emerged the
final winner as all seven players of Team B gets eliminated with as, ag and ay
remaining uneliminated. (Note ag and a; never actually played.) Thus, a gaming
outcome can be formed by choosing 7 out of 14 possible positions for Team A, with
the remaining filled by Team B players. Therefore, the total number of gaming

outcomes is given by () = % = 3432.
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28. Answer: 1

—— = m-+n :\/4+2\/§COS€-2\/§SIH6
T
_2\/1—|—cos(9+z)
0 T«
=2v2 -+ =
\/—cos(2+8)’

Since m < 6 < 2m, we have 3w < & + T < 8m. Thus, cos (§ + %) < 0. This implies
that cos (g + E) = —% and hence

3
5 cos Q—I-F +5=1
2 8 o

29. Answer: 8
Using the AM-GM inequality, we have

f(xy 2)=v2r + 13+ /3y + 5+ v82 + 12
2z + 13 3y+5 82 + 12
:‘/IZ .vz+3l%1”y§e@+4 z; 3.3

2218 4 W 494 BHZ4949049
< +

=T 3 4
T

A 1

_3

The equality is achieved at z =2, y =1 and z = 1.

30. Answer: 40460
Let n =34 and Q(z) = (x +1)P(z) — z

Then @Q(z) is a polynomial of degree n+ 1 and Q(k) =0 forallk =012 --- n.
Thus there is a constant C' such that

Qlz)=(z+1)P(x) —z=Czx(z—1)(z = 2)--- (z —n)
Letting z = —1 gives
1=C(=1)(-2)- - (—n—1) = C(-1)""(n+1)!
Thus C = (—1)"" (n+1)! and

P(z) = 1 (2 + Ox)) = 1 <x+(_1)n+1x(x—1)(x—2)...(x_n)>

z+1 Cz+1 (n+1)!
So
1 (~1)*H(n+ 1), 1 n
P 1) = 1 — 1 -1 n+ly _
(nt+1) = ——m+1+ (n+1)! ) n+2(”Jr DT =
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31.

32.

33.

since n = 34 is even. Hence

4
42840 x P(35) = 34 x 35 x 36 x 3—6 = 40460

Answer: 30
Let X =+/369 — 360 cosa and Y = /544 — 480 sin . Observe that

X2 =12% 4 152 — 2(12)(15) cos &
Y2 =122 + 20 — 2(12)(20) cos(90° — «)

and 152 + 20? = 25%2 = (X +Y)?, so we can construct a right-angled triangle ABD
as shown.

A

15

B

In particular ZABC = a and ZCBD = 90° — a. We can check that AACB is in
fact similar to AABD. So ZADB = « and

15
:4 _— =
40 tan o 0 x 20 30

Answer: 3

We shall apply the following inequality:
4@+ ++d%) > (a+b+c+d)?
Since a +b+c+d=8—eand a® + b + % + d?> = 16 — €2, we have
4(16 — €*) > (8 —e)?

ie. e(be —16) < 0. Thus 0 <e <16 5.
Note that if a =b=c=d =6 5, wehave e = 16 5. Hence |e| = 3.

Answer: 105

A three-digit number can be expressed as 100a + 10b + ¢, and so we are minimizing

100a + 106 + ¢
a+b+c

F(abc)=
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34.

39.

Observe that with distinct digits a b ¢, F'(a b ¢) has the minimum value when a <
b < c. Thus we assume that 0 < a<b<c<9.

Note that

100a+101'7—l—c_1 99a + 9b
a+b+tec at+b+c
We observe now that F'(a b ¢) is minimum when ¢ = 9.

F(abc) =

99a + 9b 9(a+b+9) +90a— 81 9(10a — 9)
Flab9)=1+222"2 4 _ 9(10a —9)
(ab9)=14 —m—g =1+ et bto L A

Now F(a b 9) is minimum when b = 8.
9(10a — 9) 90(a + 17) — 1611 1611
(a8 9)=10+———7— =10+ a+17 T

which has the minimum value when a = 1, and so L = F(1 8 9) = 105 and
10L = 105.

Answer: 59

.31 ,31 3t
Let @ =17% and =15 . Since 13  is odd. § = —1 (mod 16). Now let
¢ be Euler’s phi function, ¢(100) = 40 and ¢(40) = 16. By Euler’s theorem,

a=177=17"1=33 (mod 40)

where the last congruence can be calculated by the extended Euclidean algorithm.
Thus by repeated squaring, we have

19 =19% =59 (mod 100)

Answer: 5

Note that (n+3)? =n®+n+1,s0 f(n?+n) =nbut f(n®+n+1) =n+1. So each
of the sequences (n — f(n))22; =(0112 )and (n+ f(n)2;,=(2356 )
increases by 1 for every increment of n by 1, except when n = m2+m. If n = m?+m,
we have n — f(n) = m? and (n + 1 — f(n + 1)) = m?, so the former sequence has
every perfect square repeated once. On the other hand, if n = m? + m, we have
n+ f(n) =m?+2mbut (n+1+ f(n+1)) =m? + 2m + 2, so the latter sequence

omits every perfect square. Thus

g (%)f(n)(_g)g%)—f(n) :§<§>n—f(n)+g<§>n+f(n)
-2() 26 26 -26)

I
ot s
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2012

(Senior Section, Round 2)

Saturday, 23 June 2012 0900-1300

1. A circle w through the incentre I of a triangle ABC and tangent to AB at A,
intersects the segment BC at D and the extension of BC' at E. Prove that the line
IC intersects w at a point M such that M D = M E.

2. Determine all positive integers n such that n equals the square of the sum of the
digits of n.

3. If 46 squares are colored red in a 9 x 9 board, show that there is a 2 x 2 block on
the board in which at least 3 of the squares are colored red.

4. Let a1 as an anyt1 be a finite sequence of real numbers satisfying

ap = apt1 =0
and ak_1—2ak+ak+1_§1 fork=12 n

Prove that for k=0 1 n+1,

5. Prove that for any real numbersa b ¢ d > 0 witha+b=c+d =2,

(a? 4+ 2)(a® + d*) (b + 2)(b® + d*) < 25
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2012

(Senior Section, Round 2 solutions)

1. Join AD,ID, IA and AE. Let IE intersect AC' at N. We have ZIAN = ZIAB =
/ZIFEA so that the triangles NTA and AIE are similar. Thus ZANI = /EAI = ZIDB.
Also Z/DCI = ZNCI. Therefore, the triangles DCI and NCI are congruent. Hence
/ZDIC = /ZNIC implying MD = ME.

I

| D§v7ﬁ
M
2. Let s(n) denote the sum of all the digits of n. Suppose n is a positive integer
such that s(n)? = n. Let s(n) = k so that n = k2. Then s(k?) = s(n) = k. Let
10"~! < k < 107, where r is a positive integer. That is k has exactly r digits. From
107! < k, we have r < logk + 1. From k < 10", we have k? < 10%" so that k? has at

most 2r digits. Therefore, s(k?) < 9 x 2r = 18r < 18logk + 18 which is less than k if
k > 50. Thus the equation s(k?) = k has no solution in k if k& > 50.

Let k < 50 and s(k?) = k. Taking mod 9, we get k> =k (mod 9). Thus k=0, 1
(mod 9). That is k = 1,9,10,18,19,27,28, 36,37,45,46. Only when &k = 1 and k = 9,
we have s(k?) = k. The corresponding solutions for n are n = 1 or 81.

3. Suppose that at most 2 squares are colored red in any 2 x 2 square. Then in any
9 x 2 block, there are at most 10 red squares. Moreover, if there are 10 red squares,
then there must be 5 in each row.
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Now let the number of red squares in row ¢ of the 9x 9 board be r;. Then r;+r; 11 <
10, 1 <4 < 8. Suppose that some r; < 5 with ¢ odd. Then

(re+mre) + -+ (ricog+rim1) +ri+ -+ (rg+1r9) <4 x 1045 = 45.

On the other hand, suppose that ry, 3,75, 77,79 > 6. Then the sum of any 2 consecutive
r;’sis < 9. So
(ri+mra)+---+(rr+718) +19 <4x9+9 =45

4. Let by = B8 Then by = byyn = 0 and by_q — 26y, + b1 = —1 for k =
1,2...,n. Suppose there exists an index ¢ such that a; > b;, then the sequence aq —
bo, - .. ,any1—bny1 has a positive term. Let j be the index such that a;_1—b;_1 < a;—b;
and a; — b; has the largest value. Then

(aj—1 —bj—1) + (@41 — bj41) < 2(a; — bj).
Using
ak—1 —2ar +agy1 > —1 and br—1 —2bx + b1 = —1 forall k

we obtain

(aj—1 = bj—1) + (aj+1 — bj+1) = 2(a; — b;)
a contradiction. Thus ar < by, for all k. Similarly, we can show that ay > —by for all k
and therefore ar < by as required.

5. First note that (ac + bd)(ad + bc) > (ab — cd)®. To see this, we may assume
a>c>d>bsincea+b=c+d. Then cd —ab > 0. Also we have the two obvious
inequalities ac + bd > cd — ab and ad + bc > cd —ab. Multiplying them together we get
(ac + bd)(ad + bc) > (ab — cd)?. Next

(a® + 2)(a2 + d) (B + ) (B* + d?)
= ((ac+ bd)(ad + bc) — (ab — cal)z)2 + (ab — cd)?
+ ((a+b)*(c+d)* — 1) (ab — cd)?
= ((ac+ bd)(ad + be) — (ab — cd)?)” + 16(ab — cd)?
( ac+bd+ad+bc

IN

2
) — (ab— cd)2> +16(ab — cd)®> by AM-GM

a+b)2 c+d

Il

ik — (ab— cd)2> 2 + 16(ab — cd)?

= (4 — (ab — cd) ) + 16(ab — cd)®.

This final expression is an increasing function of (ab — cd)?. The largest value of (ab —
cd)? is 1 when (a,b,c,d) = (1,1,0,2),(1,1,2,0),(0,2,1,1),(2,0,1,1). Consequently,
(4 — (ab— cd)2)2 +16(ab — cd)? < 25, proving the inequality.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2012

(Open Section, First Round)

Wednesday, 30 May 2012 0930-1200 hrs

Instructions to contestants

1. Answer ALL 25 questions.

2. Write your answers in the answer sheet provided and shade the appropriate bubbles below
Your answers.

3. No steps are needed to justify your answers.
4. Each question carries 1 mark.

5. No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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Throughout this paper, let |z] denote the greatest integer less than or equal to z. For example,
|2.1] =2, |3.9] = 3 (This notation is used in Questions 2, 10, 16, 17, 18 and 22).

1. The sum of the squares of 50 consecutive odd integers is 300850. Find the largest odd
integer whose square is the last term of this sum.

1000
2. Find the value of Z |logs k.
k=3

2
3. Given that f(z) is a polynomial of degree 2012, and that f(k) = Z for k=1,2,3,---,2013,
find the value of 2014 x (2014).

4. Find the total number of sets of positive integers (z,y, z), where z,y and z are positive
integers, with £ < y < z such that

z+y+z =203

5. There are a few integers n such that n% +n + 1 divides n%°*3 + 61. Find the sum of the
squares of these integers.

6. It is given that the sequence (a, )5 ;, with a; = a2 = 2, is given by the recurrence relation

20p-10n 3
—————=n"—n
a’n—lan—l—l - a’n

2011
for all n = 2,3,4, ---. Find the integer that is closest to the value of Z
k=2

ak+1
ag

7. Determine the largest even positive integer which cannot be expressed as the sum of two
composite odd positive integers.

8. The lengths of the sides of a triangle are successive terms of a geometric progression. Let
A and C be the smallest and largest interior angles of the triangle respectively. If the
shortest side has length 16 cm and

sinA —2sinB+ 3sinC 19

sinC —2sinB +3sinA 9’

find the perimeter of the triangle in centimetres.

9. Find the least positive integral value of n for which the equation
2} + 2§+ - + 2 = 200220

has integer solutions (z1,z2, 3, -, Zn).
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10.

11.

12.

13.

14.

15.

16.

17.

Let o, be a real root of the cubic equation nz® + 2z —n = 0, where n is a positive integer.
2013

1
If n = = .. -, _— .
Bn=1[(n+1)a,| forn=234 find the value of 1006 322 Bk

In the diagram below, the point D lies inside the triangle ABC such that /BAD = /BCD
and ZBDC = 90°. Given that AB =5 and BC = 6, and the point M is the midpoint of
AC, find the value of 8 x DM?2.

A

. B C

Suppose the real numbers z and y satisfy the equations
23— 322 +5x=1 andy® —3y2 +5y=5

Find z +y.

The product of two of the four roots of the quartic equation z*—18z3+kz2+2002—1984 = 0
is -32. Determine the value of k.

Determine the smallest integer n with n > 2 such that

\/(n—i—l)(2n+1)
6

is an integer.

Given that f is a real-valued function on the set of all real numbers such that for any real

numbers a and b,
f(af(b)) = ab

Find the value of f(2011) .

The solutions to the equation 3 — 4|z| = 5, where z is a real number, are denoted by

k
1 X T3 ---xk for some positive integer k. Find wa’
i=1

Determine the maximum integer solution of the equation

) )+ L o
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18.

19.

20.

21.

22.

23.

24.

25.

Let A, B, C be the three angles of a triangle. Let L be the maximum value of
sin 3A + sin 3B + sin 3C .

Determine [10L].

Determine the number of sets of solutions (z,y,z), where z,y and z are integers, of the
the equation z% + y2 + 22 = 22,

We can find sets of 13 distinct positive integers that add up to 2142. Find the largest
possible greatest common divisor of these 13 distinct positive integers.

Determine the maximum number of different sets consisting of three terms which form an
arithmetic progressions that can be chosen from a sequence of real numbers a1, as, - - -, a101,
where

ap <ag<agz <---<a101-

Find the value of the series

. | 20121 + 2*
Z Co9k+l |

k=0

The sequence ()52 ; is defined recursively by

_ z+(2-V3)
Tntl = 1_$n(2_\/?—))7

with 1 = 1. Determine the value of 1901 — Z401-

Determine the maximum value of the following expression

—r %] — T2~ T3~ T4a— " — L2014
where x1, T2, -, X9014 are distinct numbers in the set ,2,3,4,---,2014—
1006
-1 2012
Evaluate 2011 Z < o >
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2012

(Open Section, First Round Solutions)

1. Answer: 121
Solution. Let the integers be X +2 X +4 --- X 4 100. Then
(X +2)%+ (X +4)%+ -+ + (X + 100)* = 300850
Let y = X 4 51 and regrouping the terms, we obtain
[(y— 49+ (y +49)°] + [(y — 47> + (W +47)*] + -+ + [(y — 1)* + (y + 1)*] = 300850
which simplifies to
50y% +2(1%2 + 32 + 5% + 72 4+ ... 4 49%) = 300850
Using the fact that 12 + 32+ 52+ ... + (2n —1)2 = én3 - 1n, we obtain y = 72. Hence

3 3
X =21, so that the required number is 121.
a

2. Answer: 7986
Solution. Note that 2¥*1 — 2% — 2% and that 2% < ¢ < 2¥*! if and only if |[logyt| = k.
Then the requires sum (denoted by S) can be obtained by
1023

9
S = Y > |logyt|+ |log,3] — > llogyt]

k=2 ok <t<2k+1 t=1001
9 1023
= (j{:k2k> +1- > 9
k=2 t=1001

= 819241 — 23(9) = 7986

3. Answer: 4

Solution. Let g(x) = zf(z) — 2, hence g(x) is a polynomial of degree 2013. Since g(1) =
g(2) = g(3) =--- =g(2013) = 0, we must have

g(x) = ANz — 1)(z — 2)(z — 3) -+ - (x — 2012)(z — 2013)

for some A. Also, g(0) = —2 = —\ - 2013!, we thus have A = Hence,

2
2013!

g(2014) =

5013 (2013) = 2014 - £(2014) — 2

concluding that 2014 - £(2014) = 4 O
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4. Answer: 3333

9 5 = 20301 positive integer sets

(z,y,2) which satisfy the given equation. These solution sets include those where two of
the three values are equal. If x = y, then 2242z = 203. By enumerating, z =1, 3, 5, - - -, 201.
There are thus 101 solutions of the form (z,z, ). Similarly, there are 101 solutions of the
form (z,y,z) and (z,y,y). Since z < y < z, the required answer is

1 202 20301 — 303
L ((22) - sqon) < B0 _ g

202
Solution. First note that there are ( 0 ) = _—202(201)

5. Answer: 62

Solution. Since n® —1 = (n —1)(n? +n 4 1), we know that n? + n + 1 divides n® — 1.
Also, since n?%1% — 1 = (n®)5™! — 1, we also know that n% + n + 1 divides n?°*® — 1. As

n?13 4 61 = n?013 — 1462,

we must have that n? +n + 1 divides n?°*® 4 61 if and only if n? + n + 1 divides 62.
Case (i): If n? +n+1=1, thenn =0, 1.

Case (ii): If n? +n + 1 = 2, there is no integer solution for n.
Case (iii): If n2 +n +1 = 31, then n = 6, —5.

Case (iv): If n2 4 n + 1 = 62, there is no integer solution for n.

Thus, all the integer values of n are 0, —1,6, —5. Hence the sum of squares is 1 +36+425 =
62.

O
6. Answer: 3015
Solution. The recurrence relation can be written as
Op+1 an 1 1 1 1
G, n-1 \n—1 n n n+1)’
Summing for n = 2 to IV, we obtain
aN+1 a2 1 1 1 1
an ai - N 2 N+1)°
showing that
any1_3_ (1 _ 1
an 2 \N N+1)°
Summing this up for N = 2 to N = 2011, we obtain
2011
Q41 3 1 1 1
S = —= = —(2 —(z2—-=—=) = Bt
kz—:z ak 2( 010) (2 2012 30145+ 2012
showing that the integer closest to .S is 3015. O
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7. Answer: 38

10.

Solution. Let n be an even positive integer. Then each of the following expresses n as
the sum of two odd integers: n = (n —15) + 15 (n —25) 4+ 25 or (n — 35) + 35. Note that
at least one of n — 15 n — 25 n — 35 is divisible by 3 so that it is composite, and hence n
can be expressed as the sum of two composite odd numbers if n > 38. Indeed, it can be
verified that 38 cannot be expressed as the sum of two composite odd positive integers. O

. Answer: 76
Solution. Let the lengths of the sides of the triangle in centimetres be 16, 16r and 1672
1-2 2 1 3
(where » > 1). Then T—%‘% = 59 so that r = 3 Hence, the perimeter of the
triangle = 16 (1 + ; + Z) = 76cm O

Answer: 4

Solution. Since 2002 = 4(mod9) 42 = 1(mod9) and 2002 = 667 x 3 + 1, it follows that
20022002 = 4667x3+1 = 4(mod9). Observe that for positive integers z, the possible residues
modulo 9 for z3 are 0 41 . Therefore, none of the following

x? :E?—F:cg’ x{’+x§+x§

can have a residue of 4 modulo 9. However, since 2002 = 10% 4+ 103 + 12 + 13, it follows
that '

20022902 = 2002 - (2002%67)3
= (10% +10% + 1% + 13)(2002667)3
= (10-2002%7)% + (10 - 20025673 4- (2002567)3 4 (2002567)3

This shows that 23 + 23 + 3 + 21 = 20022°°2 is indeed solvable. Hence the least integral
value of n is 4. |
Answer: 2015

Let f(z) = na® + 2z — n. It is easy to see that f is a strictly increasing function for
n=2 3 4 ---. Further,

n n 3 n n 2

for all n > 2. Also, f(1) = 2 > 0. Thus, the only real root of the equation nz®+2x—n=0

1). We must have

n

for n > 2 is located in the interval ry

] <ap<l=n<(n+lay<n+1

so that 8, = [(n+ 1)ay] = n for all n > 2. Consequently,
2013 2013

1 1 2012
_ — .2 %94 2013) = 2015
kzzzﬁ’“ 1006k2=2k 1006 2 (2+2013)

1
1006
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11. Answer: 22

Solution. Extend CD to E such that CD = DE.

B C

It is clear that ACDB and AEDB are congruent. Hence EB = CB = 6 and ZBED =
/BCD. Thus, /BED = /BCD = /BAD implies that the points B, D, A are F are
concyclic. Given that ZBDC = 90°, hence /EDB = 90°. BDAF is a cyclic quadrilateral
with B as a diameter. Thus, ZEAB = 90°. In the right-angled triangle FAB, we have

AE = \/EB? — AB2 = /62 — 52 = /11.

1 11
Since D and M are the midpoints of EC and AC respectively, DM = §AE = £ Thus,

2
8 x DM? = 22. 0

12. Answer: 2
Solution. From 23 — 322 4 5z = 1, we have
(x—1P3+2(z—1)= -2,
and from y3 — 3y? + 5y = 5, we have
(y—13>+2@y—1)=2

Thus
O=(z—13+2z-1D+@w-1)>+2y—-1)

=@+y-2)(-1-@-)F -+ -1 +2@z+y—-2)
=@+y-2Q2+@E@E-1"-(z-1)y-1)+F-1?%.
For any real numbers z and y, we always have
(=12 = (@- Dy -1+y-1720

and thus x +y — 2 = 0, implying that z +y = 2. O
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13.

14.

Answer: 86

Solution. Let a,b, ¢, d be the four roots of 4 — 1823 + kz? + 200z — 1984 = 0 such that
ab = —32. Then

a+b+c+d=18,

ab+ac+ ad+ bc+bd+cd =k,

abc 4 abd + acd + bed = —200,

abcd = —1984.

Since ab = —32 and abcd = —1984, we have cd = 62. Then, from abc + abd + acd + bed =
—200 we have

—200 = —32¢ — 32d + 62a + 62b = —32(c + d) + 62(a + b).
Solving this equation together with the equation a + b+ ¢+ d = 18 gives that
a+b=4, c+d=14.
From ab+ ac+ ad +bc+ bd+ cd = k, we have
k=ab+ ac+ ad+bc+ bd+ cd = —32 + ac+ ad + bc + bd + 62

= 30 + (a + b)(c + d) = 86.

Answer: 337

Solution. Assume that

\/(T+1)(2n+1) .
6

(n+1)(2n+1) = 6m>.
Thus 6 (n + 1)(2n + 1), implying that n = 1 or 5(mod 6).
Case 1: n = 6k + 5.

Then m? = (k+1)(12k+11). Since (k+1) and (12k+ 11) are relatively prime, both must
be squares. So there are positive integers a and b such that k& +1 = a? and 12k + 11 = b2,

Thus 12a? = b? + 1. But, as 12a? = 0(mod 4) and b? + 1 = 1 or 2(mod 4), there are no
integers a and b such that 12a® = b2 + 1. Hence Case 1 cannot happen.

Case 2: n =6k + 1.

Then m? = (3k + 1)(4k + 1). Since 3k + 1 and 4k + 1 are relatively prime, both must be
squares. So there are positive integers a and b such that 3k + 1 = a? and 4k + 1 = b2.
Then 3b% = (2a — 1)(2a +1). Observe that in the left-hand side, every prime factor except
3 has an even power. So neither 2a — 1 nor 2a + 1 can be a prime other than 3.

and so

Now we consider positive integers a such that neither 2a — 1 nor 2a + 1 can be a prime
other than 3. If a = 1, then b =1 and n = 1. So we consider a > 2. The next smallest
suitable value for a is 13. When a = 13, we have

3% = 25 x 27

and so b = 15, implying that k£ = 56 and so n = 6k + 1 = 337. a
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15.

16.

17.

Answer: 2011

From the recurrence relation, f(f(1)f(b)) = £(1)b and f(f(b)f(1)) = £(b) - 1. Hence, f(b) =

f(1)b. By letting b = f(1), we obtain f(f(1)) = (f(1))*. Also, from the given functional
equation, we have f(f(1)) = 1, hence (f(1)) = 1, following that f(1) is either 1 or —1.
Hence f(2011) = 2011. O

Answer: 19

Solution. Note that z — 1 < [z| < z. Note that if > 3, there will be no solution as
z® — 4|z] > 2% — 4z = 2(2® — 4) > 3(5) = 15.

Also, if z < —2, there will be no solution as 3 —4|z| < 23 —4(z— 1) = z(22 —4) +4 < 4.
Hence the solution must be in the interval (—2,3).

If |z| = —2, then 2® = —3, giving z = ¥/—3, which is a solution.

If |z] = —1, then 23 = 1, giving = 1 which contradicts with |z| = —1.

If || = 0, then 23 = 5, hence there is no solution.

If |z] =1, then 23 = 9. Since 2 < ¥/9 < 3, there is no solution.

If |z| = 2, then 2% = 13. Since 2 < V/13 < 3, z = /13 is a solution.

Thus, the required answer is —3 + 13 = 10. O

Answer: 584

Solution. It is clear that

i)+ Ll sl e gl

is a monotone increasing function of z, and when x = 6!, the above expression has a value
larger than 1001. Thus each solution of the equation

il ) = i o

is less than 6! and so if z is a solution, then

s+ o el = Ll El + )+ Ll +
As z < 6!, it has a unique expression of the form

r=axbl+bx4d+ecx3l+dx2l+e,

where a, b, ¢, d, e are non-negative integer with a < 5,0 < 4,¢<3,d < 2,e < 1. Note that
if
r=aXxX5 +bx4d+ex3d+dx2+e,

then

[%J + {%J + [%J + L%J + [;J — 206a + 41b + 10¢ 4 3d + €.

Since 416+ 10c+ 3d + e < 201, we have 800 < 206a < 1001 and so a = 4. Thus

41b+ 10c + 3d + e = 177,
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18.

19.

which implies that b = 4 and so on, giving that c=d =1 and e = 0. Thus
r=4xbl+4x4+1x3+1x2!+0=>584.

As 584 is the only integer solution, the answer is 584.

Answer: 25

Solution. We shall show that —2 < sin3A4 + sin3B + sin 3C < 3v/3/2.

Assume that A < B < C. Then A < 60°. Thussin3A > 0. It is clear that sin 3B > —1 and
sin3C > —1. Thus sin3A +sin3B +sin3C > —2. Let B=C. Then B=C =90°— A/2.
If A is very small, B and C are close to 90°, and thus sin 3A + sin 3B + sin 3C is close to
—2.

Now we show that sin 3A+sin3B+sin 3C < 31/3/2. First the upper bound can be reached
when A = B = 20° and C = 140°.

Let X =3A,Y =3B and Z = 3(C — 120°). Then X +Y + Z = 180° and
sin3A+sin3B +sin3C =sin X +sinY + sin Z.

Suppose that X, Y, Z satisfy the condition that X +Y + Z = 180° such that sin X +sin Y +
sin Z has the maximum value. We can then show that X =Y = Z.

Assume that X <Y < Z. If X < Z, then

X+Z X—-Z X+Z
sin X + sin Z = 2sin ;— cos 5 < 2sin ;_ ,

implying that

7 7
sinX +sinY +sinZ < sinX+ +sinY+sinX+

which contradicts the assumption that sin X 4sin Y +sin Z has the maximum value. Hence
X =Y =7 =60° implying that A = 20°, B = 20° and C = 140° and

sin 3A + sin 3B + sin 3C' = 3v/3/2.

Since v/3 &~ 1.732, the answer is then obtained. 0

Answer: 1

Solution. Note that x =0,y =0 and z = 0 is a solution of this equation. We shall show
that this is its only integer solution by proving that if x,y, z is a solution of this equation
and whenever z,y, z are divisible by 2%, they are also divisible by 2¥*! for any k& > 0.

Let © = 2%/, y = 2%y and z = 2¥2. Then 2 + y? + 22 = 22y? is changed to
w/z 4+ y/2 + z/2 — 2k$/2y/2

It is easy to verify that only when z/,1/, 2’ are all even, z'? + /2 + 2’2 and 2%%2/2y/2 have
the same remainder when divided by 4. Thus z, y, z are divisible by 2¢+1. O
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20.

21.

22.

Answer: 21

Solution. Let d be the greatest common divisor (ged) of these 13 distinct positive integers.
Then these 13 integers can be represented as day, dag, - - -, dai3, where ged(a1, ag, - - -, a13) =
1. Let S denote a3 + ag + - - - + a13. Then Sd = 2142. In order for d to be the largest pos-
sible, S must be the smallest. Since S > 14+2+3+---+13 = 91 and that S divides 2142,
and that 2142 = 2 x 3 X 7 x 51, the smallest possible value of S can be 2 x 51 = 102, and
the largest value of d is thus 21. By choosing (a1, as,as, -, a12,a13) = (1,2, 3, ---,12,24),
we conclude that d = 21 is possible. O

Answer: 2500

Solution. First, for the following particular sequence, there are really 2500 different
three-term arithmetic progressions which can be chosen from this sequence:

1,23, --,101.

They are s,%,2¢ — s for all integers s,4 with 1 < s < ¢ <51 and 2¢ —t,4,¢ for all integers ¢

and t with 52 <17 <t < 101.

Now we show that for any given sequence of real numbers a; < ag < --- < ajpo1, there are

at most 2500 different three-term arithmetic progressions which can be chosen from this

sequence.

Let as,a;,a¢ represent a three-term arithmetic progression. It is clear that 2 < ¢ < 100.

If 2 < ¢ < 51, then the first term as has at most ¢ — 1 choices, as s must be an index in
1,2,---,¢—1 . If 52 <4 <100, then the third term a; has at most 101 — ¢ choices, as t

must be an index in ¢+ 1,24 2,---,101 .

So the number of different three-term arithmetic progressions which can be chosen from
this sequence is at most

51 100
D=1+ > (101 —i) =142+ +50+1+2+ - +49 = 2500.
i=2 =52
a
Answer: 20121
Solution. Write z :=x — |z|. Then
5 ={ 0 Skl =123
2 2 1, otherwise 2
Thus, we have
1 =z T z x
[5 i §J =25+ 5] = -3
Applying the above result for z = 7,
| n4 2k _ = n n
Z ok+1 - Z ng‘J B [zk—HJ)
k=0 k=0
| n
= |5
= n.
In particular, when n = 20121, the infinite series converges to 20121. O
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23. Answer: 0

Solution. Let z, = tana,. Since 2 — /3 = tan (1"—2), it follows that

tan o, + tan (%)

T
= tan (a + —)
1 — tan oy, tan (%) 12

Tpy1 =tanay g =

So, Tpt12 = tan (a, + 7) = tan o, = p, implying that this sequence has a period of 12.
Observe that 1001 = 5(mod 12) and 401 = 5(mod 12). Consequently,

21001 — Ta01 = T5 — x5 =0

24. Answer: 2013

Solution. First it is clear that the answer is an integer between 0 and 2014. But it cannot
be 2014, as -+ X1 — T2 — T3 — T4 - — T214 and

1+ 29+ -+ 29014 =1+2+4---+4+ 2014 = 1007 x 2015

have the same parity.

Now we just need to show that 2013 can be achieved. For any integer k,

(4 +2) — (4k+4) — (4k+5) —(4k+3) =0

Thus
2—-4-5-3 —---—(4k+2) —(4k+4) —(4k+5) —(4k+3) ---
—2010 — 2012 —2013 —2011 —2014 —1
= 0-2014 —1 =2013
O
25. Answer: 1

Solution. Consider the complex number w = cos 3 + isin 3. On one hand, using the
binomial theorem one has

2012
Re(w?™?) = Re (cos g + isin g)

2012
= Re ! + zﬁ
- 2 2

B 1 2012 2012 1 2010 3 +2012 1 2008 ;’E
\2 2 2 22 4 \2 24
31006
et (Som)

1 2012\ ., (2012 1006 2012
= ——[1-3 3 43
22012[ ( 2 )+ ( 4 )+ * 2012
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On the other hand, using the De Moivre’s theorem one has

+ 7281n = COS 3 = ?:_5

2012 2012 12
Re(w2012):Re (cos 0120 . . 201 7r> 20127 2 1

Thus,

1 2012\ _,/2012 1004 (2012 1006 /2012 1
— 1= ...—3 - _Z
22012[ 3< 2 >+3< 4 )“L 2010) T3 \ 2012 2

so that

~1 2012\ ., /2012 1004 (2012) 1006 (2012
——|1-3 3 =3 3 =1
22011[ < 2 >+ < 4 >+ 2010) © 2012
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Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2012
(Open Section, Round 2)

Saturday, 30 June 2012 0900-1300

1. The incircle with centre I of the triangle ABC touches the sides BC, CA and AB
at D, E and F respectively. The line ID intersects the segment EFF' at K. Prove
that A, K and M are collinear where M is the midpoint of BC.

2. Find all functions f : R — R so that

(z+y)(f(z) - fly) = (—y)f(z+y)
for all z,y € R.

3. For each ¢ = 1,2,..., N, let a;,b;,c; be integers such that at least one of them is

odd. Show that one can find integers x, vy, z such that xza; + yb; + zc; is odd for at

least 4N /7 different values of 1.

4. Let p be an odd prime. Prove that

p—1\"? 29
. =

1P72 4 2P72 43072 4 (—

5. There are 2012 distinct points in the plane each of which is to be coloured using
one of n colours so that the number of points of each colour are distinct. A set of
n points is said to be multi-coloured if their colours are distinct. Determine n that
maximizes the number of multi-coloured sets.

54



Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2012

(Open Section, Round 2 solutions)

Let the line AK intersect BC at M. We shall prove that M is the midpoint of BC.
Since /ZFIK = /B and ZFIK = ZC, we have

FK sin/FIK sinB
EK sin/ZEIK sinC’

Also
FK B AF B AFE B EK
sin/FAK ~ sin/AKF sinZAKE sin/ZKAE’
Therefore,
sin /FAK _FK sinB
sin/KAE EK sinC’
Consequently,

BM B BM AM _ sin/FAK sinC B
CM AM CM  sinB sin /KAE ~—

1,

so that BM = CM.

55



2. Suppose that f is a solution. Let

(f(1) = f(=1)), b=

1
a=_
2

and g(z) = f(x) — ax — bx?. Then

(= +y)(9(2) —9(y)) = (z —y)g(z +y)
and g(1) = g(—1) = 0. Letting y = 1 and y = —1 above give

(z+1)g(z) = (z—1)g(z+1)
zg(z+1) = (z + 2)g(x).

Thus
z(z +1)g(z) = 2(z — )g(z + 1) = (z — 1)(z + 2)g(z)

for all z. So g(z) = 0 for all z. Hence f(x) = az + bx?. We can check directly that any
function of this form (for some a,b € R) satisfies the given equation.

3. Consider all the 7 triples (z,y, z), where z, y, z are either 0 or 1 but not all 0. For
each i, at least one of the numbers a;, b;, ¢; is odd. Thus among the 7 sums za; +yb; +zc¢;,
3 are even and 4 are odd. Hence there are altogether 4 N odd sums. Thus there is choice
of (z,y, z) for which at least 4N/7 of the corresponding sums are odd. (You can think
of a table where the rows are numbered 1,2,..., N and the columns correspond to the
7 choices of the triples (z,y,z). The 7 entries in row ¢ are the 7 sums za; + yb; + zc;.
Thus there are 4 odd numbers in each row, making a total of 4N odd sums in the table.
Since there are 7 columns, one of the columns must contain at least 4N/7 odd sums.)

4. First, for each ¢ =1,2,---, 24,

20 (p\ _(p=Dp=2) (o= @-1) _(DED - C@mD)
p \2¢ (2 —1)! (2¢ —1)!
Hence
(p—1)/2 (p—1)/2 , (p—1)/2
S o= S g2 (P)o 205 (P
“ 5 p \21 p A4 21
=1 i=1 i=1
o (P1)/2
= - Z (; > (mod p) (by Fermat’s Little Theorem.)
P i3

The last summation counts the even-sized nonempty subsets of a p-element set, of which
there are 2P~1 — 1.
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5. Let m1 < mg < .-+ < m, be the number of points of each colour. We call
mi, Me, ..., My the colour distribution. Then m; + --- +m, = 2012 and the num-
ber of multi-coloured sets is M = mymsy...m,. We have the following observations.

(i) m1 > 1. For if my; = 1, then mima...m, < mams...mp_1(1 + m,). This
means if we use n — 1 colours with colour distribution mg, ms, ..., mu—1, (1 +m,), we
obtain a larger M.

(ii) miy1 —m; < 2 for all 4. For if there exists k with mg1 — my > 3, then the
colour distribution with myg, mi41 replaced by my 4+ 1, mg41 — 1 yields a larger M.

(iii) m;y1 — m; = 2 for at most one 7. For if there exist ¢ < j with m;11 — m; =
mjy1 —mj = 2, the colour distribution with m;, m; 1 replaced by m; +1,m;;1 — 1
yields a larger M.

(iv) mijp1 — m; = 2 for exactly one i. For if m;y; —m,; = 1 for all ¢, then m; +
oy = nmy + M%) = 2012 = 4503, Thus 7(2my — 1 4n) = 8-503. Since 503
is prime, the parity of n and 2m; — 1 + n are opposite and 2m; — 1 + n > n, we have
n = 8 and my; = 248. The colour distribution with m; replaced by two numbers 2,246
(using n + 1 colours) yields a larger M.

(v) mi = 2. If my — mp_1 = 2, then from (iv), we have m; + --- + m, =
nmy + 21 41 = 2012, Thus n(2m; — 1 +n) = 2-2011. Since 2011 is prime, we get
n = 2 and m; = 1005 which will lead to a contradiction as in (iv). Thus m, —m,_; = 1.
mir1 —m; = 2 for some 1 < i < n —2. Suppose m; > 3. Let m' = m;;2 — 2. Then
m; < m/ < my;y1 with replacing m;yo by 2,m’ yields a larger M. Thus m; = 2.

From the above analysis, with n colours, we see that the colour distribution 2, 3,
cewt—1i41,14+2,...,n+1, n+ 2, with 3 <i < n, yields the maximum M. Now
we have > m; = $(n+1)(n+4) —i = 2012. Thus n%+5n — 4020 = 24, 3 < i < n, i.e.,
n? + 5n > 4026 and n2 + 3n < 4020. Thus n = 61 and ¢ = 3. Thus the maximum is
achieved when n = 61 with the colour distribution 2,4,5,6,...,63.
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Singapore Mathematical Olympiad 2012 Errata

Junior Section 2012

Page 2: Q5, line 3: DE/AE. (Slash in DE/AFE missing.)

Page 3: Q8, line 1: {z} = 2 — |z]. (Braces in {z} missing.)

Page 4: Q9, line 2: y = w (Absolute value sign misprinted.)

Page 9: Q1, line 3: 4[(b—1/2)* +3/4] > 3. (Slash in (b — 1/2)? and 3/4 missing.)

Q2, line 3: 5| (n?*+ 1), 2 | n?° 10 | (n? +1). (| missing in 5 | (n? + 1), 2 | n**1? and

10 | (n?+1).)
Q2, line 4: 2| (n*+ 1), 5| n*'°. (] missing in 2 | (n? + 1) and 5 | n?°19))
2(1 —1/v2
Q4, line 2: (f/\/_) (Slash in 1/+/2 missing.)
Page 11: Q9, Answer (D). (Answer misprinted as (C).)
- - 0
Q9, line 1: y = [z =l = v — 2| = u = 0. (Absolute sign misprinted.)
x x x
- (=~ 2 )
Q9, line 2: y = [z = || = v = (=2)| = 2] Y (Absolute sign mis-
T x x x

printed.)
Q12, line 1: (z? — 1) | 120. (| misprinted in (z* — 1) | 120.)
Page 12: Q16, line 3: (mn — 217) | 8. (| missing in (mn — 217) | 8.)

Page 13: Q17, line 1: =z = |x| + {z}, 100 < (|z| + {z})* — |z)? = 2|z]{z} + {z}* < 2|z| + 1.

(Braces in {z} missing.)

Q20, line 5: (n—1) | 9. (| misprinted in (n — 1) | 9.)
Page 14: Q24, line 1: (a +b) | 9a. (| missing in (a + b) | 9a.)

Q24, line 2: (a+0b) | a. (] missing in (a + b) | a.)

Q24, line 3: 3| (a+0), (a+0b) | 3a. (| missing in 3| (a +b) and (a + b) | 3a.)
Page 15: Q27, line 1: A = EG = 3/4. (Slash in 3/4 missing.)



Page 22:
Page 24:
Page 25:
Page 25:
Page 26:
Page 26:
Page 29:

Page 29:

Page 30:

Page 30:
Page 33:

Page 34:
Page 35:

Page 35:

Page 36:

Singapore Mathematical Olympiad 2012 Errata

Senior Section 2012

Q3, line 1: T'={2,3,5,6,7,8,10,11,...}. (Braces and dots missing.)

Q13, line 1: § ={1,2,...,10}. (Braces, commas and dots missing.)

Q22, line 1: {1,2,3,4,5,6} . (Braces missing.)

Q25, line 1: §=1{1,2,3,...,19,20}. (Braces missing.)

Q29, line 2: f(x,y,z). (Commas missing.)

Q30, line 2: £ =0,1,2,...,34. (Commas and dots missing.)

Q8, line 5: [2(k — 1)m, (2k — D)7], ..., ((2k — 1)m, 2kx). (Commas missing.)

Q10, lines 2,3 and 4: 1000 | 12"(12™" "™ —1), 8 | 12" and 125 | 12" — 1. (| missing in

the three expressions.)

Q12, lines 5 and 8: 3|y or3|y+2and 3 |y+ 2. (| missing in the two expressions.)

210
Q13, line 4: |F| < 5 = 512. (] | missing from |F|.)

Q25, lines 2 and 3: Sy = {3,6,...,18}, S; = {1,4,...,19} and S» = {2,5,...,20}.
(Braces missing in the three expressions.)

Q30, line 3: £ =0,1,2,...,n. (Commas and dots missing.)

Q32, lines 6 and 7: Thus 0 < e < 16/5 and a = b =c = d = 6/5, we have e = 16/5.
(Slash in 16/5 and 6/5 missing.)

Q33, lines 3 to 9: F(a,b,c), F(a,b,9), F(a,8,9) and F(1,8,9) = 10.5. (Commas in all
these expressions and decimal point in the last expression missing.)

Q35, line 3: (0,1,1,2,...) and (n + f(n))>2, = (2,3,5,6,...). (Commas and dots

missing. )



Singapore Mathematical Olympiad 2012 Errata

Senior Section (Round 2) 2012

Page 37: Q4, lines 1,3 and 4: aq,as,...,ap,an41, Kk =1,2,...,nand k=0,1,...,n+ 1. (Dots

missing. )
Singapore Mathematical Olympiad 2012 Errata
Open Section 2012
Page 42: Q16, line 2: x1, 29,3, ..., 2. (Commas missing.)
Page 43: Q24, line 2: |- |||z1 — @3] — 23] — z4| - -+ — Ta014]. (Absolute value sign misprinted.)

Page 43: Q24, line 3: {1,2,3,4,---,2014}. (Braces misprinted.)
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Singapore Mathematical Olympiad (SMO) 2013
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Instructions to contestants

1. Answer ALL 85 questions.
2. Enter your answers on the answer sheet provided.

3. For the multiple choice questions, enter your answer on the answer sheet by shading the
bubble containing the letter (A, B, C, D or E) corresponding to the correct answer.

4. For the other short questions, write your answer on the answer sheet and shade the ap-
propriate bubble below your answer.

No steps are needed to justify your answers.
. Each question carries 1 mark.

No calculators are allowed.

o RS ™

Throughout this paper, let || denote the greatest integer less than or equal to z. For
example, |2.1] =2, |3.9] = 3.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO



Multiple Choice Questions

1. Ifa = 8%, b = 16*! and c = 64%7, then which of the following inequalities is true?

(A)a>b>c (B)c>b>a (C)b>a>c (D)b>c>a [E)c>a>b

2. If a, b, ¢ are real numbers such that |a —b] =1, |[b—¢c| =1, |c — a| = 2 and abc = 60, find
1

a b c 1
thevalueOfBE—'_-c_a—FEZ;—E”'g_E‘

(A) 3% (B) L (C) L (D) E (E) None of the above

3. If z is a complex number satisfying 22 +z + 1 = 0, what is the value of £*° + 250 4+ 25! +
x52 4 2537

4 -1 B -5 (© 0 (D)

4. In AABC, LZACB = 36° and the interior angle bisectors of ZCAB and ZABC intersect
at P. Find ZAPB.

c
4

(A) T2° (B) 108° (C) 126° (D) 136° (E) None of the above

5. Find the number of integer pairs z,y such that xy — 3z + 5y = 0.

(A) 1 (B) 2 (C) 4 (D) 8 (B) 16

6. Five young ladies were seated around a circular table. Miss Ong was sitting between Miss
Lim and Miss Mak. Ellie was sitting between Cindy and Miss Nai. Miss Lim was between
Ellie and Amy. Lastly, Beatrice was seated with Miss Poh on her left and Miss Mak on

her right. What is Daisy’s surname?

(A) Lim (B) Mak (C) Nai (D) Ong (E) Poh



7. Given that ABC is a triangle with D being the midpoint of AC' and F a point on CB

such that CE = 2EB. If AE and BD intersect at point F' and the area of AAFB = 1
unit, find the area of AABC.

C

8. ABCD is a square with sides 8 cm. M is a point on C'B such that CM =2 cm. If N is a
variable point on the diagonal DB, find the least value of CN + M N.

D C

(A) 8 B) 6/2 (C) 10 (D) 8/2 (B) 12

9. ABCD is a rectangle whose diagonals intersect at point O. F is a point on AB such that
CE bisects Z£BCD. If ZACE = 15°, find ZBOE.

C

(A) 60° (B) 65° (C) 70° (D) 75° (E) 80°

10. Let S be the smallest positive multiple of 15, that comprises exactly 3k digits with & ‘0’s,
k ‘3’s and k ‘8’s. Find the remainder when S is divided by 11.

(Ao ® 3 (€ 5 (D 6 (B 8



Short Questions

11.

12.

13.

14.

15.

16.

17.

Find the value of /99992 + 19999.

If the graphs of y = 22 + 2ax + 6b and y = 22 + 2bx + 64 intersect at only one point in the
zy-plane, what is the z-coordinate of the point of intersection?

Find the number of multiples of 11 in the sequence 99,100,101, 102, --- ,20130.

In the figure below, BAD, BCE, ACF and DEF are straight lines. It is given that
BA=BC, AD = AF, EB =ED. If ZBED = z°, find the value of z.

B

If a =1.69, b =1.73 and ¢ = 0.48, find the value of

1 2 1
a,2—ac—~ab+bc+b2—ab—bc+ac+cg—ac—bc-i-ab'

Suppose that z1 and x2 are the two roots of the equation (z — 2)? = 3(z + 5). What is
the value of the expression z1%2 + 22 + 237

Let ABCD be a square and X and Y be points such that the lengths of XY, AX and
AY are 6, 8 and 10 respectively. The area of ABCD can be expressed as % units where
m and n are positive integers without common factors. Find the value of m 4+ n.

A B
X
D Y C



18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Let z and y be real numbers satisfying the inequality
522 + 4% — 4oy + 24 < 10z — 1.
Find the value of 22 + ¢2.
A painting job can be completed by Team A alone in 2.5 hours or by Team B alone in 75
minutes. On one occasion, after Team A had completed a fraction 7* of the job, Team B

took over immediately. The whole painting job was completed in 1.5 hours. If m and n
are positive integers with no common factors, find the value of m + n.

ab _“1‘ be 1 ca
a+b 3 b+c 4 c+a

Let a,b and ¢ be real numbers such that = é Find the

24abc
value of ———.
ab+ bc+ca
Let z; and x5 be two real numbers that satisfy 2;zo = 2013. What is the minimum value
of (z1 + 22)27?

Find the value of \/45 — /2000 + /45 + +/2000.
Find the smallest positive integer k such that (k — 10)4026 > 20132013,

Let a and b be two real numbers. If the equation az + (b — 3) = (5a — 1)z + 3b has more
than one solution, what is the value of 100a + 467

Let S = {1,2,3,...,48,49}. What is the maximum value of n such that it is possible to
select n numbers from S and arrange them in a circle in such a way that the product of
any two adjacent numbers in the circle is less than 1007

Given any 4-digit positive integer 2 not ending in ‘0’, we can reverse the digits to obtain
another 4-digit integer y. For example if = is 1234 then y is 4321. How many possible
4-digit integers x are there if y — x = 31777

Find the least positive integer n such that 28 + 211 4 27 is a perfect square.

How many 4-digit positive multiples of 4 can be formed from the digits 0, 1, 2, 3,4, 5,6 such
that each digit appears without repetition?

Let m and n be two positive integers that satisfy

L VS S AP S
n o 10x12  12x14 ' 14x16 2012 x 2014"

Find the smallest possible value of m + n.



30. Find the units digit of 2013" + 20132 4 20133 + - - - 4+ 20132018,

31.

32.

33.

34.

35.

In AABC, DC = 2BD, ZABC = 45° and ZADC = 60°. Find ZACB in degrees.

A

45° 60°

If o and b are positive integers such that a? 4+ 2ab—3b% — 41 = 0, find the value of a4 b2.

Evaluate the following sum

)=l o) e 5] L) Ll () L)+ [+ )+

up to the 2013 term.

What is the smallest possible integer value of n such that the following statement is always
true?

In any group of 2n — 10 persons, there are always at least 10 persons who have the same
birthdays.

(For this question, you may assume that there are exactly 365 different possible birthdays.)

What is the smallest positive integer m, where n s 11, such that the highest common
factor of n — 11 and 3n + 20 is greater than 17
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Multiple Choice Questions

1. Answer: (D)

First note that ¢ = (82)27 = 8% so we see that ¢ > a. Next, b = (42)4 = 482 and
c = (4%)?7 = 481, Therefore we have b > c. Consequently b > ¢ > a.

2. Answer: (B)

a b c 1 1 1_a2+b2+02—bc~ca—ab

bc ca ab a b ¢ abc
(% —2ab+b%) + (b* — 2bc + c2) + (¢ — 2ca + a?)
N 2abc
(a=b)2+(b—c)?+ (c—a)?
N 2abc
12412422 1
T 120 20

3. Answer: (A)

3
-1
z 1,soa:2+x+1=Oimpliesthatx3=landx#l. Now

Note that 22 +z+ 1 =

249 4 250 4 o5 4 52 4 53— 491 4 4 4 oc2) + 25 (z + xz)
=2% x 0+ (z3)¥(~1)
=17 x (1) =-1.

4. Answer: (B)
Let ZCAB =z and ZABC =y. Then z 4 y = 180° — 36° = 144°.
Now LAPB = 180° — & = 108°.

5. Answer: (D)

zy — 3z + 5y = 0 is equivalent to (z +5)(y — 3) = —15.
If z+5 = aand y — 3 = b, then there are eight distinct pairs of integers a,b (counting
signs) such that ab = —15.



6. Answer: (B)

10.

Beatrice, being between Miss Poh and Miss Mak cannot be Miss Ong who was between
Miss Lim and Miss Mak. This means that we have in order from the left, Miss Poh,
Beatrice, Miss Mak, Miss Ong and Miss Lim. So Beatrice must be Miss Nai. Since Ellie
was beside Miss Nai and also besides Miss Lim, she must be Miss Poh. This implies Cindy
is Miss Lim and Amy was Miss Ong leaving Daisy as Miss Mak.

. Answer: (D)

Construct a line joining C' and F. Then using [XY Z] to denote the area of AXYZ, we
know that [ADF| = [DCF] = z and if [BFE] = z, then [FCE] = 2z.

Furthermore, we have [ADB] = [DCB] ie. z +1 =z +32,80 2 = }.
Also, 2 x [AEB] = [ACE] ie. 242z =2z +2z,s0 = 1.
In conclusion, [ABC] =1 + 2z + 3z = 4 units.

. Answer: (C)

Join A to N. By symmetry, AN + NM = M N + CN, and the least value occurs when
AN M is a straight line. Thus the least value is

VAB? + BM? = /82 4 62 = 10.

Answer: (D)

Since C'E bisects ZBCD, Z/BCE = 45°, Thus ZCEB = 45° also and ACBE is isosceles.
Therefore BC = BE.

Now /BCO = 45° 4+ 15° = 60°. As CO = BO, we conclude that ACOB is equilateral.
Thus BC = BO = BE giving us an isosceles triangle OBE. Since ZOBE = 30°, thus
/BOE = T75°.

Answer: (D)

S being a multiple of 5 and 3 must end with ‘0’ and has the sum of digits divisible by
3. Since 3 + 8 = 11, the smallest positive k such that k£ x 11 is divisible by 3 is 3. Thus
S = 300338880 and the remainder is

0-8+8—-8+3-3+0-0+3=-5=6 (mod 11).



Short Questions

11. Answer: 10000
V90992 + 19999 = /99997 + 2 x 9999 + 1 = /(9999 + 1)2 = 10000.

12. Answer: 3
Let (@, 3) be the point of intersection of the two graphs. Then

ﬂ=a2+2aa+6b=a2+2ba+6a.

It follows that 2(a—b)a = 6(a—b). Since the two graphs intersect at only one point, we see
that a — b % 0 (otherwise the two graphs coincide and would have infinitely many points
of intersection). Consequently 2. = 6, and hence a = 3.

13. Answer: 1822
n

The the number of multiples of 11 in the sequence 1,2,...,n is equal to [77]. Thus the
20130 98
11 J - \‘Tl—J = 1830 — 8 = 1822.

answer to this question is {

14. Answer: 108
Let ZABC = o and ZBAC = (8. Since BA = BC, we have ZBCA = /BAC = 3. As
EB = ED, it follows that /ZEDB = ZEBD = ZABC = . Then ZAFD = LADF =
LEDB = « since AD = AF. Note that ZDAF = 180° — . In AABC, we have
o+ 28 = 180° and in AADF, we have 2« + 180° — 8 = 180°. From the two equations,
we obtain o = 36°. By considering ABDE, we obtain x = 180° — 2« = 108°.

15. Answer: 20

1 2 1

a2—ac—ab+bc+b2——ab~—bc+ac ¢ —ac— bc+ ab
1 2 1

S la-te-0 G-a0b-0  -aE=0
_c—b—-2(c—a)—(a—0b)
- (a=0b)(b—rc)(c—a)

-1
~(a-b)(b-c)

= 20.

16. Answer: 60
The equation (z —2)? = 3(x 4 5) is equivalent to 22 — 7z — 11 = 0. Thus 21 + 22 = 7 and
x122 = —11. So

T1T2 + i‘% + ".;.."% = (z1 + :32)2 —pizp =T — (—11) = 60.



17. Answer: 1041

Let the length of the side be s. Observe that since 62 + 82 = 10% so LZAXY = 90°. This

AX AB . 8 s

allows us to see that AABX is similar to AXCY. Thus Xy = X0 ie. § =T BX

Solving this equation gives s = 4BX and we can then compute that

82 = AB? + BX? =16BX?+ BX2

4 1024
So BX=iands2=16>< 64 _ —— . Thus m +n = 1041.

V17 17 17

18. Answer: 125

The inequality is equivalent to
(x—5)%2+ (22 —y)? <0.

Thus we must have (z — 5) = 0 and (22 — y) = 0, hence 22 + y? = 52 + 10% = 125.

19. Answer: 6
Suppose Team B spent ¢ minutes on the job. Then
t o, 90—t 1
75 150 7

Thus ¢t = 60 minutes and so Team A completed % = % of the job. So m +n = 6.

20. Answer: 4
Taking reciprocals, we find that 21; + % =3, % + %,— =4 and % + % = 5. Summing the three

equations, we get
12 =2 l+1+l :gxw
b e abe

24abc
Hence —— =4.
ab + be + ca
21. Answer: 8052

(z1+ @2) = (71 — 22)% + 4z129 > 0+ 4 X 2013 = 8052.
If 21 = 29 = /2013, then (1 + 72)? = 8052.

22. Answer: 10

Let 3 = v/45 — /2000 and z = /45 4 +/2000. Then z7 + 23 = 90 and
2125 = 1/ (45 — V/Z000) (45 + v/2000) = v/45% — 2000 = V35 = 5.

Thus
(z1 + 22)? = 2% + 2% + 2z1 25 = 100.

As both z; and zy are positive, we have x1 + z9 = 10.

10



23.

24.

25.

26.

27.

Answer: 55

(k —10)%026 = ((k — 10)2)2013 > 20132%13 is equivalent to to (k — 10)% > 2013. As k — 10
is an integer and 442 < 2013 < 452, the minimum value of k — 10 is 45, and thus the
minimum value of &k is 55.

Answer: 19

Rearranging the terms of the equation, we obtain
(1 —4da)x =2b+ 3.

Since the equation has more than one solution (i.e., infinitely many solutions), we must
1

have 1 —4a = 0 and 2b+ 3 = 0. Therefore a = 1 and b= ~~g. Consequently, 100a + 4b =

19,

Answer: 18

First note that the product of any two different 2-digit numbers is greater than 100. Thus
if a 2-digit number is chosen, then the two numbers adjacent to it in the circle must be
single-digit numbers. Note that at most nine single-digit numbers can be chosen from S,
and no matter how these nine numbers 1,2,...,9 are arranged in the circle, there is at
most one 2-digit number in between them. Hence it follows that n < 18. Now the following

arrangement
1,49,2,33,3,24,4,19,5,16,6,14,7,12,8,11,9, 10, 1

shows that n > 18. Consequently we conclude that the maximum value of n is 18.

Answer: 48
Let z = abed and y = dcba where a,d # 0. Then

y—x=1000xd—d+ 100 x c—-10xc+ 10 x b~ 100 x b+ a — 1000 X a
=999(d — a) + 90(c — b) =9 (111(d — a) + 10(c — b)) .

So we have 111(d — a) 4+ 10(c — b) = 353. Consider the remainder modulo 10, we obtain
d — a = 3, which implies that ¢ — b = 2. Thus the values of a and b determines the values
of d and c respectively.

a can take on any value from 1 to 6, and b can take any value from 0 to 7, giving 6 x8 = 48
choices. '

Answer: 12
Let 28 + 211 4 27 = m? and so
2" =m? — 2%(1 4 8) = (m — 48)(m + 48).
If we let 28 = m + 48, then 2% = m — 48 and we have
ok _ gn=k — gn—k(92k—n _ 1) — 96 = 25 x 3.

This means that n — k = 5 and 2k — n = 2, giving us n = 12.

11



28. Answer: 208

Note that a positive integer k is a multiple of 4 if and only if the number formed by the
last two digits of k£ (in the same order) is a multiple of 4. There are 12 possible multiples
of 4 that can be formed from the digits 0,1, 2, 3,4, 5,6 without repetition, namely

20, 40,60,12, 32, 52,04, 24, 64, 16, 36, 56.

If 0 appears in the last two digits, there are 5 choices for the first digit and 4 choices for
the second digit. But if 0 does not appear, there are 4 choices for the first digit and also
4 choices for the second digit. Total number is

4x5x4+8x4x4=208.

29. Answer: 10571

1006 110061 1
7{ 4zk(k+1 ZME’"m
1/1 1
=Z<E"W
501
~ 10070

Since ged(501,10070) = 1, we have m +n = 10571.

30. Answer: 3

Note that the units digit of 2013' + 20132 4 20133 + - - - 4 20132013 is equal to the units
digit of the following number

3' +3%+3% ... 432018,

Since 32 = 9,33 = 27,3% = 81, the units digits of the sequence of 31,32 3% 34,...,32013
are
§a9777 1>379a7a11"' :3a977>_];)3-
2012 nzlrmbers

Furthermore the sum 3+ 9+ 7 + 1 does not contribute to the units digit, so the answer is
3.

12



31.

32.

33.

34.

35.

Answer: 75
Construct a point M on AD so that CM is perpendicular to AD. Join B and M.

Since LADC' = 60°, ZMCD = 30°. As sin30° = %, so 2M D = DC'. This means that
BD = MD and AMDB is isosceles. It follows that ZM BD = 30° and ZABM = 15°.

We further observe that AM BC is also isosceles and thus M B = MC.

Now £/BAM = £/BMD — ZABM = 15°, giving us yet another isosceles triangle ABAM.
We now have MC = MB = MA, so AAMC is also isosceles. This allows us to calculate
LACM = 45° and finally ZACB = 30° + 45° = 75°.

A

Answer: 221

We have a®+2ab—3b? = (a—b)(a+3b) = 41. Since 41 is a prime number, and a—b < &-3b,
we have a — b =1 and a + 3b = 41. Solving the simultaneous equations gives a = 11 and
b= 10. Hence a? + b? = 221.

Answer: 62

We first note that for 1 <r <k, [§] =0 and |£] = 1. The total number of terms up to
L%J is given by %N(N + 1), and we have the inequality
62(63) 63(64)

So the 2013" term is [£3], and the sum up to this term is just 62.

Answer: 1648

By the pigeonhole principle in any group of 365 x 9 4+ 1 = 3286 persons, there must be at
least 10 persons who share the same birthday.

Hence solving 2n — 10 > 3286 gives n > 1648. Thus the smallest possible n is 1648 since

2 x 1647 — 10 = 3284 < 365 x 9, and it is possible for each of the 365 different birthdays
to be shared by at most 9 persons.

Answer: 64

Let d > 1 be the highest common factor of n — 11 and 3n + 20. Then d | (n — 11) and
d | (3n+20). Thus d | [3n+ 20 — 3(n — 11)], i.e., d | 53. Since 53 is a prime and d > 1, it
follows that d = 53. Therefore n— 11 = 53k, where k is a positive integer, so n = 53k +11.
Note that for any k, 3n+20 is a multiple of 53 since 3n+420 = 3(53k+11)+20 = 53(3k+1).
Hence n = 64 (when k = 1) is the smallest positive integer such that HCF(n—11, 3n+20) >
1.

13
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1. Let a < b < ¢ < d < e be real numbers. Among the 10 sums of the pairs of these
numbers, the least three are 32, 36 and 37 while the largest two are 48 and 51.
Find all possible values of e.

2. In the triangle ABC, points D, E, F' are on the sides BC, C A and AB respectively
such that F'E is parallel to BC and DF is parallel to CA. Let P be the intersection
of BE and DF, and @) the intersection of F'E and AD. Prove that P(Q) is parallel
to AB.

3. Find all primes that can be written both as a sum of two primes and as a difference
of two primes.

4. Let a and b be positive integers with a > b > 2. Prove that %%::_“—} is not an integer.
5. Six musicians gathered at a chamber music festival. At each scheduled concert
some of the musicians played while the others listened as members of the audience.

What is the least number of such concerts which would need to be scheduled so
that for every two musicians each must play for the other in some concert?

14
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1. We have 37 is either a +d or b+ ¢ and
a+b=32, a+c=236 ct+e=48 dte=5l

Thus c—b=4,d—c=3and d—b="7. Therefore (a+b)+ (d—b) = a+d = 39. Hence
b+ c¢=37. We thus have a = 15.5, b = 16.5, ¢ = 20.5, d = 23.5 and e = 27.5.

2. Since FE is parallel to BC' and DF is parallel to C A, we have the triangles PF'E,
PDB and ECB are similar. Also the triangles AFQ and ABD are similar, FBD and
ABC are similar. It follows that

DP BP BD BF DQ

PF  PE DC FA QA

so that PQ is parallel to AB.

3. Let p be such a prime, then p > 2 and is therefore odd. Thus p =g¢—-2=1r+2
where ¢,r are primes. If r =1 (mod 3), then p=0 (mod 3) and therefore p = 3 and
r = 1 which is impossible. If r =2 (mod 3), then ¢ =0 (mod 3) and thus ¢ = 3 and
so p = 1, again impossible. Thus r =0 (mod 3), which means r = 3 and hence p = 5
and ¢ = 7. Thus p = 5 is the only such prime.

15



4. We have a = bm + r where m = |a/b| and 0 < r < b. Thus

2a+1m2a—zr+2’"+1
261 926—_1 261"

Note that 2% — 2" = 27(2°~" — 1) = 27(2'™ — 1), and

2 —1= @) - 1= (@ - D)™ + @)+

u_ ™ . .
Therefore 22!,_21 is an integer.

Observe that if b > 2, then 2°71(2 — 1) > 2, i.e,,

1<t 1 <20 1,

2"4+1 - : 2%41 :
Therefore 5= is not an integer. Thus 5575 is not an integer.

5. Let the musicians be A, B,C, D, E, F'. We first show that four concerts are sufficient.
The four concerts with the performing musicians: {4, B,C}, {4, D, E}, {B, D, F} and
{C, E, F'} satisfy the requirement. We shall now prove that 3 concerts are not sufficient.
Suppose there are only three concerts. Since everyone must perform at least once, there
is a concert where two of the musicians, say A, B, played. But they must also play for
each other. Thus we have A played and B listened in the second concert and vice versa
in the third. Now C, D, E, F must all perform in the second and third concerts since
these are the only times when A and B are in the audience. It is not possible for them

+1].

to perform for each other in the first concert. Thus the minimum is 4.

16
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Important:
Answer ALL 85 questions.
Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answer on the answer sheet by shading the bubble

containing the letter (A, B, C, D or E) corresponding to the correct answer.

For the other short questions, write your answer on the answer sheet and shade the appropriate

bubbles below your answer.
No steps are needed to justify your answers.
Each question carries 1 mark.

No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO.

17



Multiple Choice Questions

1. A shop sells two kinds of products A and B. One day, a salesman sold both A and B at the
same price $2100 to a customer. Suppose product A makes a profit of 20% but product B
makes a loss of 20%. Then this deal

(A) make a profit of $70; (B) make a loss of $70; (C) make a profit of $175;
(D) make a loss of $175; (E) makes no profit or loss.

2. How many integer solutions does the equation (z° — x — 1)*+2013 = 1 have?

(A) 0; (B) 1; C) 2; (D) 3; (E) More than 3.

3. In the zy-plane, which of the following is the reflection of the graph of

_ 1tz
V=12
about the line y = 227
1+y —1+4+vy 1+y 1—y
A = — B = TN e ———— D =

(E) None of the above.

4. Let n be a positive integer. Find the number of possible remainders when
2013™ — 1803™ — 1781™ + 1774"
is divided by 203.

(A) 1; (B) 2; (C) 3; (D) 4; (E) More than 4.

5. Find the number of integers n such that the equation
my2+y2—m——y=n
has an infinite number of integer solutions (z,y).

(A) 0; (B) 1; (C) 2 (D) 3; (E) More than 3.

6. If0<b< % is such that cosec 8 — secd = ?, then cot 6 — tan 6 equals

V13 V12 V5 13

W% ®% 0% oF ®



7. ABCD is a trapezium inscribed in a circle centred at O. It is given that AB | CD, ZCOD =

AB 2
B, and —— = —,
3LAOB, an oD =%

0]

Find the ratio
area of ABOC

area of ANAOB’

3 7 V3 V5 V7

Az B ©) = D05 (EB)-—>%

2 4 V2 2 V2
8. A square ABCD and an equilateral triangle PQR are inscribed in a circle centred at O in
such a way that AB || QR. The sides PQ and PR of the triangle meet the side AB of the

square at X and Y respectively.

P
A X Y B
0]
R Q
D c
The value éf tan ZXOY is
1 , V6 -3 2v2 -2
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9.

10.

Two people go to the same swimming pool between 2:00p.m. and 5:00p.m. at random time
and each swims for one hour. What is the chance that they meet?

Wy By Op OF ©

Given a triangle AABC, let B’ and C’ be points on the sides AB and AC such that BB' =
CC'. Let O and O’ be the circumcentres (i.e., the centre of the circumscribed circle) of
ANABC and AAB'C’, respectively. Suppose OO’ intersect lines AB’ and AC’ at B” and C”,
respectively. If AB = %AC’ , then

(A) AB" < 1AC";  (B) AB" =1AC";  (C) LAC" < AB" < AC";

(D) AB" = AC", (E) AB" > AC".

BH

Short Questions

11.

12.

13.

Suppose a right-angled triangle is inscribed in a circle of radius 100. Let o and S be its acute

angles. If tan o = 4 tan 3, find the area of the triangle.

n terms
ﬁ
Let f(z) = H;. Set f" =T o fo---o . Find the value of

1 2 (1 31 6000 [ 1
1)+ Q) e () (3)
Let AB and CD be perpendicular segments intersecting at point P. Suppose that AP = 2,
BP =3 and CP = 1. If all the points A, B,C, D lie on a circle, find the length of DP.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

On the zy-plane, let S denote the region consisting of all points (z,y) for which

x—f—-;—y}SlO, |z} <10 and |y| < 10.

The largest circle centred at (0,0) that can be fitted in the region S has area k7. Find the

value of k.

/ 2 / 27
Given that {/17 — —z;\/f_i and {/17 + Z\/é are the roots of the equation
2

z“—ax+b=0,
find the value of ab.

Find the number of integers between 1 and 2013 with the property that the sum of its digits

equals 9.

Let p(z) be a polynomial with integer coefficients such that p(m) — p(n) divides m? —n? for

all integers m and n. If p(0) = 1 and p(1) = 2, find the largest possible value of p(100).
Find the number of positive integer pairs (a,b) satisfying a? + % < 2013 and a?b | (b% — a3).

Let f and g be functions such that for all real numbers z and y,

9(f(z+y) = f(z)+ (= +y)g(y)-

Find the value of g(0) + g(1) + - - - 4+ g(2013).

Each chocolate costs 1 dollar, each licorice stick costs 50 cents and each lolly costs 40 cents.

How many different combinations of these three items cost a total of 10 dollars?

Let A = {1,2,3,4,5,6}. Find the number of distinct functions f : A — A such that
f(f(f(n))) =nfor alln e A.

Find the number of triangles whose sides are formed by the sides and the diagonals of a
regular heptagon (7-sided polygon). (Note: The vertices of triangles need not be the vertices

of the heptagon.)

Six seats are arranged in a circular table. Each seat is to be painted in red, blue or green
such that any two adjacent seats have different colours. How many ways are there to paint

the seats?
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24. AABC is an equilateral triangle of side length 30. Fold the triangle so that A touches a

point X on BC. If BX = 6, find the value of k, where v/% is the length of the crease obtained
from folding.

25. As shown in the figure below, circles C; and Cs of radius 360 are tangent to each other,
and both tangent to straight line £. If circle C3 is tangent to C1, Cs and £, and circle Cy is
tangent to Cp, C3 and ¢, find the radius of Cy.

26. Set {z} = = — |z, where |z denotes the largest integer less than or equal to z. Find the

number of real solutions to the equation

{a} +{z?} =1, |z| < 10.

6
27. Find the value of <3 * 2\/1—7 > .

28. A regular dodecagon (12-sided polygon) is inscribed in a circle of radius 10. Find its area.
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29. A triangular box is to be cut from an equilateral triangle of length 30 cm. Find the largest

possible volume of the box (in cm?).

I 30 cm —|

30. A hemisphere is placed on a sphere of radius 100cm. The second hemisphere is placed on
the first one, and the third hemisphere is placed on the second one (as shown below). Find

the maximum height of the tower (in cm).

31. Let z,y, z be real numbers such that
z4+y+2z=1 and 2?42 4+22=1

Let m denote the minimum value of 23 + y3 + 3. Find 9m.
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32.

33.

34.

35.

Given an equilateral triangle of side 10, divide each side into three equal parts, construct an
equilateral triangle on the middle part, and then delete the middle part. Repeat this step
for each side of the resulting polygon. Find S2%, where S is the area of region obtained by

repeating this procedure infinitely many times.

M TR EIEIEIES

Suppose
_ (25} a3 Oy,
goraiow — A1t op gt on
where n is a positive integer, a1,...,a, are nonnegative integers such that ap < k for k =

2,...,n and anp > 0. Find the value of n.

Let M be a positive integer. It is known that whenever |az? + bz + ¢| < 1 for all |z] < 1,

then |2az + b| < M for all |z| < 1. Find the smallest possible value of M.

Consider integers {1,2,...,10}. A particle is initially-at 1. It moves to an adjacent integer
in the next step. What is the expected number of steps it will take to reach 10 for the first

time?
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Solutions

1. Answer: (D).

The original values are 2100 + 120% = 1750 and 2100 -+ 80% = 2625 respectively. Then the

profit is
1750 + 2625 — 2 x 2100 = —175.

2. Answer: (D).

If z + 2013 = 0, then z = —2013. Suppose z + 2013 # 0. Then 23—z — 1 = +1.

If 23 — z — 1 = 1, there is no integer solution; if 2% — z — 1 = —1, then z = 0,1, —1. Since
x4+ 2013 is even, z =1or x = —1.
3. Answer: (E).

(A) and (B) are the reflections with respect to y = z and y = —= respectively; (C) and (D)

are the rotations about the origin by 90° and —90° respectively.

4. Answer: (A).

For any positive integer n,

2013" — 1803™ — 1781" + 1774" = (2013" — 1803") — (1781™ — 1774™)

= (2013 — 1803)u — (1781 — 1774)v = 210u — 7o,
2013" — 1803™ — 1781" + 1774™ = (2013" — 1781") — (1803" — 1774™)

= (2013 — 1781)z — (1803 — 1774)y = 29z — 29y.

So 2013™ — 1803™ — 1781™ 4 1774™ is divisible by 7 x 29 = 203 for every positive integer n.

5. Answer: (C).

Rewrite the equation as
ey’ +y’ —r—y=(y- 1)@y +1)+y) =n

If n = 0, then there are infinitely many integer solutions. Suppose n # 0, and the equation
has infinitely many integer solutions. Then there exists a divisor k£ of n such that y —1 =%

and z(y + 1) + y = n/k for infinitely many =. It forcesy +1=0, i.e., y = —1. Thenn = 2.

6. Answer: (E).
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Let £ =sinfBcosf. Then

13_ (1 1 \? 1-2sinfcosfd 1-2k
36  \sind cosf/ = (sinfcosf)2 k2

Solve the equation: k = 6/13 (k = —6 is rejected). Then sin 26 = 2k = 12/13 and

cos?d —sin?6 _ cos20 5/13 5

cotf —tanf = sinfcos6  lsin20 6/13 6
7. Answer: (A).

A__——_ B

A

]
o
\/
<
3o

B
L
D c

Let ZAOB = a and ZADO = 3. Then %(a + 3a) = 28; that is, & = 8. Given that

sin(3c/2) _ 3sin(a/2) — 4sin®(a/2)
sin(a/2) sin(a/2)

g = =3 — 4sin?(a/2).
. 9 1
Then sin®(a/2) = g Hence,

SABocC _ sin(m — 2a)
SAAOB sin o

=2cosa =2 (1 - 2sin*(a/2)) =

l\D'I Lo

8. Answer: (C).
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Let the side of the square be 2. Then the radius of the circle is v/2. Let § = ZXOY. So

MY -
tan(f/2) = U0 = MY = PMtan30° = \/Eﬁ 1.

Then
2tan(6/2)  V6-+/3

tanf = —

1 -—tan%(6/2) V2

9. Answer: (E).

Let z and y denote the numbers of hours after 2:00p.m. that the first and the second person

visits the swimming pool, respectively. Then

0<2<y<3 and y<z+1.

Y
3
|
[
4 [
2 [
|
[
1.5 |
[
[
.‘ I .'
o 1 2 3
5/2 5
So the chance that they meet is —9;2 =3

10. Answer: (D).

Let P and P’ be the projections of O and O’ on AB respectively. Then
/ / ]' ]‘ ! 1 / 1 /
PP = AP - AP = ~2—AB- §AB = §(AB~AB)= §BB.
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Similarly, let @ and @’ be the projections of O and O’ on AC respectively, then QQ’ = —;«CC’ .

sin/0'0OP = —— = 22 =5sinZ0'0Q = £0'OP = £0'0Q.
So ZAB"C" = LAC"B". 1t follows that AB" = AC".

11. Answer: 8000.

4
tana = 4tanf = row = tana = 2. The two legs are f and { respectively.

200 400

1
Area = — X — = 8000.
2 VB
12. Answer: 595.
1+ 10 9N 3 1-10zx a0
Let f(z) = 10— 1005 Then f2(z) = —100 , [P (z) = 1051008 and f4(z) = z. Then
1 a1\, se000 (1) _ 1 2 2 4 1
f(2)+f (2)+ + f 5 = 1500 | f 3 +f +f + f
3 1 1
—1500(—5—5—6-{-154- )—595.
13. Answer: 6.
A
\ c
D
B

Since LA = 4D and £C = £B, the triangles AACP and ADBP are similar. Then

DP AP AP 2

14. Answer: 80.

The region S is the hexagon enclosed by the lines

1
z==+10, y=+10, x4+ 5Y = +10.
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1
The largest circle contained in .S is tangent to + Y= +10. Hence, its radius is the distance
1
from the origin (0,0) to = + 3V = 10:
10

T e

The area of the largest circle is thus 772 = 7(4v/5)? = 807.

Y

z+3y=10

:r+§y=-—10

15. Answer: 10.

Let 21 = 1'3,-‘17 — %\/6 and 29 = f!l?’ + ?,;\/6 Then

=) (17— LN P
bumlmg—\/(IT V6 17+4\/6w =5

a® = (21 4 22)% = 2 + 23 + 3z120(21 + 72)

2 1
= <17—?4Z 6) +(17+Z7‘/é> +3ab=34+75a.

Then a = 4 and thus ab = 10.
16. Answer: 101.
Case 1: n < 1000. Write n = abc. Then
a+b+c=09, a,b,ce{0,1,...,9}.
Case 2: 1000 < n < 2000. Write n = labc. Then
a+b+c=38, a,bce{0,1,...,8}
Case 3: 2000 < n < 2013. Then n = 2007.

—1 -
Therefore, there are <9 +g ) + <8 + : 1) 4+1=55+45+ 1= 101 such numbers.
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17. Answer: 10001.

18.

19.

20.

Let n = 0. Since p(m) — 1 | m? for all m, degp(z) < 2. Let p(z) = az? + bx + c. Then

p(m) — p(n) _ a(m? — n?) + b(m — n) =a(m+n)+b
m—1n m-=n

divides m +n. If a # 0, then a = £1 and b = 0; if a = 0, then b = +1. Thus
p(z) =+z?+¢, z+e, c

Since p(0) = 1 and p(1) = 2, we have p(z) = 2+ 1 or p(z) = = + 1. The largest possible
value of p(100) is 100% + 1 = 10001.

Answer: 31.

3 _ 3 2
Letk=?—-a—=<é> ~«%. Then

a2b a
(5) + () -1=0

The only possible positive rational solution of 3 + kz? —1 = 0 is = 1; namely, a = b.

Conversely, if a = b, then it is obvious that a?b | (b — a3).

Then 2013 > a2 + b = 2a? implies a < 31.

Answer: 0.

Let y = —z. Then g(f(0)) = f(z) for all . This shows that f is a constant function; namely
f(z) = ¢ for some c. So that g(c¢) = g(f(0)) = f(z) = c. For all z,y, we have

(z+y)g(y) = g(f(z+y)) — f(z) = g(c) —c=0.
Since z + y is arbitrary, we must have g(y) = 0 for all y. Hence,
9(0) +g(1) +--- +¢(2013) = 0.
Answer: 36.
Let z, y and z denote the numbers of chocolate, licorice stick and lolly, respectively. Then
z + 0.5y + 0.4z = 10.
For each k= 0,...,10, consider 0.5y 4+ 0.4z = k, i.e., 5y + 4z = 10k. Then

2|y and 5|z
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21.

22.

23.

Set y = 2s and z = 5t. Then 10s + 20t = 10k, i.e., s +2t = k. Thent¢ =0,...,|k/2|. So

there are |k/2] + 1 ways to use k dollars. The total number of ways is

10
> (lk/2) +1)=14+1+2+24-+5+5+6=36.
k=0

Answer: 81.
Suppose f(f(f(n))) =n for all n. For some k € {0, 1,2}, there exist distinct a;, b;,¢;, i < k,
such that f(a;) = b;, f(b;) = ¢; and f(¢;) = a; and f(n) = n if n # a;,b;,¢;. So the total

number of required functions is

G+ @)eeri= () -o

A triangle can be formed using 3, 4, 5 or 6 vertices.

A

Answer: 287.

/ N\

So the total number is

(o () asan () ()

Let n > 2 be an integer, and let S, denote the number of ways to paint n seats a,...,a, as

Answer: 66.

described, but with a; painted red. Consider S,..o where n > 2.

Case 1: ag is painted red. Then there are 2 choices for az. Thus, the total number of ways

for this case is 259,.

Case 2: a3 is not painted red. Since the colour of as is uniquely determined by the colour of

as, this is equivalent to the case when there are (n + 1) seats. The total number of ways for

this case is Sp+1-
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We conclude that Spy2 = Spt1 + 2S5,. It is clear that So = S3 = 2. Then Sy = 6, S5 =10
and Sg = 22. So the required number of ways is 3 X 22 = 66.

24. Answer: 343.

B 6 X 24 c

Apply the law of cosine on AXBY and AXCZ respectively:

p> =6+ (30 — p)* - 6(30 — p),
q% =24 + (30 — )% — 24(30 — ¢q).

Then p = 14 and ¢ = 21. Applying the law of cosine in AY X Z again to obtain
k=r?=p*+¢*>—pg=142 421> — 14 .21 = 343.

25. Answer: 40.

Let R be the radius of C3. Then

(360 — R)? +360% = (360 + R)? = R = 90.

Let r be the radius of Cy. Then

/(360 + )2 — (360 — )2 + /(90 + )2 — (90 — )2 = 360 = r = 40.
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26.

27.

28.

29.

Answer: 181.

Since {z} + {z%} = 1,  + 2% = n for some integer n. Then

_ —14++/14+4n
T = 5 .
1—+/1+4n

< 10 gives 0 < n < 110; — > —10 implies 0 < n < 90.

2
If {z} + {z?} # 1, then {z} 4+ {2} = 0, which happens only if z is an integer between —10

—14+/1+44n
2

to 10. So the total number of solutions to {z} + {z?} = 1is 111 + 91 — 21 = 181.

Answer: 2040.

3+/17 3-417
5 and 8 = 5

Set S, = a™ + ™. Then

Let a = . Then af = =2 and o+ 8 = 3.

3Sn+1 + 28, = (a+ B)(@" + 72) — af(a” + 7

o n+2 n+2
= - 5 — Pn42-

Note that |3| < 1. Then for even positive integer n, |a™| = S, + |—£"] = Sn — 1.

Since Sy = 2 and §1 = 3, we can proceed to evaluate that Sg = 2041.

Answer: 300.

1
The area is 12 x 3 X 102 x sin 30° = 300.

Answer: 500.

Let the length and the height of the box be a and h, respectively. Note that a +2v/3h = 30.

Then the volume of the box is

3
2 h 1
v3a h=1(g'g-2\/§h)§%(iiz—\/—_§-—> =-2-><103=5()0,

4 2 \2 3
The equality holds if a/2 = 2v/3h, i.e., a = 20 and h = 5/+/3.
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I 30 cm {

30. Answer: 300.

3L

Let the radius of the ith hemisphere be 7; metre (rg = 1). Set h; = {/r2 | — 2.

2
@

Tic1

By Cauchy inequality,

2
(\/’r‘g—rf+ r? —r2 + ‘.-‘"%—?"g—{—?"g) S4(r§—?%+r%—r§+r%—:ﬁg+r§)

The total height h < ro+ /1§ =17+ \/r? =12 + /13 — 13 + 13 <1+ /4 =3m = 300 cm.

VA=

The equality holds if r; = 5 1=20,1,2,3.

Answer: 5.

It is clear that |z|, [y|,|2| < 1. Note that
O=z+y+z—a?—y* -2 =2(1-2)+y(l—y)+2(1-2).

Without loss of generality, assume that z < 0. Then z = (1 —y) + (—2) 2 0 and similarly

y > 0. Since
(z+9)? _ (1-2)?

1—22 = g2 25
Z e+ Yy =z 3 D) s
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32,

33.

34.

we have —1/3 < z < 0. On the other hand,

2 2 2
:1;3+y3+z3=(x—+—y) |:3(*T' +y )2 (CE—}-y) ]+Z3

=(1-2) [3(1"22)2—(1—z)2] +28=1-32"+323

increases as z increases. The minimum m = 5/9 is obtained at z = —1/3 and z =y = 2/3.

Answer: 4800.

Let S, denote the area of the region obtained in the nth step. Then Sy = 25+/3 and

3 /4\"
Sp—Sn_1=- 5 So for all n > 1. Then

4
si=sot S 1A (Y 1 (4)' s
TR0 19\ 9 0

s e ] a2 )]

As n increases, Sy, tends to S = 25v/3 - g = 40v/3. So S? = 4800.

Answer: 60024.

1
Let z = W Then
nl nl n!
znl = 0,1?7,! + 0425!' +-- 4+ an_lm + ana—!,
(n—1)! (n=1)! a,
— 1) = — 1! — -
z(n—Dl=a;(n —1)! +az 51 + -t ap—1 CEE

So n is the smallest integer such that nlz is an integer, i.e., 201310 | n!, or equivalently

611000 | n! because 61 is the largest prime divisor of 2013.

1000

Since {WJ =16, n = (1000 — 16) x 61 = 60024.

Answer: 4.

Let a,b, ¢ be fixed. Set f(x) = az? + bz + c. Then
f(-1)=a—-b+c, f(0)=¢, f()=a+b+ec
Solve the system to get

1 1 1 1
a= §f("1)“‘f(0)+’2“f(1)7 b=—§f("1)+§f(1)-
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Suppose |f(z)] <1 for all |z| < 1. Then

|20z + b = (x - %) f(=1) = 2f(0)z + (w+ —;—) f(l)l
< x—%‘+2|m|+ x+%{
< x—'«—;—‘—‘r x+%’+2§_4.

Moreover, [2z%2 — 1| < 1 whenever |z| < 1, and [2z| = 4'is achieved at z = *1.

35. Answer: 81.

Let Ej denote the expected number of steps it takes to go from & —1 to k, £ = 2,...,100.
1 1
Then Ex 1 = -2-(1 + By + Ejt1) + 5 which implies Ey1 = Ej + 2.

It is clear that E5 = 1. Then B3 =3,E4=5,...,FE,=17. So

E=FE+FE+ - +Eg=1+3+---+17=381.
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. In the triangle ABC, AB > AC, the extension of the altitude AD with D lying
inside BC' intersects the circumcircle w of the triangle ABC at P. The circle
through P and tangent to BC at D intersects w at ) distinct from P with PQ =
D@. Prove that AD = BD — DC.

. Find all pairs of integers (m,n) such that

m® —n® = 2mn + 8.

. Let bl, b2, ... bea sequence of positive real numbers such that for each n > 1,
b2 b2 b2
2 1 2 n
b 1>T§+2_3+...+_3_

Show that there is a positive integer M such that

i o _ 2013
Ztby+by+- by 1013

. In the following 6 x 6 array, one can choose any k x k subarray, with 1 < kK < 6
and add 1 to all its entries. Is it possible to perform the operation a finite number
of times so that all the entries in the array are multiples of 37

2 0 1 0 2 07
0 2 01 20
1 0 2 0 2 0
010 2 20
1 1 11 20
10 0 0 0 0 Ol
5. Let z,y be distinct real numbers such that “’::;n is an integer for four consecutive

positive integers n. Prove that "”;{ij is an integer for all positive integers n.

37



Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2013

(Senior Section, Round 2 solutions)

Let the extension of @D meet w at R. Since ZPQR = 90°, PR is a diameter of w.
Thus ZPAR = 90° so that RA is parallel to BC. This means BCAR is an isosceles
trapezoid. Let F be the foot of the perpendicular from R onto BC. Then BE = CD
and ARFED is a rectangle. Since ZADR = 45°, ARED is in fact a square so that
AD = DE. Therefore, BD — DC = BD — BE = DE = AD.

2. When m = 0, n = —2 and when n = 0, m = 2. These are the two obvious solutions:
(m,n) = (0,—2),(2,0). We'll show that there are no solutions when mn # 0.

Suppose mn < 0. If m > 0,n < 0, then
—2mn| +8=m*+nP>m?*+n®> = 8> (m+|n|)>
Thus m + |n| =2 or m = 1, n = —1 and this is not a solution. If m < 0 and n > 0,

then
—2fmln+8=—lmf —n® < —[m? = [n]> = &< —(jm| - n)?

which is impossible.
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3. From Cauchy -Schwarz inequality, we have

6

(>

)
= b? (n—|—1) 2
k=1

= bn+1 > 2

bl‘l‘bg—l-"'—l-b n(n+l)
1 - 2
1+ > e
- Zbl+bg o, —n;n(nﬂ)

Z n+l
b1 +bs+---+b, —

=9

2 S 2013
M+1 71013

it M > 155.

4. The answer is no. Let the original array be A. Consider the following array

0 1 1 -1 -1 0

-1 0 1 -1 0 1

-1 -1 0 0 1 1

M= 1 1 0 0 -1 -1
1 0 -1 1 0 -1

. 0 -1 -1 1 1 0.

Multiply the corresponding elements of the two arrays and compute the sum modulo
3. It’s easy to verify that this sum is invariant under the given operation. Since the
original sum is 2, one can never obtain an array where all the entries are multiples of 3.

5. Note that

(mn—l-l _

(z+y)(a"-y") = y" ) + ay(z" "t -y ).

Let ¢, = -TL. Then tg = 0, t; = 1 and for n > 0, tpyo + bty + b, = 0, with

b=—(z+ y) and ¢ = zy. Then it suffices to show that b,c € Z.

If ¢ = 0, then either x =0 or y = 0. Say y = 0. Then ¢, = 2"~!, with z # 0. Then
T = tT”’:‘f € Q. From ty41 = z™ € Z, it follows that z € Z. Thus ¢, € Z for all n. The
case £ = 0 is similar.
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We now assume that ¢ # 0. Let t,, € Z for n = m,m + 1, m + 2,m + 3. Note that
" = (zy)" =t2 41 — tatni2. Thus c™, ¢+l € Z. Therefore ¢ = “:: ye Q. As before,
we have ¢ € Z. If both t,,41,tm+2 are 0, then using the recurrence, we can show easily
that ¢, = 0 for all n, a contradiction. Thus one of them is nonzero. Note that, with

k =m+ 1 or m + 2, whichever is nonzero, we have

—ctp_1 — Ik
b=___’“_.,1.__ﬂe@.
12

From the recurrence, it follows by induction that ¢, can be represented as t, = f,—1(b)
where f,—1(X) is a polynomial with integer coefficients, deg f,—1 =n — 1 and with the
coefficient of X™~1 = £1. Since b € Q is a root of the equation fn,(X) = tima1, b € Z.
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Singapore Mathematical Olympiad (SMO) 2013

(Open Section, First round)

‘Wednesday, 5 June 2013 0930-1200 hrs

Instructions to contestants

1. Answer ALL 25 questions.

2. Write your answers in the answer sheet provided and shade the appropriate bubbles below
YOUr answers.

8. No steps are needed to justify your answers.
4. Each question carries 1 mark.

5. No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE TOLD TO DO SO
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. The sum
1 N 1 n 1 Lt 1
1x2x3 2x3x4 3x4x5 100 x 101 x 102

a
can be expressed as ke fraction in its simplest form. Find a + b.

. . 14cosz
. Determine the maximum value of — , where x ranges over all real numbers.
sinx + cosx + 2

. Let tan o and tan 8 be two solutions of the equation z% — 3z — 3 = 0. Find the value of

|sin?(a+ B) — 3sin(a + B) cos(a + B) — 3cos*(a+ f)]| .

(Note: |z| denotes the absolute value of z.)

. Suppose that a1, a2, as,a4,- - is an arithmetic progression with a; > 0 and 3ag = 5ai3.
Let S, = a1 + a2+ - +a, for all integers n > 1. Find the integer n such that S, has the
maximum value. ‘

CIf g(x) = tan-g for 0 < z < m and f(g(z)) = sin2z, find the value of k such that

kf(?) = 36V/2.

. Let g(x) be a strictly increasing function defined for all z > 0. It is known that the range
of ¢ satisfying '
g(2t® +t+5) < g(t*> — 3t + 2)

isb<t<a. Finda-b

. The figure below shows an 8 x 9 rectangular board.

How many squares are there in the above rectangular board?

. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 2013. Find the maximum value
of vV3a+ 12 +/3b+ 12 + /3¢ + 12.

. Let A = cos? 10° + cos® 50° — sin 40° sin 80°. Determine the value of 100A.
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10.

11.

12.

13.

14.

15.

Assume that a; € {1,—1} for all ¢ = 1,2,---,2013. Find the least positive number of the
following expression
Z a@'aj.

1<i<j<2013

Let f be a functidn defined on non-zero real numbers such that

27i(—x) _ o2f (l) — 92

T &I

for all z # 0. Find £(3).

In the figure below, ABC' D is a square with AB = 20 cm (not drawn to scale). Assume that
M is a point such that the area of the shaded region is 40 cm?. Find AM in centimetres.

In the triangle ABC, a circle passes through the point A, the midpoint £ of AC, the
midpoint F' of AB and is tangent to the side BC at D. Suppose

AB  AC

actap=*
Determine the size of ZEDF in degrees.
Let a1,a9,a3, -+ be a sequence of real numbers in a geometric progression. Let S, =

ai +ag + -+ + ay for all integers n > 1. Assume that SS9 = 10 and S3g = 70. Find the
value of Sy.

Find the number of three-digit numbers which are multiples of 3 and are formed by the
digits 0,1,2,3,4,5,6,7 without repetition.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

All the positive integers which are co-prime to 2012 are grouped in an increasing order
in such a way that the n'® group has 2n — 1 numbers. So, the first three groups in this
grouping are (1), (3,5,7),(9,11,13,15,17). It is known that 2013 belongs to the k** group.
Find the value of k.

(Note: Two integers are said to be co-prime if their greatest common divisor is 1.)

The numbers 1,2,3,---,7 are randomly divided into two non-empty subsets. The proba-
bility that the sum of the numbers in the two subsets being equal is E expressed in the

lowest term. Find p + g.

Find the number of real roots of the equation log3, « — [logyg | — 2 = 0.

(Note: |z] denotes the greatest integer not exceeding x.)

In the triangle ABC, AB = AC, ZA = 90°, D is the midpoint of BC, F is the midpoint
of AC and F' is a point on AB such that BE intersects CF at P and B, D, P, F lie on a
circle. Let AD intersect CP at H. Given AP = /5 + 2, find the length of PH.

Find the total number of positive integers 7 not more than 2013 such that n + 5n% + 9 is
divisible by 5.

In a circle w centred at O, AA’ and BB’ are diameters perpendicular to each other such
that the points A, B, A’, B’ are arranged in an anticlockwise sense in this order. Let P be
a point on the minor arc A’B’ such that AP intersects BB’ at D and BP intersects AA’
at C. Suppose the area of the quadrilateral ABCD is 100. Find the radius of w.

A sequence a1, a2,a3,0a4, -+, with a1 = %—, is defined by

Qn = 2050n+1 + 30p 41

forall n=1,2,3,---. If b, =1+ L foralln=1,2,3, -, find the largest integer m such

an
that
T
3 1 .m
=1 10g3 bk 24
for all positive integer n > 2.

Find the largest real number p such that all three roots of the equation below are positive
integers:
523 — 5(p+ 1)z + (7T1p — 1)z + 1 = 66p.

Let a, b, c,d be 4 distinct nonzero integers such that a + b + ¢+ d = 0 and the number
M = (bc — ad)(ac — bd)(ab — cd) lies strictly between 96100 and 98000. Determine the
value of M.

In the triangle ABC, AB = 585, BC = 520, CA = 455. Let P, @ be points on the side
BC, and R # A the intersection of the line AQ with the circumcircle w of the triangle
ABC'. Suppose PR is parallel to AC and the circumcircle of the triangle PQR is tangent
to w at R. Find PQ.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2013

(Open Section, First round Solution)

1. Answer: 12877

Solution. Let S be the required sum. By using method of difference,

g - L[ 1 1 1 1 1

- §<1x2—2><3+2x3"3x4+”'+100><101"101><102>
14 1
- 3l )

2575

10302

Hence a + b = 12877. a

2. Answer: 1
1+ cosx

- . When cosz + 1 =0, y = 0. Otherwise,
sinz + cosx + 2

Solution. Let y =

y = 1
e 14sinz °
1+ lj-_cosx
1+ s
Let uw = _i§1n_a: It is clear that w > 0, and so y < 1 where the equality holds when
1+ cosz
u =0.
Thus the maximum value of y is 1 when sinz = —1. |
3. Answer: 3
Solution. We have tana + tanf = 3 and tan atan = —3. Hence
3 3
tan(a—!—ﬂ) = m = Z
Hence
|sin®(a + 8) — 3sin(a + B) cos(ax + B) — 3 cos®(ax + B))]
3)? 3
= cos’(a+p) [(Z) -3 (:J -3
75
— 2 e
= cos’(a+p) x ( 16)'
and since 2( 8) o
1 —cos*(a + 1
t 2 = - -1 = —
@+ = T B ot B 16’

1
we have cos?(a + ) = Eg- Thus, we have

|sin2(a+5) — 3sin(a + B) cos(a + B) — 3 cos®(a + B)|=1-3=3.
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4. Answer: 20
Solution. Let ay, =a; + (n—1)d. As
3ag = Sais,
we have 3(a; + 7d) = 5(a1 + 12d), and so 2a; +39d = 0. So d < 0 and
ago + a21 = a1 + 19d + a1 + 20d = 0.

So agg > 0 but as; < 0, as ag; = agg + d and agg + ag; = 0. Thus a1, a9, a3,a4, -+ is an
decreasing sequence and

ar>ay>--->a0>0>a91 > .

Hence S, has the maximum value when n = 20. O

5. Answer: 81
4tan % 1 —tan® %
1+tan?$ 1+4tan?Z’

V2, 22 1-% 42

Solution. Note that f(g(z)) = sin2z = 2sinzcosz =

f(X 2 =
) I+5 1+3 9
1t kf(—?) — 362, then k = 81. 0
6. Answer: 2
) 1\? 39
Solution. Note that 2t+t45 = 2 (t + Z) + > 0. Hence g(2t2+t+5) < g(t*—3z+2)

is true if and only if
2%+t 45 <t —3t+2,

which is equivalent to (¢+3)(¢t+1) < 0. Hence the range of ¢ satisfying the given inequality
is =3 <t < —1, which yields a — b= (—1) — (=3) = 2. O
7. Answer: 240

Solution. By counting the number of squares of different types, we obtain

1x2+2><3+3><4+4><5+5><6+6x7+7x8+8x9=§i%§1_0=240.

8. Answer: 135

Solution. Note that

(VBa+12+V3b+ 12 +3c+ 12)* < 3(3a + 12+ 3b + 12 + 3¢ + 12)

= 9(a+b+c+ 12) = 9(2013 + 12) = 9 x 2025,

where the equality holds if 3a + 12 = 3b + 12 = 3¢ + 12, i.e., a = b = ¢ = 671. Thus the
answer is 3 x 45 = 135.

O

46



9.

10.

11.

12.

Answer: 75

Solution. Let
B = sin? 10° + sin? 50° — cos 40° cos 80°.

Then
A+ B =2—cos40°

and
A — B = c0s 20° + cos 100° + cos 120° = 2 cos 60° cos 40° + cos 120°

1
= c0os40° — =.
COSs )

Thus 24 = § and 1004 = 75.

Answer: 6

Solution. Note that

2 Z aza; = (a1 +az + -+ + ag013)” — (af + a3 + -+ ado1s)
1<i<j<2018

= (a1 + ag + - + ag13)? — 2013.

By the given condition, a; + ag + - - - + @9013 is an odd number between —2013 and 2013

inclusive.

Also note that the minimum positive integer of 2% —2013 for an integer x is 452 —2013 = 12
when z = 45 or —45. As an illustration, z = 45 can be achieved by taking a1 = as = ag =
-«- = ay5 = 1 and the others a4¢, aq7, - - -, a2013 to consist of equal number of 1’s and —1’s.

Thus the least value is 172 = 6.

Answer: 2

Solution. Letting x = —y, we get

0 (1) - g

Letting z = %, we get

1 1 2
Then 27 x (1) +y x (2) gives
729M(y) _ f(y)

Solving for f(y), we have f(y) = 55=(27y® + 1). Thus £(3) = %j%i =

Answer: 5

Solution. Choose a point N on DA such that NA = MA ==.
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A M B

It is clear that ANAE and AM AE2 are congruent by SAS test. Let S be the area of
ANAE. Then area of ADNE = O; ¥S. 1t is also clear that areas of ADAE and
ACEM are equal to 40cm?. It follows that

Area of ADAE = 20; z

S+S=2—OS,
x

2
so that —OS = 40cm?, that is, § = 2z.
x

Area of ADAM = :‘12 X ¢ X 20 = 10z. On the other hand,

Area of ADAM = Area of ADAFE + Area of AAEM
20
= —S+S8
T

2
_ 0+zg_ 0;“ X 2z = 2(20 + ).

z
So 2(20 + z) = 10z, which means that AM = z = 5cm. O
13. Answer: 120
Solution.
A
£ E

Let BC =a,CA=0band AB = c¢. Let BD = a3 and DC = as. Using the power of B with
respect to the circle, we have a? = ¢?/2. Similarly, a3 = b%/2. Thus b+c = v/2(a; +a3) =
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v/2a, or 2a® = (b + c)2. Therefore,

B4+ —a?2 22422 —(b+¢)2 1(b ¢ 1 1
S Thc —z(;+a—2)—z(4—2)—5-

Therefore, ZA = 60°. Since A, F, D, F are concyclic, ZEDF = 120°.

cos A =

0O
14. Answer: 150
Solution. Let r be the common ratio of this geometric sequence. Thus
Sp=a1(l+r+r*+- 7).
Thus
10=a1(1+74+79)
and
70=a;(1+r+---+7r%).
As
L4r4 ¥ =Q+r4- +r)Q + 70 +0%),
we have
14704720 =17
So 710 ig either 2 or —3. As 79 > 0, r10 =2,
Hence
Sp=a1(l+7++7) =ar @+ 74+ )1 + 70+ 720 4 30
=10 x (1 42+ 2%+ 2%) = 150.
]

15. Answer: 106

Solution. Note that an integer is a multiple of 3 if and only if the sum of its digits is a
multiple of 3. Also note that the sum of three integers a, b, ¢ is a multiple of 3 if and only
if either (i) a, b, ¢ all have the same remainder when divided by 3, or (ii) a,b,c have the
distinct remainders when divided by 3. Observe that the remainders of 0,1,2, 3,4, 5, 6,7
when divided by 3 are 0,1, 2,0,1, 2, 0, 1 respectively.

For case (i), the only possible selections such that all the three numbers have the same
remainder when divided by 3 are {0, 3,6} and {1,4,7}. With {0, 3, 6}, we have 4 possible
numbers (note that a number does not begin with 0), and with {1,4, 7}, there are 6 possible
choices.

For case (ii), if the choice of the numbers does not include 0, then there are 2x3x2x3! = 72;
if 0 is included, then there are 3 x 2 x 4 choices.

Hence the total number of possible three-digit numbers is 72 4+ 24 + 10 = 106.

16. Answer: 32
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17.

18.

Solution. Note that 2012 = 22 x 503, and that 503 is a prime number. There are 1006
multiples of 2 less than or equal to 2012; there are 4 multiples of 503 less than or equal to
2012; there are 2 multiples of 1006 less than or equal to 2012. By the Principle of Inclusion
and Exclusion, there are 1006 + 4 — 2 = 1008 positive integers not more than 2012 which
are not co-prime to 2012. Hence there are 2012 — 1008 = 1004 positive integers less than
2012 which are co-prime with 2012. Thus, 2013 is the 1005*® number co-prime with 2012.
Note also that the sum of the first n odd numbers equals n2, and that 31% < 1005 < 322,
the number 2013 must be in the 326th group. Hence k = 32. ' O

Answer: 67

The total number of ways of dividing the seven numbers into two non-empty subsets is

27 —
2 = 63. Note that since 1 +2+ 3+ --- 4+ 7 = 28, the sum of the numbers in each of

the two groups is 14. Note also that the numbers 5, 6,7 cannot be in the same group since
546+ 7 = 18 > 14. We consider three separate cases:

Case (i): Only 6 and 7 in the same group and 5 in the other group:
{2,3,4,5},{1,6,7}

Case (ii): Only 5 and 6 in the same group and 7 in the other group:
{1,2,5,6},{3,4,7}

{3,5,6},{1,2,4,7}

Case (iii): Only 5 and 7 in the same group and 6 in the other group:
{2,5,7},{1,3,4,6}

4
Hence there are 4 such possibilities. Thus the required probability is 53’ yielding that
p+q =67 O

Answer: 3

Solution. Let u = |loggz| and r =log;gz — u. So 0 <7 < 1. Thus

(u+7r)%=u+2

Case 1: r=0.
Then u? = v +2 and so u = 2 or u = —1, corresponding to z = 102 = 100 and z = 10! =
0.1.

Case2: 0<r<1.

In this case, v + 2 is an integer which is not a complete square and
r=vu+2-u.

As r >0, we have u < 2. But u+ 2 is not a complete square. So u < 1. Asu+2 > 0 and
not a complete square, we have u > 0. Hence u € {0,1}.

If w=0, then r = V2-0> 1, not suitable.

Ifu=1,then r =+/3—1. So log;gz =3 and z = 10V3.

Hence the answer is 3. O
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19.

20.

21.

Answer: 1

Solution.

Join PD. Then L/DPC = ZFBD = 45° = Z/DAC so that D, P, A, C are concyclic.
Thus LAPC = LADC = 90°. 1t follows that FA = EP = ED = EC. Let ZPAH = 6.
Then ZPCD =48. Thus ZEPC = Z/ZECP = 45° — 0 so that ZAEB = 90° — 26. That is
ZABE = 20. Thus tan20 = AE/AB = 1/2. From this, we get tanf = v/5 — 2. Therefore,

PH = APtand = (v/5+2)(v/5 - 2) = 1. i

Answer: 1611
Solution. Note that n*45n%+9 =n*—145n2+10 = (n—1)(n+1)(n® +1) 4+ 5(n® +2).
If n=1 or 4(mod 5), then 5 divides n — 1 or n + 1.

If n = 2 or 3(mod 5), then 5 divides n? + 1.

If n = O(mod 5), then 5 does not divide (n — 1)n(n? 4+ 1) but divides 5(n? +2), hence does
not divide n* + 5n? + 9.

Thus, there are 2010+ 5 = 402 multiples of 5 from 1 to 2013. The number of integers thus
required is 2013 — 402 = 1611. O

Answer: 10

Solution. Since AC intersects BD at right angle, the area of the convex quadrilateral
ABCD is %AC’ - BD. Let M be the midpoint of PB. As ZCAB = ZABD = 45°, and
/BCA = /BOM = /DAB, we have AABC is similar to ABDA. Thus AB/BD =
AC/BA. From this, we have (ABCD) = AC - BD = 1AB* = 0 A? so that OA = 10.




22.

23.

Answer: 13
Solution. Given that a, = 2a,0r+1 + 36,1 We obtain apy1 = 2aa’:_ 3 Thus we have
n
1 3 1
= 2+ —. We thus have +1=3 (1+ —> for all n = 1,2,3,---. Letting
Qn+1 Qn, Qn41 Qn,
b, =1+ — it is clear that the sequence {b,} follows a geometric progression with first
T
1 1
term by =1+ —= 3, and common ratio 3. Thus, forn =1,2,3,--+, b, =1+ — =3"
1 a
forn=1,2,3,---. "
S 1 = 1 m
Let f(n) = gm = ;m > o "= 2,3,4,.--. It is clear that f(n) is an
increasing function since
1
1) — =——>0.
fn+1) = fln) = — >0

Thus f(n) is a strictly increasing sequence in 7. Thus the minimum value of f(n) occurs

when n = 2. 11 .
m
f@=5+51=15~w

forcing m < 14. Thus the largest value of integer m is 13. O

Answer: 76

Solution. Observe that z = 1 is always a root of the equation
523 — 5(p + 1)z? + (71p — 1)z + 1 = 66p.

Thus this equation has all roots positive integers if and only if the two roots of the equation

below are positive integers:
5a? — Bpz +66p— 1 = 0.

Let u,v be the two roots with u < v. Then
utv=p U= (66p —1)/5,

implying that
Suv = 66(u + v) — 1.

By this expression, we know that u,v are not divisible by any one of 2,3,11. We also have
Suv > 66(u + v), implying that

2,115
v~ u v 66
and so u < 26. As
v=66u—1>0
5u — 66 ’

we have bu — 66 > 0 and so u > 14. Since u is not a multiple of any one of 2, 3, 11, we

have
u € {17,19,23,25}.

As v = 8= only when u =17, v = 59 is an integer.
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24.

25.

Thus, only when p =u + v =17 + 69 = 76, the equation
52° — 5(p+ 1)z? + (T1p — 1)z + 1 = 66p

has all three roots being positive integers. D

Answer: 97344

Solution. First we show that M must be a square. Let d = —a — b — ¢. Then bc — ad =
be+ala+b+c)=(a+c)a+bd), ac—bd =ac+bla+b+c) = (b+c)b+a), and
ab—cd=ab+cla+b+c) = (c+a)(c+b). Therefore M = (a+ b)*(b+ c)?(c+ a)?. Note
that (a+b)(b+c)(c+a) cannot be an odd integer since two of the 3 numbers a, b, c must be
of the same parity. The only squares in (96100,98000) are 3112,3122,3132. Since 311 and
313 are odd, the only value of M is 3122 = 97344. When a = 18,b = —5,c = 6,d = —19,
it gives M = 97344. O

Answer: 64

Solution.

First by cosine rule, cosC = 2/7. Reflect A about the perpendicular bisector of BC to
get the point A’ on w. Then AA’BC is an isosceles trapezoid with A’A parallel to BC.
Thus A’A = BC — 2AC cosC = 520 — 2 x 455 x 2/7 = 260. Consider the homothety h
centred at R mapping the circumcircle of PQR to w. We have h(Q) = A, and h(P) = A’
because PQ is parallel to A’A. Thus A’, P, R are collinear and AA’PC is a parallelogram.
Hence PC = AA’ = 260, and P is the midpoint of BC. Also PA' = CA = 455. As
PA' x PR = BP x PC, we have 455 x PR = 260% giving PR = 1040/7. Since the
triangles PQR and A’AR are similar, we have PQ/A’A = RP/RA’. Therefore, PQ =
260 x (1040/7)/(455 + 1040/7) = 64. O
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Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2013
(Open Section, Round 2)

Saturday, 6 July 2013 0900-1300

1. Let aj,a2,... be a sequence of integers defined recursively by a; = 2013 and for
n > 1, anp41 is the sum of the 2013*" power of the digits of a,. Do there exist
distinct positive integers 7, j such that a; = a;7

2. Let ABC be an acute-angled triangle and let D, E and F be the midpoints of
BC, CA and AB respectively. Construct a circle, centred at the orthocentre of
triangle ABC), such that triangle ABC lies in the interior of the circle. Extend EF
to intersect the circle at P, F'D to intersect the circle at @@ and DF to intersect
the circle at R. Show that AP = BQ = CR.

3. Let N be a positive integer. Prove that there exists a positive integer n such that
n?018 _ 120 4 1% _ 2013 has at least N distinct prime factors.

4. Let F be a finite nonempty set of integers and let n be a positive integer. Suppose
that
e Any z € F may be written as x = y + z for some y, z € F}
o If1<k<mnandz,...,z5 € F, then 21 +--- + xx # 0.
Show that F' has at least 2n + 2 distinct elements.

5. Let ABC be a triangle with integral side lengths such that ZA = 34B. Find the
minimum value of its perimeter.
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Singapore Mathematical Society
Singapore Mathematical Olympiad (SMO) 2013

(Open Section, Round 2 solutions)

1. The answer is yes. For any positive integer n, let f(n) be the sum of 2013*® power
of the digits of n. Let S = {1,2,...,102°'7 — 1}, and n = @1az ..~ Gzo17 € S. Then

f(n) = Za?ma <2017 - 92013 104, 102018 _ 12017 ¢ g

Since a; = f(¥(2013) € S, there exist distinct positive integers i, j such that a; = a;.

2. Let the radius of the circle be r. Let X, Y and Z be the feet of the altitudes
from A, B and C respectively. Let PE intersect the altitude from A at U. We have
AP? = AU?+PU? = AU?+r*~UH? = r?+ (AU+UH)-(AU-UH) = r*+ AH - (AU —
UH)=7r>+AH - (UX —UH) =r?>+ AH - HX. Similarly, BQ = v? + BH - HY , and
CR=7r?>+CH-HZ. Since AH-HX = BH-HY = CH-HZ, we have AP = BQ = CR.

3. The result is true for any nonconstant polynomial f(n) = amn™+am,_1n™ " +-- +ag
with integer coefficients. We may assume that a,, > 0. Thus there exists a positive
integer ng such that f(n) is positive and increasing on (ng, 00).
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It suffices to show that if for some 1y > ng, f(n1) =pi* - - pi* has exactly k distinct
prime factors, then for some ng > ny, f(n2) has more than k prime factors. Given such
an nq, let ng =ng +pit .. ~p2’°+1. Then

flno) = pit - pi* (mod pp*th. . pth),

Hence, for each j, 1 < j < k, we have that p;j divides f(ng) but p;j *1 does not
divide f(n2). As f(ng) > f(n1) = pi* -+ -pyF, it follows that f(ny) must have at least
k + 1 prime factors.

4. Because of the second condition above, 0 ¢ F. If F' contains only positive elements,
let = be the smallest element in F'. But then £ =y + 2, and y, 2 > 0 imply that y, 2 < z,
a contradiction. Hence F' contains negative elements. A similar argument shows that
F' contains positive elements.

Pick any positive element of F' and label it as x;. Assume that positive elements
of F, xz1,...,x}, have been chosen. We can write x; = y + 2z, where 3,z € F. We
may assume that y > 0. Label y as zry1. Carry on in this manner to choose positive
elements z1,xs2,... of F, not necessarily distinct. Since F' is a finite set, there exist
positive integers ¢ < j such that z;,...,z;_1 are distinct and z; = ;. There are
Ziy. o Zj—1 € F' such that

Ti = Tit1+ 2

Tit1 = Tit2 T Zit1

Tj—1 = Tj + Zj-1.

Since z; = x;, we see that z; + 2,41 + -+ + z;—1 = 0. By the assumption, j — i > n.
Since the elements z;,...,z;_1 are distinct, F' contains at least j —4 > n 4 1 positive
elements. Similarly, F' contains at least n + 1 negative elements. The result follows.

5. Let the sides be a,b,c. From the sine rule, we have

a _ sin3B 9
3= nB =4cos“B -1
¢ sinC sin4B 3
2= = = —4cos B
b~ snB  snp oS B—dcos
Thus
2.2 12
QCOSBZQ_“LMEQ,
ac
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Hence there exist coprime positive integers p, ¢ such that 2 cos B = g. Hence

2

a p a b

=51 & =

b q2 p2__q2 q2

c_p* 2 c _ b

b ¢ g P®—2pg®  ¢®
Thus b

a C €
- ¢ -2 f ged(e,f) =1

Since perimeter is minimum, gcd(a,b,c) = 1. From ged(e, f) = 1, we have f | ¢3 and
f | p® — 2pg®. We'll prove that f = 1.

If f > 1, then it has a prime divisor f’ > 1 such that f’ | ¢® and f' | p® — 2pg?.
Thus f' | ¢ and f’ | p, contradicting ged(p, ¢) = 1. Thus f = 1. From ged(a,b,c) = 1,
we conclude that e = 1. Thus

a=(’-¢"q b=¢ c=p°-2pg.
From 0° < LA+ /B = 4/B < 180°, we get 0° < /B < 45° and hence v/2 < 2cos B < 2
implying that /g < p < 2q. The smallest positive integers satisfying this inequality is

p=3,9=2. Since a+ b+ c = p2q + p(p? — 2¢%) and p? — 2¢% = 1, we see that the
minimum perimeter is achieved when p = 3,9 = 2 and the value is 21.
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